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Overview of previous lectures
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DiD procedures with covariates

We can include covariates into DiD to allow for covariate-specific trends.
Covariates should not be post-treatment variables.

There are several “correct” ways of implementing conditional DiD:
Regression adjustments;

Inverse probability weighting;
Doubly Robust (augmented inverse probability weighting).
TWFE, though, can be severely biased (depends on specification!!!)

DR DID is my preferred method:
More robust against model misspecifications

Can be semiparametrically efficient (confidence intervals are tighter)
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What if we have multiple time periods?



DiD with multiple time periods
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DiD setup with multiple time periods

So far, we have considered the 2x2 DiD setup:
2 time periods: t = 1 (before treatment) and t = 2 (after treatment)

2 groups: G = 2 (treated at period 2) and G = oo (untreated by period 2)

Now, let's consider the case where we have more periods, but treatment can happen
at a fixed point in time (so we still have two groups):
T time periods: t=1,2,...,T.

Treatment may happen at a given time, say g.

Pre-treatment periods: t =1,2,..., g—1.
Post-treatment periods: t=g,g+1, ..., T.

2 groups: G = g (treated at period g) and G = co (untreated by period T)
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What are the parameters of interest?
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Parameters of interest

We need to discuss what we want to learn in this setup.
Building on the 2x2 setup, it is natural to focus on ATT-type parameters.

But now, we have multiple post-treatment periods, so we will talk about time (and
group) specific ATT's:

ATT(g,t) = E[Yt(g) — Yi(00)|G = ¢]

Average Treatment Effect among units treated at time g, at time t.

Here, we have only one g # oo, so we will only vary t.
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Parameters of interest

But now, we have multiple post-treatment periods, so we will talk about time (and
group) specific ATT's:

ATT(g,t) = E[Yi(g9) — Yi(e0)|G = g] = E[Yt(9)|G = g] — E [Yi(c0)[G = g]

Average Treatment Effect among units treated at time g, at time .

Here, we have only one g # oo, so we will only vary t.

Sometimes, we may re-express the ATT(g,t) in “event-time” e:

ATT(g.g+e) =E[Ygie(g) — Ygte(0)|G = g] = E [Yg+e(9)|G = g] —E [Yg4e(0)|G = ¢]
Average Treatment Effect among units treated at time g, e period after (e > 0) /
before (e < 0) treatment started.

This is just a change of variable, right?!
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Parameters of interest

We can also further aggregate these ATT's across periods:

S
Y ATT(g.9 +e)

9299 — e=0 , s>0.
S+1

If you want to “discount” more distant periods, that is easy, as long as these w,s are
estimable or known:

S
Y we-ATT(g.g +e)
9999 — e=0 ., s>0.

ssw — S
Y we
e=0

Advantage of these aggregations: one-dimensional summary parameters.
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Identification
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Multi-period DiD setup: Assumptions

Identification of the ATT(g, t)'s is achieved via two main assumptions:
No-Anticipation and Parallel trends (we are taking SUTVA for granted now).

Assumption (No-Anticipation)
For all units i, Y;+(g) = Vi (o) for all groups in their pre-treatment periods, i.e., for all
t<g.

The No-Anticipation implies that ATT(g,t) = 0 for all pre-treatment periods t < g.

We will play with this assumption later, but let's keep it simple for now.
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Multi-period DiD setup: Assumptions

Identification of the ATT(g, t)'s is achieved via two main assumptions:
No-Anticipation and Parallel trends (we are taking SUTVA for granted now).

Assumption (Parallel Trends Assumption)
Forallt > g,

E[Y;(0)[Gj = g] —E[Yjt1(0)|G; = g] = E [Y;(0)|G; = 0] — E [Y;_1(00)|G; = o] .

The parallel trends (PT) assumption states that, in the absence of treatment, the
evolution of the outcomes among the treated units is, on average, the same as the
evolution of the outcomes among the untreated units, in all post-treatment periods.
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How does these PT help us?



Parallel Trends and the ATT(g,t)

When t = g, we are essentially in the 2x2 case, so we know that

E [Yi,t:g (OO) ‘Gi - Q] =E [Y/',t:g%‘Gi — Q] + (E [Y/,I:Q‘Gi — OO] —E {Y/,t:gf1|6/' - OOD
(1)

(check slide 28 at Lecture 2)

We also have that
ATT(8.8) = (E [Yi1—g|Gi = g] —E [Yi1—g_1|G; = g]) — (EE [Yj 1=g|G; = o] = E [Yj1—g_1]G; = 0])

Does anything here get your attention?
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Let's look at the effectattimet =g +1
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Parallel Trends and the ATT(g,g+1)

1) First, recall the PT assumption at time period t = g + 1:

E [Yig41(00)|Gj = g] —E [Yj 4(0)|G; = g] = E [Yj g41(00)|Gj = 00| —E [V 4(00)|G; = o0] .

2) By simple manipulation, we can write it as

E [Yigs1(0) |G =2] = E[Yig(c0)|G=g]+ (E[Yigs () |G = o00o] —E[Yi4(c0)]|G; = co])

3) Now, exploiting No-Anticipation and SUTVA:

E [Yjg+1(0)[Gi=g] = E[Yig(0)|Gj=g] + (E[Yjg41|Gi = 0o] = [¥j4|G; = o]

this is post—treatment by SUTVA
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Parallel Trends and the ATT(g,g+1)

3) Now, exploiting No-Anticipation and SUTVA:

E [Yig41(0)[Gi=g] = E][Y;q(0)|Gj=g]+ (E[Yg1/G = o] —E[Y;4|G; = 0])

this is post—treatment by SUTVA

4) Now, exploring that we have already identified E [Y; 4 (c0) |G; = g] in (1):
E [Yig11(0)|Gi=g] = E[Yig4|G=g]+E][Y;4]G =c0] —E|[Y5 /G = 0]
+E [ijngq ‘G,‘ = OO} —E [Y/,Q|Gi = OO}
5) Now, simplifying our formula (canceling cross-terms):

E [Yigt1(0)|Gi=g] = E[Yig1|G=g] +E][Yg41|Gi = o0] —E[Yjg_ |G = oo]
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Parallel Trends and the ATT(g,g+1)

Combining these results, we have that, under SUTVA + No-Anticipation + PT
assumptions, it follows that

ATT(g,8+1) = (E [Yi1—g11/Gi = 9] —E [Yjr—g1/Gi = g])
o (IE [Y"IZQM‘ ] —E [Yi,t:g—1| ])

This is “the birth” of the “long-difference” approach to DiD!
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Parallel Trends and the ATT(g,t),

Following the same steps as above, we can easily show that, for every t > g, under
our assumptions,

ATT(g,t) = (E[Yi(|Gi = 9] —E [Yj=g-1/G; = g])
— (E[Yidl | —E [Yi1—g| 1)

, 15
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Estimation and inference
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“Brute force” DiD estimator for the ATT(g,t)

Canonical DiD Estimator:
ATT\T(g, t) = (Vg,t - VQ,QH) - (Voo,t - Voo,gfﬂ '

where Y, , is the sample mean of the outcome Y for units in group a in time period b,

Yop = Nab ZY1{G = a}{T; = b},

with
N-T
Nop =Y 1{G = a}1{T; = b},
i

G;and T; are group and time dummy, respectively, and Y; is the “poolled” outcome
data.
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“TW
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FE” DiD estimator for ATT(g,t)

It is very easy to get this via TWFE regressions.
First, subset your data to have data only for periods tand g — 1, fort > g.

In this subset of the data, run the TWFE regression using the following linear
specification:

Vi=ao+701{G =g} + A {Ti=th+ B35 (1{Gi=g} - 1{Ti=1}) +e,
N~
EATT(g,t)

where Y; is the “poolled” outcome data.

We can leverage the regression to make (pointwise) inference about the ATT(g, t).



What if we want to include covariates?



Including covariates
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Conditional Parallel Trends Assumption

In order to “relax” the PTA, we can assume that it holds only after conditioning on a
vector of observed pre-treatment covariates

Assumption (Conditional Parallel Trends Assumption)

Forallt > g,

E[Y;¢(0)[G; = g, X] =E [Vt 1(0)|G; = g, (] = E[Y(00)[G; = 00, X] —E [Y;_1(c0)[G; = o0, X]

The conditional PT assumption states that, in the absence of treatment, conditional
on X, the evolution of the outcome among the treated units is, on average, the same

as the evolution of the outcome among the untreated units, in all post-treatment
periods.
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Strong overlap

When covariates are available, we will introduce an additional assumption stating
that every unit has a strictly positive probability of being in the untreated group.
Assumption (Strong Overlap Assumption)

The conditional probability of belonging to the treatment group, given observed
characteristics X, is uniformly bounded away from 1.

That is, for some e > 0, P[G = g|X] < 1— e almost surely.

The covariates X here are the same as those used to justify the conditional PT
assumption!

For identification purposes, we can take e = 0. For (standard) inference, though, we

would have problems without relying on “extrapolation®; see, e.g., Khan and Tamer
(2010).

20
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We now can use all the DID estimators
suitable for 2x2 setups!
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Regression adjustment procedure with Panel Data

Very easy to show that, under our assumptions,

ATT(g.t) = E[Vi—Yy]6 =g~ E[m=% (x)|6 = g]

Only have to model one conditional expectation:

M5~ (X) = E [V — Yg1|G = o0,X]

Choose your favorite method to estimate this regression (as long as it is “smooth
enough”)!

, 2
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Inverse probability weighted estimator with Panel

We can also get (normalized) IPW estimators.

Let D =1{G = g} and p(X) = E[D|X]. Then,

ATTENP(9,8) = B [(wl_g (D) = wWe_oy (D.X:p)) (¥ — Yo 1)]

p(X)(1-D)
B D 1-p(X) _
- Pl ED ]E[MXW—D)} e
T—p(X)
where
WZ:g (D) = ?D] and  wi__ (D,X;g) = W/IE [W] -
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Doubly robust DiD procedure with Panel

DR estimator (Sant’Anna and Zhao, 2020; Callaway and Sant'’Anna, 2021)

ATTIP = E [(wg:g (D) — wi_, (D,X;P)) ((Yr — Yg—1) — (m?:m (X) = mg=° (X))H

p(X) (1-D)
D T—p(X N -
1= p(X)

where

- L9 (-D) 9(X) (1—D)
wl_, (D) = B and  wi_, (D, X;g) = 1_g(X)/lE {1_9()0]
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All these are implemented in Stata’s
csdid package

All these are implemented in R’s did
package



Remark on pre-treatment period
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Remark on pre-treatment periods

So far, we have focused on the case where t > g.

ENMORY

But we can “fix” all the formulas above and also consider cases where t < g.
This may allow us to “pre-test” for the reliability of parallel trends in this context.

Rationale is: if pre-trends are parallel, post-treatment trends may be more likely to
be parallel.

Very easy to do.
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Remark on inference
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Inference

Under relatively weak regularity conditions,
W(ATT\T(g,t) ATT(g, t) thgt )+ 0p(1)
From the above asymptotic linear representation and a CLT, we have
Vi1 (ATT(g,1) ~ ATT(9.1) ) % N(0, Zq)

where Xg¢ = E[gt (V) gt (W)'].

Above result (and everything we have discussed so far in this lecture) ignores the
dependence across g and t, and “multiple-testing” problems.

) 27
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Simultaneous Inference

Let's simplify and ignore anticipation issues for the moment.

Let ATT,<; and ATT,4<; denote the vector of ATT(g, t) and ATT(g, t), respectively, for all
g=2,..., Tandt=2,..., Twithg <t

Analogously, let ¥4<: denote the collection of gt across all periods t and groups g
such thatg < t.

Hence, we have
VA(ATTg<t — ATTy<t) L N(0, %)

where
X =E[¥g<c(W)¥g<t(W)'].

, 28
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Simultaneous confidence intervals

How to construct simultaneous confidence intervals?
We propose the use of a simple multiplier bootstrap procedure.
Let ¥4<¢ (W) denote the sample-analogue of ¥y« (W).

Let {V;}7_, be a sequence of iid random variables with zero mean, unit variance, and
bounded third moment, independent of the original sample {W;}_,

ATT\TZg , a bootstrap draw of A/\Tngt, via

ﬁzgt = ATTg<t + E; [V“/I}gﬁt(w)] : (2)

, 29
) EMORY



Multiplier Bootstrap procedure

1. Draw a realization of {V;}1_..

2. Compute A/T\ngt as in (2), denote its (g, t)-element as ATT (g,t), and form a bootstrap draw of its

limiting distribution as

R*(g.t) = v (ATT" (9.t) = ATT (9.1))
3. Repeat steps 1-2 B times.
4. Estimate ='/2 (g, t) by
£2(9,t) = (9075 (9.t) = .25 (9. ) / (20.75 — Z0.25)

5. For each bootstrap draw, compute t — test} -, = max(g ) |[R* (9, 1) S (g, t)"2.
6. Construct ¢, as the empirical (1— a)-quantile of the B bootstrap draws of t — testggt.

7. Construct the bootstrapped simultaneous confidence intervals for ATT (g, t), g <'t, as

Clg.t) = [ATT(9.t) £ &1—a - £(.) 2 /V/n].

) 30
) EMORY



Simultaneous cluster-robust confidence intervals
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Sometimes, one wishes to account for clustering.
This is straightforward to implement with the multiplier bootstrap described above.

Example: allow for clustering at the state level

draw a scalar Us S times — where S is the number of states

set V; = Us for all observations i in state s

This procedure is justified, provided that the number of clusters is “large”.
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But what do standard TWFE regressions recover?
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“TWFE” DiD estimator without subsetting
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So far, we have shown how you can tweak regressions to respect our assumptions
from the get-go.

That involved subsetting the data o have data only for time periods t and g — 1, for
t>g.

What if we do not subset the data and use the following TWFE specification?
Yie = ai+ac+ D + €,

where D;; is a treatment dummy if unit i is treated by time t.

What does B¢ recovers?

What is the implicit parallel trends assumption here?

| want you to try to answer this question in the next couple of days! »



TWFE with dynamics?

In practice, it is also common to use a TWFE dynamic regression spec:

y/t—“/+‘xt+')ﬂ?’<D< K4 Z ,)u((D Jr):aYlagste +,hL?JFDﬁtLjLEI_I
k=—K

with the event study dummies fot =1{t— G; = k}.
th is an indicator for unit i being k periods away from initial treatment at time t.

Do we know what type of causal effect s actually recover?
Do the #'s coincide with our “by-hand” estimators for the ATT(g,t)'s?

, 33
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What is next?
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What is next?

How do we assess the validity of our assumptions?
What are the dangers of pre-testing?
Can we allow for anticipation behavior? If so, of what type?

What if we want to use more information about pre-treatment periods?

All this, next class!

34
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