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This supplementary appendix provides a number of additional results for “Difference-in-
Differences with a Continuous Treatment”. Appendix SA presents proof of the results in Theorem 3.4
in Section 3.3 on interpreting TWFE regressions with a continuous treatment. Appendix SB con-
tains more details about the setting with multiple time periods and variation in treatment timing
and dose intensity, and it expands upon the results provided in Appendix C in the main text. This
section also presents several results on interpreting TWFE regressions in the multiple-period setting.
Appendix SC provides proofs for all the results in the main text and in the supplementary appendix
concerning multiple periods and variation in treatment timing and dose intensity. Appendix SD pro-
vides results and proofs for a number of additional results that were discussed in the main text: results
for settings with no untreated units; additional results for TWFE decompositions with a continuous
treatment; and TWFE decompositions with a multi-valued discrete treatment. Finally, Appendix SE
provides results on relaxing the strong parallel trends assumption, which was briefly discussed in

Section 5.1 in the main text.

SA Proofs of Results from Section 3.3 of the Main Text

This section contains the proofs of the results in Theorem 3.4 in Section 3.3 on interpreting TWFE

regressions with a continuous treatment. To conserve on notation, we define
ma(d) = E[AY|D = d],

We divide the proofs according to each part of the theorem. In the proof, we derive all the results in
terms of ma(d). The result in Theorem 3.4 is stated in terms of various causal building block param-

eters. Those results follow immediately from the ones below by noting that, under Assumption PT,
e ma(d) —ma(0) = ATT(d|d)

OATT(d|h)
oh h=d

selection bias

o m/\(d) = ACRT(d|d) +
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o ma(h) — ma(l) = ATT(h|h) — ATT(I|l) = E[Y;(h) — Y;()|D = h] + (ATT(l\h) - ATT(ZU))

selection bias

or, when Assumption SPT holds,
e ma(d) —ma(0) = ATT(d)
e m\(d) = ACRT(d)

o ma(h) = ma(l) = ATT(h) — ATT(l) = E[Yi_s(h) — Yies(1)| D > 0]

Proof of Theorem 3.4(a)
Proof. First, notice that Equation (1.1) is equivalent to
AY; = (1=2 — 01=1) + B™7°D; + Av; (S1)

which holds by taking first differences and because all units are untreated in the first period. There-
fore, it immediately follows that
E[(D — E[D])AY]
Var(D)

(D —E[D])
Sl S 74 D) —
an(p) (ma(D) ~ma(0)
(D —E[D])
| Var(D)
(D —E[D])
Var(D)

(D —E[D])

Var(D)

=A1+ Ay

ﬁtwfe _

(ma(D) — mA(O))’D > o} P(D > 0)

(ma(D) — mA(dL))’D > o} P(D > 0)

+E (ma(dy) — mA(O))‘D > o} P(D > 0) (S2)

where the first equality holds because Equation (S1) is a simple linear regression of AY on an
intercept and D, the second equality holds by the law of iterated expectations and because E[(D —
E[D])ma(0)] = 0, the third equality holds because E[ma (D) — ma(0)|D = 0] = 0, and the fourth
equality holds by adding and subtracting ma(dy) inside the expectation.

We consider A1 and As separately next. First, for Ay,

A= [W(M(D) —ma(dr))| D > 0] P(D > 0)
P(D >0) [
_ W /d  (k— EID)(ma(8) — ma (d)) dFpipso (k)
_P(D>0) [ b
S |, ROy RAUL R

_ P(D > 0) dy du .
= o)., =B [0 < ki) dtarp (b

_P(D>0) [, dis
B Var(D)/dL ma (1) /dL (k —E[D])1{l < k} dFp pso(k) dl
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_P(D>0) [,

= Var(D) /dL mx(E[(D — E[D])1{l < D}|D > 0] dl
_P(D>0) [,
_\@ﬂwLLJmmeD_EmeZ“MDZHD>mﬂ

/dv (D) (E[D|D > 1] - E[D])P(D > 1)
d Var(D)
where the first equality is the definition of A;, the second equality holds by rearranging terms and

dl (S3)

L

writing the expectation as an integral, the third equality holds by the fundamental theorem of calculus,
the fourth equality rewrites the inner integral so that it is over dy, to dy, the fifth equality holds by
changing the order of integration and rearranging terms, the sixth equality holds by rewriting the
inner integral as an expectation, the seventh equality holds by the law of iterated expectations (and
since D > = D > 0), and the last equality holds by combining terms.

Next, for As, it immediately holds that

Ay =E <DV;:(EI¥; ) (ma(dr) — mA(0)>)D > o] P(D > 0)
_ (E[D|D > 0] — E[D))P(D > 0)dr (ma(dr) — ma(0)) (S4)
Var(D) dr,

where the first equality is the definition of As, and the second equality holds by multiplying and
dividing by d,.

Then, the first result in Part (a) holds by combining Equations (S3) and (S4). That the weights
are all positive holds immediately since (E[D|D > 1] — E[D]) > 0 for all [ > dr, P(D > 1) > 0 for all
I >dy, (E[D|D > 0] — E[D]) > 0, P(D > 0) > 0, and Var(D) > 0.

Next, we next show that f;LU wirt(l) dl + wiet = 1. First, notice that

/dU acrt(l) dl + acrt 1 /dU E[D|D > Z]P(D > l) dl
w w, = = el
g, 1 0 Var(D) dr,

_E[D] /ddU P(D > 1) dl

+E[D|D > 0]P(D > 0)dy,

— E[D|P(D > O)dL}

1
~ Var(D)
and we consider Bi, By, B3, and By in turn.
For By, first notice that for all | € D,

{31 By + By —B4}

E[D|D > [JP(D > 1) = E[D1{D > I}|D > [|P(D > )
= E[D1{D > I}] (S5)



which holds by the law of iterated expectations and implies that

du
By = / E[D|D > |P(D >1)dl
d

:/dU/ d1{d > I} dFp(d) di
d, JD

_ /Dd (/:] 1{l < d} dl) dFp(d)

= /Dd(d—dL)dFD(d)
= E[D?] - E[D]dy, (S6)

where the first line is the definition of Bj, the second equality holds by Equation (S5), the third
equality holds by changing the order of integration, the fourth equality holds by carrying out the
inner integration, and the last equality holds by rewriting the integral as an expectation.

Next, for term Bo,

By = E[D] /ddU P(D > 1)dl

L

du
= E[D|P(D > 0)/ P(D >1|D > 0)dl
dr,

dy dy
_E[DIP(D > 0) /d /d 1{d > 1} dFpypeo(d) dl
dv / pdy
_E[D|P(D > 0) /d < /d 1i < d} dl) dFpipso(d)

du
= E(DIP(D >0) [ (4= di) dFpips0(@

— E[D|P(D > 0) (E[D\D > 0] — dL)

= E[D])? — E[D]P(D > 0)dy, (S7)
where the first equality is the definition of Bs, the second equality holds by the law of iterated
expectations, the third equality holds by writing P(D > I|D > 0) as an integral, the fourth equality
changes the order of integration, the fifth equality carries out the inside integration, the sixth equality
rewrites the integral as an expectation, and the last equality holds by combining terms and by the
law of iterated expectations.

Next,
Bs =E[D|D > 0]P(D > 0)dy,
— E[D]d; (58)

which holds by the law of iterated expectations. And finally, recall that

By = E[DIP(D > 0)d,, (S9)



Thus, from Equations (S6) to (S9), it follows that
By — By + B3 — By = E[D?] — E[D]? = Var(D)

which implies the result.

Proof of Theorem 3.4(b)

Proof. From the proof of Part (a), we have that

twfe __ P(D > O)
50 = Sy B (P~ EDD(ma(D) ~ ma(@)| D > 0)
P(D >0) (%
~ Sl (= ED)mat) = ma ) dFpy 20t

1 du
_ W/d (I — E[D])(ma(l) — ma(0))fo (1) dl

dy i
_ /d W (1) (ma (1) — ma(0)) di

where the second equality holds by writing the expectation as an integral, the third equality holds
under Assumption 4(a), and the last equality holds by the definition of w!e.

Next, we show the properties of the weights for this part of the theorem. The weights can be
negative since [ can be less than E[D]. To see that the weights integrate to zero, first note that

wh’ (ma(0) —ma(0)) = 0, so that the previous expression for 37°f¢ can equivalently be written as

duy
gt = |l @) mat) = ma(0) dl -+l (ma () = ma(0)

Then, notice that

du
/ wi® (1) dl + wi” = <
dr,

du
/ (1 — E[D])dFp(l) + (0 — E[D])B(D = o>> / Var(D)
dr,

where the first equality holds by the definitions of w!*’ and w(lf“, the second equality combines terms,

and the third and fourth equalities hold immediately. This completes the proof. ]

Proof of Theorem 3.4(c)

Proof. From the proof of Theorem 3.4(a), we have that

wfe  P(D>0)
giwfe — WE [(D — E[D])(ma(D) — mA(O))‘D > 0}
P(D > 0) [%
= f/(})) /d (I = E[D))(ma (1) = ma(0)) dFpjpso(1)
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dy m —-m
:P<D>O)/d (Z—E[D])l( all) l 2(0) dFp|p>o(l)

Var(D)
du m —-m
_ Varl(D) /d (- g malt) z SO
— /dU ws(l) (mA(l) _l mA(O)) dl
dr,

where the second equality holds by writing the expectation as an integral, the third equality holds by
multiplying and dividing by [, the fourth equality holds under Assumption 4(a), and the last equality
holds by the definition of w?®.

The weights can be negative because it is possible that [ < E[D] for some values of I € D§. That
the weights integrate to 1 holds because

dy dy
/dL w(l) dl = (/d (I —E[D)ldFp(l)+ (0 —E[D])0P(D = 0)) /Var(D

L

- (/D(Z—IE ) dFp (1) >/Var
= (E[D?] ~ E[D]?) / Vax(D) = 1

where the first equality uses the definition of the weights and that (0 — E[D])0P(D = 0) = 0, the

second equality comes from combining terms, and the last line holds immediately. O

Proof of Theorem 3.4(d)

Proof. From the proof of part (a), we have that

e[
1

- a5 / (h — E[D)ma(h) dFp(h)

Varl(D / (h / ldFD(l)> A(h) dFp(h)

1
- a5 / / B) dFp(h) dFp(l)
1
- a5 / /D (= D) —ma (1) dFp () ()
1 ~2(ma(h) —ma(l))
- 5 / /D e 2 ary ) dro() (S10)

where the second equality holds by writing the expectation as an integral, the third equality by
writing E[D] as an integral, the fourth equality rearranges terms, the fifth equality holds because the
integrations are symmetric, and the last equality holds by multiplying and dividing by (h —1).

The above arguments hold if the treatment is continuous or discrete. Under Assumption 4(a),

du m -m
Equation (S10) = Var / /D . 1)2( A(?}z_ Z)A(Z)) fo(h) fo(l) dhdl




v m —-m
+Var1(m/d h? A(h)h A(O)fp(h)P(Dzo)dh

which holds by splitting up the first integral in Equation (S10) by whether [ € D or [ = 0. Then,
the first part of this result holds by the definition of w?*? and w3*?.
That the weights are all positive holds immediately by their definitions. That the weights integrate

to one holds because

du 2% 2,cont du 2x2,cont 1 2
w? (L,hydhdl+ | w (W) dh = o—— 1{h > 1}(h — 1)>dFp(h) dFp(l)
dy JD > dy Var(D) Jp Jp

_ ! —])? ar
- 2/p/p(h )2 dFp(h) dFD(l)/V (D)
1

where the first equality holds by combining the integrals and the definition of the weights (it amounts
to re-writing the integrals as in Equation (S10)), the second equality holds because [ [, 1{h >
[}(h = 1)*dFp(h)dFp(l) = [5 [p1{h < 1}(h — 1)*dFp(h)dFp(l) (and these two terms add up to
the expression on the next line), and the third equality holds because the double integral is equal to
2Var(D). This completes the proof. O

SB Additional Details for Multiple Periods and Variation in Treat-

ment Timing and Dose

The first part of this section provides some additional identification results for settings with multiple
periods. The second part reverse engineers a linear TWFE regression in the case with multiple periods

and variation in treatment timing.

SB.1 Additional Identification Results with Multiple Periods

This section contains two identification results for settings with multiple time periods that supplement
the results in Appendix C in the main text and are useful for some later parts of the Supplementary

Appendix.

Theorem S1. Under Assumptions 1-MP, 2-MP(a), 3-MP, and SPT-MP, and for all g € G, t =
2,...,T such thatt > g, and for all d € Dy,

ATT(g,t,d) = E[Y; — Y, _1|G = g, D = d| — E[Y; — Yy_1|W; = 0]

Theorem S1 complements Theorem C.1 from the main text and shows that, if one invokes strong
parallel trends, then the same estimand that identifies ATT (g, t, d|g, d) under parallel trends, identifies
ATT(g,t,d).

Finally, for this section, we show that the same sort of selection bias terms as we emphasized in
the main text can show up when making comparisons across doses (and, hence, show up in causal

response parameters) in a setting with multiple periods and variation in treatment timing and dose



under parallel trends assumptions. And, also like in the main text, strong parallel trends can be used

to eliminate these selection bias terms.

Theorem S2. Under Assumptions 1-MP, 2-MP, and 3-MP, and for all g € G, t = 2,...,T such
that t > g, and for oll d € DS,

(1) If, in addition, Assumption PT-MP holds, then

0

0
%E[Y;f - 1/g—l‘G =9, D= d] = 7ATT(gvt>d|g7d)

od
OATT(g,t,d|g,1)
ol

= ACRT(g,t,d|g,d) +

selection bias

(2) If, in addition, Assumption SPT-MP holds, then

LY, ¥, (G = 9,D = d) = T ATT(g,1.d) = ACRT(g.1.d).

The proof of Theorem S2 is provided in Appendix SC. Theorem S2 provides an analogous result
for the case with multiple periods and variation in treatment timing and dose to Theorems 3.2 and 3.3

in the main text.

SB.2 TWFE estimators with multiple time periods and variation in treatment
timing
In applications with multiple periods and variation in treatment timing and dose, empirical researchers

typically estimate the TWFE regression
Vi = 0 +n; + BTW, 4 + viy. (S11)

where W; s = D;1{t > G;}. Equation (S11) is the same as the TWFE regression in the baseline case
with two periods in Equation (1.1) in the main text, only with the notation slightly adjusted to match
the setup of this section. In the main text, we related 5t*/¢ to several different types of causal effect
parameters (see Theorem 3.4 in the main text). In this section, we provide related results for the
setting with multiple time periods and variation in treatment timing with a particular emphasis on
the comparisons underlying 37“/¢ and in causal interpretations (especially causal response interpreta-
tions) of A¥/¢ in the presence of treatment effect heterogeneity. The results in this section generalize
the results in several recent papers on TWFE estimates, including Goodman-Bacon (2021) and de
Chaisemartin and D’Haultfoeuille (2020), to our staggered DiD setup with variation in treatment
intensity. In this section, we modify our previous notation slightly by setting G; = T + 1 for units
that do not participate in the treatment in any period (rather than G; = oo), which simplifies the
exposition in several places in this section.

To start with, write population versions of TWFE adjusted variables as

T T

. - 1 = 1

Wi = (Wis —W;) — <E[Wt} -7 E E[Wt]> , where W, = T E Wit
t=1 t=1



The estimand for 3t“/¢ in Equation (S11) is given by

1L .
7 O EWiYiy]
ptofe — =1 : (S12)

1 E .
= S R
t=1

‘mechanical” decomposition of the TWFE estimator and a “causal” decom-

3

We present both a
position of the estimand that relates assumptions to interpretation. To define these decompositions,
we introduce a bit of new notation. First, define the fraction of periods that units in group g spend
treated as

(—;g _ T—(g— 1).
T
For the untreated group ¢ = T + 1 so that Gy, = 0.
Next, we define time periods over which averages are taken. For averaging variables across time

periods, we use the following notation, for ¢t; < to,

t
) t2 . tl + 1 & Z,t-
=l1

It is also convenient to define some particular averages across time periods. For two time periods g

and k, with k£ > g, (below, g and k will often index groups defined by treatment timing), we define
yPRE(9) _ y(1g—1)

1 ) ) 1 ) [

YMID(g,k) _ Y(g,k—l) YPOST(k) _ Yvi(k;,T), Y/;POST(g) _ y—i(g,T)'

i
VIREW ig the average outcome for unit ¢ in periods 1 to g — 1, }_@MID(g’k)

2
for unit ¢ in periods g to kK — 1, and YiPOST(k) is the average outcome for unit ¢ in periods k to 7.

(9)

is the average outcome

Below, when g and k index groups, }ZPRE

in either group are treated, }ZMID(Q k)

is the average outcome for unit ¢ in periods before units
is the average outcome for unit ¢ in periods after group g has

become treated but before group k has been treated, and l_/iPOST(k)

is the average outcome for unit
1 after both groups have become treated.

Following Goodman-Bacon (2021), we motivate the decomposition of the TWFE estimand by
considering the four types of simple DiD estimands that can be formed using only one source of
variation. The first comparison is a within-treatment-group comparison of paths of outcomes among

units that experienced different amounts of the treatment.

GWITHIN (g) — Cov (Y POSTW) — Y PREW), DG = g) (S13)
Var(D|G = g) '

The second comparison is based on treatment timing. It compares paths of outcomes between a

particular timing group g and a “later-treated” group k (i.e., k > g) in the periods after group g is



treated but before group k becomes treated relative to their common pre-treatment periods.

E ?MID(g,k) o YPRE(g) — - E YM[D(g,k) _ YPRE(g) —
GMIPPRE (g, k) = I )io E[%IG _[g(] JI¢ =k (S14)

Note that this term encompasses comparisons of group g to the “never-treated” group.

The third comparison is between paths of outcomes for the “later-treated” group k in its post-
treatment period relative to a pre-treatment period adjusted by the same path of outcomes for the
“early-treated” group g.

E [(}_/POST(k) _ YMID(g,k)) G = k:] _E [(}_/POST(k) _ YMID(g,k)) G = g]
E[D|G = K]

5POST,MID (97 k)

(S15)

It is undesirable that this term shows up in the expression for ft“7¢, as it uses the already-treated
group ¢ as the comparison group for group k.

The final comparison that shows up in the TWFE estimand is between paths of outcomes between
“early” and “late” treated groups in their common post-treatment periods relative to their common
pre-treatment periods. In other words, this comparison comes from the “endpoints” where the two

timing groups are either both untreated or both treated with possibly different average doses.

-POST(k) _ 3 PRE(g) _ 1 - POST(k) _ 37PRE(g) _
srostere g ) _ B (¥ 1% )IG=g] —E[(Y )% )IG=H] (s16)
E[DIG = g] — EID|G = 4

Next, we show how [%f¢ weights these simple DiD terms together and discuss its theoretical
interpretation under parallel trends assumptions. To characterize the weights, first, define p, =
P(G = g) and

pg|{g,k} = P(G = g’G € {ga k})

We also define the following weights, which measure the variance of the treatment variable used to
estimate each of the simple DiD terms in equations Equations (S13) to (S16).

T
. _ 1 .
w? T (g) = Var(D|G = g)(1 — Gy)Gapy | 75 Y EIWE),
t=1

T
05 ~ ~ 1 T
w9 (g, k) = E[D|G = g]*(1 — G4)(Gy — Gi)(pg + Pr)* Py 1903 (1 — Pgl{gk}) T S EWE,
t=1
o 1.
wk’pOSt(fJ» k) =E[D|G = k]sz(Gg — Gi)(pg +pk)2py|{y7k}(1 — Dgl{g,k}) T ZE[WEt]v
t=1

T
on ~ ~ 1 T
w'*™(g,k) = (E[D|G = g] — E[D|G = k])*G1(1 — G¢)(pg + Pr)*Pyl gk} (1 — Pyi{g.5}) 7 > E[W2).
t=1

Our next result combines the simple DiD terms and their variance weights to provide a mechanical
decomposition of f%*f¢ in DiD setups with variation in treatment timing and variation in treatment

intensity.

!Each of the following expressions also includes a term in the denominator. Below, this term is useful for interpreting
differences across groups as partial effects of more treatment, but, for now, we largely ignore the expressions in the
denominator. That being said, the denominator is important to the definition of each term.
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Proposition S1. Under Assumptions 1-MP, 2-MP(a), and 3-MP, 3"f¢ in Equation (S11) can be
written as

ﬁtwfe _ Z wg,within (g)§WITHIN (g)
geg

+ Z Z {,wg,post (97 k)(SMID’PRE(g, k) + wkpost (g, k)aPOST,]\/IID (g’ k) + whond (97 k)aPOST7PRE (g’ k)}
ge€G keG k>g

In addition, (i) w9 (g) >0, wIP°st(g, k) > 0, whPost(g, k) > 0, and w9 (g, k) >0 for allg € G
and k € G with k > g, and (ii) 3_ g wI R (g) 4 D 4€G 2keG k>g {wg’p"“(g’k) (g, k) +wkPost(g, k) +
wons (g, )} = 1.

Proposition S1 generalizes the decomposition theorem for binary staggered timing designs in
Goodman-Bacon (2021) to our setup with variation in treatment intensity. Notice that it does not
require Assumption 2-MP(b) and is, therefore, compatible with a binary, multi-valued, continuous,
or mixed treatment. It says that 37“/¢ can be written as a weighted average of the four comparisons

in Equations (S13) to (S16). These weights are all positive and sum to one.

Proposition S1 provides a new, explicit description of what kinds of comparisons TWFE uses to
compute /¢ but it does not on its own provide guidance on how to interpret TWFE estimates.
Next, we analyze the theoretical interpretation of each of these simple DiD estimands under different
assumptions and then discuss what this implies about the (arguably implicit) identifying assumptions
and estimand for TWFE. We need to introduce additional notation that applies to the underlying
causal parameters in the DiD terms in Equations (S13) through (S16):

(EIDIG = .0 > 1] - E[DIG = g])
Var(D|G = g)

wy " (g, 1) = P(D = 1|G = g),

P(D >1|G = g) dr,

wl(g7l) = E[D|G — g] ’ wO(g) B m’

(P(D > |G =g) —P(D > |G =k))
(E[D|G =g] —E[DIG =Fk]) ~
P(D > 1|G = k) dr
(E[D|G = g] - E[D|G = k])’ (E[D|G = g] ~E[D|G = k])’

In addition, define the following differences in paths of outcomes over time
POST(k),PRE(9) (9) =E [(YPOSTUE) _ YPRE(Q)) ’ G — g} _E [(YPOSTUE) _ YPRE(g)) ’ D= 0} ’
7TMID(_@,/E).,PRE(ZJ)(g) -k [(YMJD(g,l%) _ YPRE(@)) ‘ Q- g} _E [(YMID(@,E) _ YPRE(@)) ‘ D= 0} ,

7TPOST(/E),J\MD(g,/E)(g) ) [(}—/POSTU;) _ YMID(g,/E)) ‘ G- g] _E [(YPOST(JE) _ YMID(g,/%)) ’D _ 0} 7

Wi (g, k) =

T (g, k1) =

T (g, ) =

and, similarly,
ﬂ_gOST(fc),PRE(g) (9,d) =E [(YPOST(%) _ YPRE(@)) ‘ G=g,D= d} _E [(YPOST(%) _ YPRE(@)) ‘D _ 0} 7
7legle(g,ié),PRE(;})(g’ d)=E [(YMID(@IE) _ Y—PRE(g)) ‘ G=g D= d} _E [(YMID(_@J%) _ Y—PRE(@)) ‘ D= 0} 7
7T};)os:r(fc),MID(.a,fc)(g’ d)=E [(YPOST(E) _ ?MID(Q,IE)) ‘ G=g,D= d} _E [(YPOST(IE) _ YMID(@,JE)) ‘ D= 0} :

which are the same paths of outcomes but conditional on having dose d.
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The following result is our main result on interpreting TWFE estimates with a continuous treat-

ment.
Theorem S3. Under Assumptions 1-MP, 2-MP, and 3-MP,

(1) The four comparisons in Equations (S13) to (S16) can be written as

dy o 87TPOST(9)7PRE(9) g,l
6WITHIN(g):/ wiuzthzn(gJ) D o ( )dl,
dr,
du o MID(9:k),PRE(9) (. MID(g,k),PRE(9) (. 4
5MID,PRE<g,k) :/ wi(g,1) Tp (9, )dl+w0(g)7TD (9,dr)
dr, ol dr,
aMID(g.k),PRE(g) ([
7w0(g) d ( )7
L
du 9 POST(k),MID(g,k) k.1 POST(k),MID(9.k) (L4
5POST,MID(g7k):/ wi (k, 1) D (k, )dl—&—wo(k)ﬁ (k,dr)
i ol dr,
POST(k),PRE(g)(,\ _ ~MID(g,k),PRE(g)
) ° (9) 7 wy,
dr,
du oxPOST(K),PRE(9) (.
§POST.PRE (g 1) :/ wieross (g, e, 1) D (9, )dl
dr al
dy onPOST(K),PRE(9) (1. | 9nPOST(K),PRE(9) (. |
— / ’lb‘fcross(g,k,l) Tp ( ’ ) _ >) (97 ) dl
dr. ol ol
POST(k),PRE(9) (1. 4\ _ nPOST(),PRE(g)( . 4
_’_wgcross(g’k) (TrD ( ) L) Tp (97 L)) }
dr,
(2) If, in addition, Assumption SPT-MP holds, then
5WITH1N(9) _ / w{“thm(g,l)ACRTPOST(g)(g,l)dl,
dr,
v S T (g4
SRS (g, ) = [ (g, §ACRT P g, 1 + o (g) )
dr, L
du L TTTPOST(k) k d
gPOST-MID (¢ oy / w1 (k, DACRT ™™ (e, 1) dl + wo (k) - (k. dr)
dr, L
- 7POST(k),PRE(9) (g) — pMID(9.k),PRE(9) (g)
wo(k’ dL N

du
6POST,PRE’(g’ k) — / wtlzcrOSs (g’ k7 Z)WPOSTUC) (g7 l) dl
d

L

du POST(k),PRE(g) POST(k),PRE(g)
_ 'lZ)aCTOSS(g, k, l) aﬂ-D (ka Z) o aﬂ-D (97 l) dl
J 1
L

ol ol

POST(k),PRE(g) POST(k),PRE(g)
~across 7T k7d -7 gvd
+ i (g,k)< L ( L)dL D ( L)> }
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In addition, (i) w¥™"(g,d) > 0, wi(g,d) > 0, and wo(g) > 0, for all g € G and d € DS and (ii)
T wpthin(g 1y dl =1, [V wi(g,1)dl +wo(g) = 1, and [}V w§eo (g, k1) dl = 1.

Part (1) of Theorem S3 links the four sets of comparisons in the TWFE estimator in Proposition S1
to derivatives of conditional expectations along with some additional (nuisance) paths of outcomes.
Part (2) of Theorem S3 imposes the multi-period version of strong parallel trends in Assumption SPT-

MP. Under Assumption SPT-MP, §WITHIN (g} and §MIP-PRE(g k) both deliver weighted averages of

SPOST.MID (4 [ §POST.PRE (g ) still involve non-negligible

AC RT-type parameters. However, and
nuisance terms. Under Assumption SPT-MP, the additional term in §°O5T-MID (g k) involves the
difference between treatment effects for group g in group k’s post-treatment periods relative to treat-
ment effects for group ¢ in the periods after group g is treated but before group k is treated—that
is, treatment effect dynamics. Parallel trends assumptions do not imply that this term is equal to 0.
And, in the special case where the treatment is binary, this term corresponds to the “problematic”
term related to treatment effect dynamics in Goodman-Bacon (2021).

SPOST.PRE (g k) involves differences in partial effects of more

The additional nuisance term in
treatment across groups in their common post-treatment periods. Parallel trends does not restrict
these partial effects to be equal to each other. This term does not show up in the case with a binary
treatment because, by construction, the distribution of the dose is the same across groups. It is
helpful to further consider where this expression comes from. For simplicity, temporarily suppose
that the partial effect of more dose is positive and constant across groups, time, and dose. In this
case, if group ¢g has more dose on average than group k, then its outcomes should increase more from
group g and k’s common pre-treatment period to their common post-treatment period. This is the

§POST.PRE (g, k). However, when partial effects are not the same across

comparison that shows up in
groups and times (which is not implied by any parallel trends assumption), then, for example, it
could be the case that the partial effect of dose is positive for all groups and time periods but greater
for group k relative to group g. If these differences are large enough, it could lead to the cross-group,
long-difference comparisons in §7OST-PRE (g ) having the opposite sign.

Next, we discuss what sort of extra conditions can (i) guarantee that A“/¢ is a (pos-
itively) weighted average of underlying causal responses or (i) for pgwf¢ = ACRT&°P
E ACRTdose(D)‘G < T}, i.e., the overall average causal response.”? To do so, we introduce re-

strictions on different types of treatment effect heterogeneity.

Assumption S1 (Assumptions Limiting Treatment Effect Heterogeneity).

(a) [No Treatment Effect Dynamics] For all g € G and t > g (i.e, post-treatment periods for group
g), ACRT(g,t,d) and ATT(g,t,dr) do not vary with t.

(b) [Homogeneous Causal Responses across Groups] For all g € G with t > g and k € G with
t >k, ACRT(g,t,d) = ACRT (k,t,d) and ATT(g,t,dr) = ATT(k,t,dr).

(c) [Homogeneous Causal Responses across Dose] For all g € G with t > g, ACRT(g,t,d) does
not vary across d, and, in addition, ATT(g,t,dr)/dr, = ACRT(g,t,d).

2ACRT*¢(d) is the “global” version of ACRT%*¢(d|d) from the main text. It is defined as % where
ATT*¢(d) := EB[TE(d)|G < T].
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Assumption S1 introduces three additional conditions limiting treatment effect heterogeneity. As-
sumption S1(a) imposes that, within a timing-group, the causal response to the treatment does not
vary across time, which rules out treatment effect dynamics. Assumption S1(b) imposes that, for
a fixed time period, causal responses to the treatment are constant across timing-groups. Assump-
tion S1(c) imposes that, within timing-group and time period, the causal response to more dose is

constant across different values of the dose.
Proposition S2. Under Assumptions 1-MP, 2-MP, 3-MP, and SPT-MP,

(a) If, in addition, Assumption S1(a) holds, then

dy ———POST(k)
gPOST.MID (g 1y — / w1 (e, NACETOST®) (1o 1y dl + wo () AL - (k, dr)
dy, L

(b) If, in addition, Assumption S1(b) holds, then

POST(k)

dy -
5POST,PRE(9, k‘) — / ,wtlzcross (97 k.’ Z)ACRT (g, l) dl.

dr,
(c) If, in addition, Assumption S1(a), (b), and (c) hold, then
ﬁtwfe — ACRTgZOb.

Proposition S2 provides additional conditions under which the nuisance terms in §70ST-MI1D (g9,k)

5POST,PRE(g7 k) are equal to 0. For 5POST7MID(g’ k‘)

and , these nuisance terms will be equal to 0 if
there are no treatment effect dynamics; that is, the causal response to more dose does not vary across
time. Ruling out these sorts of treatment effect dynamics is analogous to the kinds of conditions
that are required to rule out negative weights in TWFE estimates with a binary treatment. For
§POST.PRE (g )| the nuisance terms will be equal to 0 if there are homogeneous causal responses
across groups—that the causal response to more dose is the same across groups conditional on having
the same amount of dose and being in the same time period. Neither of these assumptions is implied
by any of the parallel trends assumptions that we have considered, and they are both potentially very
strong. Therefore, under both Assumption S1(a) and (b), 3%/¢ is equal to a weighted average of
average causal response parameters, but these weights continue to be driven by the TWFE estimation
strategy and, like in the baseline two-period case, can continue to deliver poor estimates of the overall
average causal response to the treatment. If all of the conditions in Assumption S1(a), (b), and (c)
hold, then it implies that ACRT(g,t,d) does not vary by timing group, time period, or the amount
of dose, and part (c) of Proposition S2 says that ptwfe is equal to the overall average causal response

under these additional, strong conditions.

SC Proofs of Results from Appendix C and Appendix SB

This section contains the proofs of results from Appendix C and Appendix SB, which encompass our
results on DiD with a continuous treatment and with multiple periods and variation in treatment

timing and dose intensity.
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SC.1 Proof of Results from Appendix C

This section proves Theorem C.1, Theorem S1, and Theorem S2.

Proof of Theorem C.1
Proof. For the first part, notice that

ATT(g,t,d|g,d) = E[Yi(g,d) — Y2(0)|G = g, D = d
— E[Yi(g.d) — Y, 1(0)|C = g, D = d] — E[Yi(0) — Y, 1(0)|C = 9. D = d

= E[Yi(g,d) = Yy-1(0)|G = g, D = d] = Y | E[Y;(0) — Y;-1(0)|G = g, D = d]
s=g

= E[Yi(g,d) ~ Y, 1(0)IG = g, D = d] = Y BIY;(0) — Yo 1(0)| W, = 0]
s=g

— E[Yi(g.d) ~ Y;1(0)[G = g, D = d] ~ E[Y;(0) — Y1 (0)[W; = 0]
— E[Y, - Y;-1|G = 9. D = d] ~ E[Y; — Yya|W; = 0]

where the first equality is the definition of ATT(g,t,d|g,d), the second equality holds by adding and
subtracting E[Y;_1(0)|G = g, D = d], the third equality holds by adding and subtracting E[Y;(0)|G =
g, D =d]fors=g,...,(t—1), the fourth equality holds under Assumption PT-MP, the fifth equality
holds by canceling all the terms involving E[Y,(0)|W; = 0] for s = ¢,...,(t — 1) (i.e., from the
reverse of the argument for the third equality), and the last equality holds from writing the potential
outcomes in terms of their observed counterparts.

For the second part, notice that

AMUH@JJWJ%Z%{EM@ngz%D:dw
l=d
= 2EW.) Y10/ =g D=}
I=d
= 2EW.) Y, 0/C = 9. D =1]}
l=d

OE[Y, - Y, |G = g,D = d
od
where the first equality holds by the definition of ACRT(g,t,d|g,d), the second equality holds by
subtracting E[Y;_1(0)|G = g, D = d] (which does not depend on [ and, hence, has zero derivative),

the third equality holds by Assumption SPT-MP, and the last equality holds by replacing potential

outcomes with their observed counterpart and evaluating the partial derivative at [ = d. ]

Proof of Theorem S1
Proof. Notice that,

ATT(g,t,d) = E[Y;(g,d) — Y2(0)|G = ¢]
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= E[Yi(g,d) = Yy-1(g, d)|G = g] — E[Y;(0) = Yy1(0)|G = g]

= E[Yi(g,d) — Yeo1(g,d)|G = g] = > _E[Y:(0) - Ys-1(0)|G = g]
s=g s=g

= E[Ya(g,d) = Ye-1(g,d)|G = g, D = d] = Y _E[Y;(0) — Yo 1(0)[W; = 0]
s=g 5=9

— E[Yi(g,d) — Yy 1(9,d)|G = g, D = d] — E[Y,(0) — Y, 1(0)[W; = 0]
=E[Y; =Yy 1|G =9, D =d| - E[Y; = Yy, [W; = (]

where the first equality holds by the definition of ATT(g,t,d), the second equality adds and subtracts
E[Yy—1(g,d)|G = g] (this equation also uses the no anticipation condition in Assumption 3-MP which
implies that E[Y;—1(g,d)|G = g] = E[Y;—1(0)|G = g]), the third equality holds by writing both “long
differences” as summations over “short differences”, the fourth equality holds by Assumption SPT-
MP, the fifth equality holds by canceling all of the intermediate terms in the summations over short
differences, and the last equality holds by writing potential outcomes in terms of their corresponding

observed outcomes and is the result. O

Proof of Theorem S2

Proof. To start with, notice that

OBy~ YplG= 0. D= d] = LB, Y, 1[G = g.D = d]~EYi Y, Wi = 0]} ($17)
which holds because the second term does not depend on d. Thus, under Assumption PT-MP, we
have that
2E[Yt —Yyu|G=g,D=d = QATT(Q t,dlg,d)
od g ’ od T
0ATT (g,t,d|g,l)

ol

= ACRT(g,t,d|g,d) +

l=d
where the first equality holds by Equation (S17) and Theorem C.1, and the second equality holds by
the linearity of differentiation and the definition of ACRT(g,t,d|g,d).

Under Assumption SPT-MP, we have that

0

0

= ACRT(g,t,d)
where the first equality holds by Equation (S17) and Theorem S1, and the second equality holds by
the definition of ACRT(g,t,d). This completes the proof. O
SC.2 Proofs of Results from Appendix SB.2

This section contains the proofs for interpreting TWFE regressions in the case with a continuous

treatment, multiple periods, and variation in treatment timing as in Appendix SB.2.
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Before proving the main results in this section, we introduce some additional notation. Let
v(g.t) = 1{t > g} - Gy (S18)

where the term 1{¢ > ¢} is equal to one in post-treatment time periods for units in group g and
recalling that we defined @g = % which is the fraction of periods that units in group g are
exposed to the treatment (and notice that this latter term does not depend on the particular time
period t). Further, notice that v(g,t) is positive in post-treatment time periods and negative in pre-
treatment time periods for units in a particular group. Finally, also note that, for the “never-treated”
group, g = T + 1, so that both terms in the expression for v are equal to 0.

Furthermore, recall that, for 1 <t; <ty < T, we defined

to
— 1
Y(tlyt2) — Y
' to—t1 +1 ;:1 Lt

where below (and following the notation used throughout the paper), we sometimes leave the subscript
1 implicit.

We next state and prove some additional results that are helpful for proving the main results. The
first lemma rewrites (overall) expected dose experienced in period ¢ adjusted by the overall expected

dose (across periods and units) in a form that is useful in proving later results.

Lemma S1. Under Assumptions 1-MP, 2-MP(a), and 3-MP,

1 T
E[W,] —TZE[ Z/ dv(g,t) dFpc(d|g)pg
s=1

9€g
Proof. First, notice that

B =Y / WilG = g, D = d] dFpc(dlg)p,
geg

=3 [ drte = ghdrpgldan, (519)
geg
where the first equality holds by the law of iterated expectations and the second equality holds

because, after conditioning on group and dose, W; is fully determined. Thus,

E[W,] - fznz g =% [ v = ghdFoatdloln, 22 [ drts = gy arpaldan,

s=1 geg

izz / d(1{t > g} — 1{s > g}) dFpc(dlg)p,

s=1 geg

- Z/ { 1{t>g} —1{s > g}} dFpic(d|g)pg

geg

_ Z/ {1{t > }— W} dFp|c(d|g)pg

g€eg
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-y / dv(g, ) dFpyc(dlg)p,

g€g
where the first equality applies Equation (S19) to both terms, the second equality combines terms by
averaging the first term across time periods, the third equality re-orders the summations/integrals,
the fourth equality holds because 1{t > g} does not depend on s and by counting the fraction of
periods where s > g, and the last equality holds by the definition of v(g,t). O

The next lemma provides an intermediate result for the expression for the numerator of f**f¢ in
Equation (S12).

Lemma S2. Under Assumptions 1-MP, 2-MP(a), and 3-MP,

—ZE WiV = {

Proof. Starting with the term on the left-hand side, we have that
1.
T Z E[W; 1Y 4]
t=
1 & _ 1 E
=72 {E[Wi,m,t} ~ E[W:Y;,] - (E[Wt} -7 ZE[WSO E[Y]
T
1 T'-G+1 1
=7 {E[Dl{t > Gl - K {DTYt} - (E[Wt] -7 ZJE[WS]> E[m}
_|_

;i{z/( [d1{t = g}Y3|G = g, D = d] — {dT_Tgl

9geg

Z/ E[Y;|G =g,D =d] — E[Yt])v(gvt)dFDG(dg)pg}

geg

= %Z { > [ a(EVIG = 9.D = dvla.t) dFoic(dlolp, - (E[Wt] - ;ZE[WS]) E[Yt]}

{Z/ EY|G =g, D = dJu(g, )) dFpic(d|g)pg (Z/ dv(g,t) dFpc(d|g)p ) E[Y; ]}
geG geqg
{Z/ d(E[Y;|G = g,D = d] — E[Y}]) v(g, 1) dFDG(dlg)pg}

geg

where the first equality holds by the definition of Wi,t, the second equality holds by plugging in for
W;+ and W;, the third equality holds by the law of iterated expectations, the fourth equality holds
by the definition of v(g,t), the fifth equality holds by Lemma S1, and the sixth equality combines

terms. OJ

Next, based on the result in Lemma S2, we can write the numerator of 31“7¢ as
1 X
7 D EWisYi ]
t=1
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T
= ;; { g% /D d(E[Y;|G = g,D = d] — E[Y;]) v(g, 1) dFD|G(d|g)pg}
1 T
=720 /Dd(E[YtIG =g, D =d] - E[Y;|G = g])v(g, t) dFpyc(d|g)p, (S20)
t=1 geg
1 T
+ 3 25 [ (811G = o] - B )olo.) dFpic(do, (s21)
t=1 geg

where the first equality holds from Lemma S2 and the second equality holds by adding and subtracting
E[Yi|G = g].

The expression in Equation (S20) involves comparisons between units in the same timing group
but that have different doses. The expression in Equation (S21) involves comparisons across different

timing groups. We consider each of these terms in more detail below.

Lemma S3. Under Assumptions 1-MP, 2-MP(a), and 3-MP,

T
73 [ d(BMIG = 9.D = d) - EIIG = o] )olo.t) dFpic(dlglp,

t=1 geg

=S {1 GpGyco (vrOsTe -y e, |G = g) b,

geg

Proof. Notice that

T
}ZE;AKM%G—mD—ﬂ—Mma—mﬁ@wﬂ%dwmg

t=1 geg

{ Y E[Vi(D - E[D|G = g])|G = g]v(g,t)pg}
geg
T

E[Y;(D — E[D|G = ¢])|G = g]v(g,t)}pg

g—1
LT =9+ DS iy, (p ~ E[DIG = g])[G = g

t=1

g€eg {T t=1

1(g-1) ¢
- > E[Yi(D - E[D|G = g])|G = g] pp,

t=g

—1(T—g+1 1 -

14
S E[}Q(D—E[D!GZQ]NGZQD }Pg
t=1

-y {g; 1(T —zgi +1) <E[(YPOST(g> — YPREW) (D ~ E[D|G = ¢))|G = g]) }pg
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Z {(1 —@,)G, <E[(§7POST(9) _ yPRE(g))(D —E[D|G =g))|G = g]) }pg
9€g

{(1 ~ Gy)G,Cov (V7056 _ yPREW) p| G = ) } P,

Il
(]

€g

Q

where the first equality holds by the law of iterated expectations (and combining terms involving d
and Y;), the second equality changes the order of the summations, the third equality holds by splitting
the summation involving ¢ in time period g and plugs in for v(g,t) (which is constant within group
g and across time periods from 1,...,g — 1 and from g,...,T), the fourth equality multiplies and
divides by terms so that the inside expressions can be written as averages, the fifth equality holds by
changing the order of the expectation and averaging over time periods, the sixth equality holds by

the definition of C_T’g, and the last equality holds by the definition of covariance. O

Next, we consider the expression from Equation (S21) above, which arises from differences in
outcomes across groups. We handle this term over several following results.
Lemma S4. Under Assumptions 1-MP, 2-MP(a), and 3-MP,

2z Z { Z/ E[Y;|G = g] — IE:[Yt])v(gJ) dFDG(d|g)pg}

geg

Z{Z > (EIDIG = glo(g.t) — EIDIG = klo(k,1)) (E[mc;:g]—mma:k])pkpg}

9geEG keG,k>g

Proof. Notice that

1 T
TZ{Z/d EY|G =g - ELY; 1)v<g,t>dFDG<d|g>pg}

t

P
Ti{;jwag( Y:|G = 6] ~ E[Y)])o(g ,t>pg}
;g{;wag( [mGg}];E[mGk]pk)v<g7t>pg}
;i{;éEDKJ—g (g, )(E[mG:g}—lE[YtIG=k])pkpg}

i{g;ke;> ( [D|G = glv(g,t) — E[Dazk]v(m))(E[KIG:g]—E[YtIG=kl)pwg}

where the first equality holds by integrating over D, the second equality holds by the law of iterated
expectations, the third equality holds by combining terms, and the last equality holds because all

combinations of g and k occur twice. O

Lemma S4 is helpful because it shows that the cross-group part of the TWFE estimator can be
written as comparisons for each group relative to later-treated groups.

Next, we provide an important intermediate result. Before stating this result, notice that

E[D|G = glv(g,t) — E[D|G = Kv(k, )
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—E[D|G = ¢]G, + E[D|G = k|G, fort <g<k
= (E[D|G = g](1 — Gy) + E[D|G = k|Gy, forg<t<k (S22)
E[D|G = g](1 — Gy) —E[D|G =k|(1 —Gy) forg<k<t
which holds by the definition of v and is useful for the proof of the following lemma.
Lemma S5. Under Assumptions 1-MP, 2-MP(a), and 3-MP,

3 { > [ a(Biic = g~ Bl )ota.1 dFD.G<dg>pg}

_ Z Z { [DIG = g](1 — G)(Gy — i) (]E [(YMID(g,M _ ?PRE(Q))lG _ g} _E [(YMID(Q,IC) _ YPRE(Q))|G — k} )

geG keG,k>g
+E[D|G = k]Gr(Gy — G) (IE‘, [(YPOST(IC) — MDY |G = k} _E [(YPOST(k) _pMIDGRY |G = g] )
+ (B[DIG = g] — E[DIG = K)Ga(1 - Gy) (E [(ProsT® —yPREO) |G = g — B [(YPOSTH -y PREO) G = ] ) }Wg

Proof. The result holds as follows

Z{Z / E[Y:|G = g] - E[m)vm,t)dFDG(d|g>pg}

geg

> x> {

9gEG kEG,k>g

Sl

T
> (EIDIG = glo(g,t) — EIDIG = Klv(k, 1)) (E[Ye|G = g] ~ EIVHIG = K]) }pkpg

t=1

1 g1

=> > {T( E[D|G = g|Gy + EIDIG = K]Gx) Y (EIVIG = g] - E[V:[G = k])
geEG keG,k>g t=1

+ 7 (BIDIG = g)(1 = Gy) + EIDIG = KIGv) Z( [¥iIG = g] ~ E[¥i[G = K)

S

1

+ 7 (BIDIG = 6101 = Gy) ~ EIDIG =K1 - Gu)) 3 (& mam—mmckl)}pkpg

=2 2 {(1—Gg>(—E[D|Gg1Gg+E[DGklc‘:k) (B PRE@)|G = g — B[V PRE@)|G = ]
geG keG,k>g
+(Gy = Gi) (E[DIG = g)(1 = Gy) + ED|G = KIGy) (E[YMPOR|G = g] — EYMIP@M|G = k)

+ G (BIDIG = g)(1 — Gy) — BIDIG = k(1 - Gy)) (BIYPOST®)|G = g] — B[ POSTM|G = 1)) }pkpg

- > {<1Gg>(IE[D|G=g1<GgGk>+<E[D|G=k1IE[DG=gDGk) (Bl PREW|G = g] - B[V PREW)|G = k)
geG keG,k>g
+(Gy — Gi) (E[DIG = g](1 — Gy) + EDIG = K|Gy) (E[YMIP@H)|G = g] ~ BT MIP@M|G = k)

+ Gy ((EIDIG = g] ~ E[D|G = k))(1 — Gg) — E[DIG = KI(Gy — G)) (E[YPOSTM|G = g] — E[Y POSTR)|G = k) }pkpg
_ Z Z {E[DG = g](1 — Gg)(Gy — ék)(E [(YMID(QJc) _ YPRE(Q))‘G — g] _E [(yMJD(g,k) _ yPRE(g))|G = k] )
9E€G kEG,k>g
+E[D|G = K|Gr(Gy — G) (E [(YPOST(k) _ ?MID(g,k))‘G — k] ) [(YPOST(k) _ YJVIID(g,k))|G _ g] )

+ (E[D|G = g] — E[D|G = k)G (1 — (—;g)(]E [(YPOST(k) _ YPRE(Q))|G _ g] _E [(YPOST(I@) _ yPRE(g))|G = k] )}pkpg

where the first equality uses the result in Lemma S4, the second equality changes the order of the

summations (splitting them at g and k where the values of v(g,t) and v(k,t) change) and uses
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Equation (S22), the third equality holds by averaging over time periods (which involves multiplying
and dividing by g — 1 in the first line, multiplying and dividing by k — g in the second line, and
multiplying and dividing by 7' — k + 1 in the last line), the fourth equality rearranges the expressions
for the weights, and the fifth equality holds by rearranging terms with common weights. O

Define the following weights

@9 () = Var(D|G = g)(1 — G)Gypy
W97 (g, k) = E[D|G = g]*(1 — Gy)(Gy — Gr)prpy
"% (g, k) = E[D|G = k]*Gi(Gy — Gr)prpy

@W'"9(g, k) = (E[D|G = g] — E[D|G = k])?Gr(1 — Gy)prp,

which correspond to w9 within(g) w9Post(g k), wkPost(g, k), and w9 (g, k) above except they do not

divide by 7! Zle ]E[VVft]3 The next result provides a decomposition of the numerator of Ztw/e,

Lemma S6. Under Assumptions 1-MP, 2-MP(a), and 3-MP,

T

1 T ~g,within

7 OB = 3 @t (g) ITHIN g)
t=1

geg

i Z Z { ,post k)chID,PRE(g’ k) + ﬂ)k,post(‘% k)5MID,POST(g’ k) + ﬁ)long(g’ k)(;POST,PRE(g’ k:)}
g€G keg k>g

Proof. Notice that
1~
7 D EWiiYi]

t=1

= Z { 4)G4Cov (YPOST(Q) yPREW D ‘ G = 9) }pg

geg

+ Z Z { [D|G = g](1 — Gy)(Gyg — Gk)( [(YMID(g,k) _ Y/PRE(Q))‘G _ g} _E [(YJMID(g,k) . ?PRE(Q))|G _ k} )

geG keG,k>g

+E[D|G = k]Gi(Gy — Gy) (IE [({/POST(k) — PMIDER) |G = k] _E [()—/POST(IC) _yMIDGRY |G = g] )

+ (E[D|G = g] — E[D|G = k])Gr(1 — Gy) (IE [(yPOSTUc) yPRE(g )\G _ g] E [(YPOST(k) _ YPRE(g)) G = k] ) }pkpg

COV (}_/POST(g) _ YPRE(g)’ D ‘ G — g>
-y {Var<D|G — )1 -GGy }pg

= Var(D|G = g)
E [(YMJD(g,k) YPREW) |G = ] [ (YMID(9:k) _ yPRE®W)) |G = k}
*2;{ [DIG = g"(1 = Gy)(Gy — Ci) DG =g

E[D|G = K]

E [(YPOST(k) . Y/MID(g,k))|G _ k] _E [(YPOST(k) . ?A{ID(g,k)MG _ g]
+E[D|G = k]QGk(GQ —Gh) (

3To make this clear, additionally notice that prp, = (pg —&—pk)ng‘{g’k}(l — Dg|{g,k}) Which holds by multiplying and
dividing both py and p, by (pg + pi) and by the definition of py|(4 x}. This expression completely aligns these weights
with w? ¥ (g), w9 Pt (g, k), w*P° (g, k), and w'°™9(g, k) up to dividing by 77! 23:1 E[W2,].
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) ) (E [(?POST(I@) . YPRE(g))‘G _ g] _E [(YPOST(I@) - ?PRE(g))lG _ k] )
+ (E[D|G = g] — E[D|G = k])*Gr(1 — Gy) }pkpg

(E[D|G = g] - E[D|G = k])
_ Z ~9, wzthzn 6WITHIN(g)

geg

+ Z Z { ~g, post )(SMID’PRE(Q, k) + QI)k’pOSt(g’ k)(S]WID,POST(g7 IC) + ’J)long(97 k)(SPOST,PRE (g7 k,‘)}
geG keG,k>g

where the first equality holds from plugging the results of Lemmas S3 and S5 into Equations (S20)
and (S21); the second equality holds by multiplying and dividing the first term by Var(D|G = g),
the second term by E[D|G = g], the third term by E[D|G = k], and the last term by (E[D|G = g] —

E[D|G = k]); and the third equality holds by the definitions of @w9-within(g) p9ost (g, k), @hrost(g, k),
u~)long<g k) (5WITHIN(g) (5MID,PRE(g k) 5MID,POST<g k) 5POST,PRE(g k) ]

Lemma S7. Under Assumptions 1-MP, 2-MP(a), and 3-MP,
T
1 . .
T OEIV] = 3@t (g) 137 T (s (g k) +ah (g, k) + 0t (g, k) |
t=1 geg g€G keG k>g

Proof. To start with, notice that E[I/Vft] = IE[W”W”] Then, we can apply the arguments of Lem-
mas S2 to S6 but with W;; replacing Y; ;. This implies that

1.
Ly Epi
t=1
— Z wg,within(g) COV(WPOST(Q) WPRE D|G = g)
Var(D|G = g)

g9€g
E [(WMID(g,k) — WPREW)|G = 9] -E [(WMID(g,k) — WPREW)|G = k]

t2 2 {w (9:5) EDIG =g

9eG keG k>g

E [(WPOST(k) . WMID(g,k))'G _ k] _E [(WPOST(k) . WMID(g,k))|G _ g]
E[D|G = k]
E [(WPOST(k) — WPRE(9)|G = g] _E [(WPOST(k) — WPRE9))|G = k]
E[D|G = g] - E[D|G = k| }
_ ng,withzn Jrz Z {wg post g k) +wk post(g k)Jr ~long( ,k)}

Y geG keG k>g

+ 7I]k,post (g’ k})

+ @ (g, k)

where the last equality holds by noting that W = D in post-treatment periods and W = 0 in

pre-treatment periods, and then by canceling terms. ]

Proof of Proposition S1

Proof. Proposition S1 immediately holds from applying the result in Lemma S6 in the expression for
gtwfe in Equation (S12). That the weights are all positive holds immediately by their definitions.
That they sum to one holds by the definitions of the weights and is an immediate implication of
Lemma S7. O

Next, we move to proving Theorem S3. To do this, we provide expressions for each of the

comparisons that show up in Proposition S1 in terms of derivatives of paths of outcomes. These
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results invoke Assumption 2-MP(b) and, therefore, use that the treatment is actually continuous,
but they do not invoke any parallel trends assumptions. That said, it would be straightforward to
adapt these results to the case with a discrete multi-valued treatment along the lines of the baseline
two-period case considered in the main text.

It is also useful to note that

orPOSTRLPREG) (0 ) OF :(YPOSTU?) _ YPRE@©)) ‘ G=g,D= d}

Bd _ ad ’
orMIPGRLPRED) (5 1) O (PHIDER _ y PRE@) ‘ G=gD= d]
ad ad ’

aﬂgOST(%),MID(gJE) (9.4) _ OF (YPOSTU?:) _ YMID(ZJJC)) ) G=g D= d}
od od ’

which holds because the second parts of each mp term do not vary with the dose.
of §WITHIN(

Next, we consider a result for the numerator (which is the main term) g) in Equa-
tion (S13).
Lemma S8. Under Assumptions 1-MP, 2-MP, and 3-MP,

Cov (YPOST(g) _yPREG) p ‘ G- g)

8ED—/POST(9) _ Y/PRE(!])|G =g, D = l]

al d

du
_ / (EIDIG = ¢, D > 1)~ B[D|G = ¢ )B(D > 1G = g)
dr
Proof. First, notice that
Cov (YPOST@) _yPRE(@) p ‘ G = g) = E[(YPOST() — yPREW))(D — E[D|G = g])|G = g]

Then, the proof follows essentially the same arguments as in Theorem 3.4(a) in the main text with

Yy POST(9) — Yy PRE(9) replacing AY and the other arguments relating to the distribution of the dose

holding conditional on being in group g. The second term, involving dy,, in Theorem 3.4(a) does not

show up here as, by construction, there are no untreated units in group g. ]

5WITHIN(

Lemma S8 says that part of g) in the TWFE regression estimator comes from a weighted

BE[YPOST(Q) 7YPRE(g) \ng,Dz }
average of 5d .

Next, we consider the numerator (which is the main term) in the expression for §M/D-PRE (g )
in Equation (S14). This term is quite similar to the baseline two-period case considered in Theo-

rem 3.4(a) because units in group k£ have not been treated yet.
Lemma S9. Under Assumptions 1-MP, 2-MP, and 3-MP, and for k > g,

E [(YMID(g,k) _ YPRE(g)) ‘ G — g} _E [(YMID(g,k) - YPRE(g)) ‘ G — k:]

du OF YMID(g,k) _ YPRE(g) G=qg. D=1
:/ P(D > 1|G = g) 22 G=9, Ly
0 al
E[YMID(g,k:) _ YPRE(g)|G =g,D= dL] _ E[YMID(ch) _ YPRE(Q)‘D — 0]
+dg,
dr,
o EMIP@R — yPREO)|G = k) - BYMIPOR - YPREW)|D = o]
— ar
dr,
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Proof. To start with, notice that
E [(YMID(g,k) _ Y;PRE(g)) ‘ G — g} _E [(YMID(g,k;) _ YPRE(g)) ’ G = k]
- [(}—/MID(g,k) _ yPRE()) ‘ a— g] _E [(YMID(g,k) _ yPRE()) ‘ D= 0]

_ (E [(YMID(g,k) _ YPRE(g) ) G = k} _E [(YMID(g,k) y PRE(9) ‘ D= OD

du v MID(g,k) _ yVPRE(g —
:/ PD > 116 = ) 2EIY YPRED|G =g, D =1) |
. ol
p E[Y/MID(g,k) Y PRE(g |G g,D = dL] [YMID(g,k) _ YPRE(Q)‘D — 0]
+ dy, dL
; ED?MID(g,k) y PRE(g |G k] — [YMID(g,k) _ YPRE(9)|D = 0]
—ar

dr,
where the first equality holds by adding and subtracting E [(?M ID(g:k) _yP RE(Q)) { D = O]. For the

second equality, notice that
E [(YMID(g,k) _ YPRE(g)) ’ a— g} _E [(YMID(g,k) _ YPRE(g)) ‘ D= O]
—E [(YvMID(g,k) v PRE(9) ‘ G = g} E [(YMID(g,k) _ YPRE(g)) } G=g D= dL}
IR [(?MID(g,k) _ YPRE(g ‘ G=g D= dL} _E [(?MID(g,k) _ Y—PRE(g)) ‘ D— 0}
Moreover,

E [(YMID(g,k) _ YPRE(g)) ’ G- g} _E [(YMID(g,k) _ YPRE(g)) ‘ G=gD= dL:|

d
_ / U E |:(YMID(g k) YPRE(Q ‘G =g,D= d} E [(YMID(Q,/C) _ YPRE(Q)) ‘G =g,D= dL:| dFD\G(d|9)

dy YMID(g,k) _ YPREW\|G = q.D =1
/ / 1l < d} E [( )IG=y. } dldFpc(d|g)
dL d

ol

aE[YMID(g,k) YPRE ‘G _ 97 _ l]
ol

where the first equality holds by the law of iterated expectations, the second equality holds by the

dl

:/ B(D > 1IG = g)
dr,

fundamental theorem of calculus, and the last equality holds by changing the order of integration and
simplifying.

Combining the above expressions implies the result. O

Next, we consider the numerator (which is the main term) of 67O5TMID (g E) in Equation (S15),
which comes from comparing paths of outcomes for newly treated groups relative to already-treated

groups.
Lemma S10. Under Assumptions 1-MP, 2-MP, and 3-MP, and for k > g,

E [(YPOST(k) _ YMID(g,k)) ‘ G — k} _E [(YPOST(k) _ YMID(g,k)) ‘ a— g}

dur E[yPOST(k) _ yMID(gK) |3 — k. D —
:/'szuczma[ G=kD=1,
” i
J ED_/POST(k) o YMID(g,k)|G — k‘, D= dL] o E[Y/POST(IC) . YMID(g,k’)|D — 0]
+ar

dr,
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_ {E[YPOST(k) _ yPRE(g)|G =g - E[YPOST(k) . YPRE(g)|D — 0]
_ (ED—/MID(g,k) _ YPRE(g)‘G =g - ED—/MID(g,k) _ YPRE(g)‘D _ 0]) }

Proof. Notice that

E [(YPOST(k) _ YMID(g,k)) ‘ G = k} K [(YPOST(k) _ Y—MID(g,k)) ‘ G- g}

_ (E [(PPOSTI - yMID0) | = ] — & [(7#0510) — i) | p — ] >
- (E [(PPOSTI - D) | = | — & [(FPOST) _ pHIPER)| D — ] )

_ (E [(PPOSTI _ yMID0) | = ] — & [(7#0510) — i) | p — ] > (529)
_ { (E [(7PosT®) _ yPREW) | G — o] ~E [(POST) — yPREW) | p — >

_ (E [(YMID(g,k) _ YPRE(g)) } G = g} _E [(YMID(g,k) _ YPRE(g)) ‘ D= O] > }

du y POST(k) _ Yy MID(g.k) |} — k. D — |
= / P(D > 1|G = kz)aE[Y Y & . ] dl (S24)
dy ol
ED‘/POST(k) _ ?MID(g7 k)G =k D=dy] —E [(?POST(k) _ YMID(g,k))|D = 0]

+dr,

dr,

_ { (E [(YPOST(k;) _ Y—PRE(g)) ) G = g} K [(YPOST(k) _ YPRE(g)) ’ D— O} )

_ (E [(YMID(g,k) _ YPRE(g)) ‘ G — g} _E [(YMID(g,k;) _ YPRE(g)) )D _ 0} ) }

where the first equality holds by adding and subtracting E [(YP OST(k) _ yMID (9’k))|D = 0], the
second equality holds by adding and subtracting both E [YP RE(9)|G = g] and E [YP RE(9)|D = O],
and the last equality holds by applying the same sort of arguments as in the proof of Lemma S9. [

Finally, we consider the numerator (which is the main term) of §7O5TPEE (g k) in Equation (S16).

Lemma S11. Under Assumptions 1-MP, 2-MP, and 3-MP, and for k > g,
E [(YPOST(k) . Y/PRE(g))|G _ g} _E [(?POST(I@) . YPRE(g)) G = k]

a]E[?POST(k) _ ?PRE(g)'G _ g,D — l}

dy
~ [T ew =16 =g -rD =16 =b) ~ d
dr,
dyr POST(k) _ yPRE(g) _ _ E[y POST(k) _ {7 PRE(g) — g D=1
B P(D > 1|G = k) OE[Y Y |G =k,D l]_@ [ |G =g, ] dl
d ol ol
L
+dr :
dr
E[YPOST(k) o YPRE(g)|G =g,D=d]— E[?POST(/@) _ yPRE(g)|D = 0] }
—dr ’ .
dr
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Proof. First, by adding and subtracting terms
E [(YPOST(k) _ YPRE(g)) ’ G = g} _E [(YPOST(k) _ ?PRE(g)) ’ G- k]
—F [(YPOST(IC) _ YPRE(g)) ‘ a— g] _E [(YPOST( ) _ yPRE(g) ‘ D= O]
_ <IE [(YPOST(k) _ YPRE(g)) ’ G = k] _E [(YPOST(k;) y PRE(9) ‘ D= OD
Then, using similar arguments as in Lemma S9 above, one can show that
E [(YPOST(k) - YPRE(g)) ‘ G — g} _E [(yPOST(k) _ YPRE(g) ‘ D= 0}

dy " POST(k) _ v PRE(9)|(Y —
_/ IP’(DZZ]G:g)aE[Y YPREOIG =g, D=1]
” ol

E[YPOST( ) — YPRE(g |G =g,D= dL] [YPOST( ) — YPRE(g |D _ 0]

d
+dadr, ds

and that

E [(YPOST(k) _ YPRE(Q)) ‘ G- k} _E [(?POST(k) _ YPRE(g)) ’D _ 0}

dy Ry POST(k) _ VPREW@)|Q = k. D — |
:/ ]P’(Dzl]G:k)a [ i ’ ]dl
dy ol
E[YPOST( ) _ YPRE ‘G k,D = dL] [YPOST( ) _ YPRE ‘D _ 0]
+dy,
dr,

Then, the result holds by adding and subtracting fddLU P(D >1|G = k:)QE[YPOST%LY(;RE(Q)‘G:g’D:” dl
and combining terms. O

Proof of Part (1) of Theorem S3

Proof. Starting from the result in Proposition S1, the expression for §V/THIN(g) comes from its
definition, the result in Lemma S8, and the definition of the weights w“”thm(g,l). The expres-

SMID.PRE (g L) comes from its definition, the result in Lemma S9, and the definitions

sion for
of wi(g,1) and wy(g). The expression for 67OTMID(g k) comes from combining its definition
with the result in Lemma S10, and the definitions of wi(k,l) and wy(k). Finally, the expres-

SPOSTPRE (g k) comes from its definition, the result in Lemma S11, and the definitions

sion for
of wacross<g’ kD), ~across(g’ k,1), and ,LD(O)Lcross(g7 k).

That w¥in(g,d) > 0, wi(g,d) > 0, wo(g) > 0 for all g € G and d € D% all hold immediately
from the definitions of the weights. That fddLU wihin (g 1) dl = 1, fddLU wi(g,1)dl +wo(g) = 1, and
ddLU w§ (g, k,1)dl = 1 hold from the same sorts of arguments used to show that the weights

integrate to 1 in the proof of Theorem 3.4(a). O

Notice that none of the previous results have invoked any sort of parallel trends assumption.
Next, we push forward the previous results once a researcher invokes parallel trends assumptions; in
Theorem S3, we consider the case where the researcher invoked Assumption SPT-MP, but here we
handle both that assumption and Assumption PT-MP. To further understand this, for 1 < ¢; < to < T
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define
to

B 1
Yé(t17t2)(97 d) = m Z}/;,t(g7t7d)
t=t1

which averages potential outcomes from time periods t; to ¢y for unit ¢ if they were in group g and
experienced dose d. Note that Y(tm) = Yi(tl’b)(Gi, D;). Next, for t; < t9, define

ATT""™ (g,dg, d) = ZATT (g:t,d|g, d) (S25)

to —t1 + t .
which is the average treatment effect experienced by units in group g who experienced dose d averaged

across periods from t; to to. Likewise, define

ATT ") (g, d) = Z ATT(g,t,d) (S26)

tg—tl—l—l

which is the average treatment effect of dose d among all units in group g averaged across periods

from t; to to. An alternative expression for m(tl’m(

g,d|g,d) is given by
ATT" (g, dlg,d) = E [Y(142) (g, d) — Y2)(0)|G = ¢, D = d

which holds by the definition of AT'T(g,t,d|g,d) and changing the order of the expectation and
the average over time periods; here, E[Y (*1:2)(0)|G = g, D = d] is the average outcome that units in
group g that experienced dose d would have experienced if they had not participated in the treatment
between time periods t; and to. Similarly, for ATT(tl’tz)(g, d),

ATT(tl t2)( Cl) -F |:Y(t17t2)(g7 d) o }_/ t1,t2) ( )‘G =g
In addition, define

JATT"™"™ (g, d)
ad

OATT "' (g,11g, d)
ol

ACRT(tlth) (g7 d‘g’ d) — ’l:d and ACRT(tLtQ) (97 d)

(S27)

which are the average causal response to a marginal increase in the dose among units in group g
conditional on having experienced dose d (for ACRT(g,d|g,d)) and the average causal response to a
marginal increase in the dose among all units in group g.

The next result connects derivatives of conditional expectations to ACRT(g,t,d|g,d) and
ACRT(g,t,d) parameters under parallel trends assumptions. This is similar to Theorems 3.2, 3.3,

and C.1 in the main text and to Theorem S2 above.

Lemma S12. Under Assumptions 1-MP, 2-MP, and 3-MP, and for 1 <t; <ty < g<t3 <ty <T
(i.e., t1 and ty are pre-treatment periods for group g, and ts and t4 are post-treatment periods for
group g), and for d € D,

(1) If, in addition, Assumption PT-MP holds, then

IR [Y(tg,tz;) _ Y(tl,t2)|G =g,D= d]
od

OATT"*' (g, dlg,1)
ol I=d

VT
selection bias

= ACRT"" (g, dlg,d) +
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(2) If, in addition, Assumption SPT-MP holds, then

OF [Y(tat1) — Y(hit2)|G = g, D = d]
ad

Proof. For part (1), notice that, for 1 <t; <ty < g <tz <ty <T (i.e., for group g, t; and t9 are

= ACRT"" (g, d)

pre-treatment time periods while ¢3 and ¢4 are post-treatment time periods), we can write

Y(t3 ,t4) (tl tg)

G=g D= d} _E [Y(t3’t4)(g, d) — Ytt2) (0) ) G=g D= d}
—E [V (g,d) - Y+(0) [ G = g,D = d]
B [7®(0) - VO)(0) |G = g, D = d]
= ATT"")(g,d|g, d)
~E [7219(0) - Y2(0) | G = g, D = d]

where the first equality holds by writing observed outcomes in terms of their corresponding potential
outcomes, the second equality holds by adding and subtracting E [?(t3’t4)(0) ‘ G=g,D= d], and the
last equality holds by the definition of ATT "> (g, d|g, ).

This equation looks very similar to DiD-type equations in simpler cases, such as when there are
two periods and two groups. The left-hand side is immediately identified. The right-hand side involves
a causal effect parameter of interest and an unobserved path of untreated potential outcomes that
would typically be handled using a parallel trends assumption.

In particular, under Assumption PT-MP,
E [Y(t3’t4)(0) — Yt () ) G=g,D= d] =E [Y“S’“)(O) —Y2)(0) ] D = 0}
which, importantly, does not vary across d or g. This suggests that, under Assumption PT-MP,
E [}7(’53,721) _ y(tite)

G=g D= d} — ATT"™") (g, d|g,d) — E [Y@s,m)(o) — ylt) () ‘ D= 0]

Taking derivatives of both sides of the previous equation with respect to d implies the result.
For part (2), notice that,

E [y(ts,tzx) y (t1,t2)

G=g D= d} _ [Y<t3¢4>(g, d) — ) } G
=E [y (g,) - ¥ tm)(o) G =]
=E [Pt (g,d) - |G
+E [7(0) - 72)(0) | 6 = o]
= ATT*") (g,d) + E [V 41 (0) = V(2 (0) | D = o]

where the first equality holds by writing observed outcomes in terms of their corresponding potential
outcomes, the second equality holds by Assumption SPT-MP, the third equality holds by adding and
subtracting E[Y (!314)(0)|G = g], and the last equality holds by the definition of m(tg’t4)(g, d) and
by Assumption SPT-MP. Taking derivatives of both sides implies the result for part (2). O

The result in Lemma S12 says that, under Assumption PT-MP, the derivative of the path of
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outcomes (averaged over some post-treatment periods) relative to some pre-treatment periods cor-
responds to averaging ACRT(g,t,d|g,d) across post-treatment time periods plus the derivative of
an averaged selection bias-type across some post-treatment time periods for group ¢. Similarly, un-
der Assumption SPT-MP, the derivative of the path of average outcomes in some post-treatment
periods relative to average outcomes in some pre-treatment periods corresponds to an average of

ACRT(g,t,d) across the same post-treatment time periods.

Lemma S13. Under Assumptions 1-MP, 2-MP, and 3-MP, and for 1 <t; <ty <g<t3<ty <k
(i.e., t1 and to are pre-treatment periods for both groups g and k, group g is treated before group k,

and ts3 and ty are post-treatment periods for group g but pre-treatment periods for group k),

(1) If, in addition, Assumption PT-MP holds, then

E[F0o4) — P0G = g, D = dy] ~E [P0 — P0G = k] _ AT (g, dylg.do)
dr, - dr,
(2) If, in addition, Assumption SPT-MP holds, then

dy,

B[Vt - y(iz)|G = g, D = dy] — B [V(at0) - Yt = k] dLm<f3¢4>(g, dy)
dL dL

dr,

Proof. For part (1), notice that

E [}7(1‘/3@) _ y(tite)

G=g,D=dy| —E [Vt _ytie)

G = k|
) |:)7(t3,t4)(g’ dp) — Y(t1,t2)(0) ’ G=g,D=d } |: t3,t4 (0) — Y(t1,t2)(0) ‘ G = k,:|
—E[V9)(g,dy) — Y (0) |G = g, D = di ]
+ {E [f/(ts,hx)(o) _ Y(t17t2)(0) ‘ G=g¢g,D= dL} _ [Y(t37t4)(0) _ f/(h,tz)(o) ‘ G = k} }
= ATT"" (g, d|g, dy)

where the first equality holds by writing observed outcomes in terms of their corresponding potential
outcomes, the second equality holds by adding and subtracting E [Y t3t4)(0)|G = g, D = dr], and the
last equality holds by the definition of ATT(tS’t4)(g, dr)g,dr) and because the difference between the
two terms involving paths of untreated potential outcomes on the second line of the previous equality

is equal to 0 under Assumption PT-MP. Then, the result holds by multiplying and dividing by dy,.
For part (2),

G=g,D= dL} -E [Y“m) 7 (t1t)

G = |

17<t1¢2>(0) ‘ G=g¢,D= dL} ~E [Y(t&M)(O) — ytt) () ‘ G = k}

— Yy ata( ’ G = g}
+ {E [Y(t3,t4)(0) _ (tl,t2) ‘ G = g} _E [Y(tsizx)(o) _ Y(tl,tQ)(Q) ‘ G = k} }
_ m(t&m)(g’ dy)
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where the first equality holds by writing observed outcomes in terms of their corresponding potential
outcomes, the second equality holds by Assumption SPT-MP, the third equality holds by adding
and subtracting E[Y (#3:4)(0)|G = g], and the last equality holds by Assumption SPT-MP. The result
holds by multiplying and dividing by dy. O

Proof of Part (2) of Theorem S3

Proof. The result holds immediately by using the results of Lemmas S12 and S13 in each of the
expressions for WITHIN (g) §MID.PRE(g by §POST.MID (g 1y and §POST-PRE (g k) in part (1) of

Theorem S3. O

Proof of Proposition S2

POST(k),PRE(9) () — xMID(g,k).PRE(g)(

9) 9)
in the expression for 67OST"MID (g k) in part (2) of Theorem S3. Then, using similar arguments as

in Lemma S9 and then under Assumption SPT-MP, it follows that

Proof. For part (a), we consider the nuisance term involving 7

<POST().PRE() (o) _ [YPOST(k) _ yPRE(9) ‘ G — g} _E [YPOST(k) _ YPRE(9) ‘ D= 0}

dy ATFFOST®) (0 g
- / P(D > |G = ¢)ACRT ™™g, 1)dl + dy (9.d1)
dr, dr,
and that
FMID(gk).PRE(9) (g} = | [}_/MID(g,k) _ yPRE(9) ’ G — g} _E [YMID(g,k) _ yPRE(9) ) D= 0}
dy AFTMIP@R) ()
- / P(D > 1|G = g)ACRT""™") (g, 1) dl + d,, (9. d1)
dr, dr,
Under Assumption Sl(a), ACRT(g,t,d) and ATT(g,t,dr) do not vary over time which implies
that, for all ¢ € G and k € G with k > g, ACRT **"®(g,1) = ACRT'P“"(4.1) for all

I € D¢ and ATT 7%"W(g,dy) = ATT""”“M(g,d;). This implies that 7POSTH)-PREG)(g) =

aMID(g:k),PRE(9)( g) which implies the result for part (a).

For part (b), we consider the two nuisance terms in the expression for §7OST-PRE (g k) in part
(2) of Theorem S3. For the first one, notice that, under Assumption SPT-MP,

aﬂ_POST(k‘),PRE(g)(k l) angST(k),PRE(g)( l)

D - 9:1) _ e
a BT ACRT

POST (k) POST (k)

(k,1) — ACRT

(9,1)
=0

for I € DS and where the second equality holds by Assumption S1(b) (which implies that, for a
particular time period, ACRT(g,t,d) does not vary across groups).

For the second nuisance term, the same sort of arguments imply that
7rl};OST(k),PRE(g)(]€7 dp) — 7rl};OST(k),PRE(g) (g,d1) _ WPOST(k)(k‘,dL) _ AFFrosT®) (g.d1)
dr, dr,
=0
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under Assumption S1(b).

Finally, for part (c), under Assumption S1(a), (b), and (c), ACRT(g,t,d) does not vary across
groups, time periods, or dose; since this does not vary, we denote it by AC RT for the remainder of the
proof. Moreover, from Theorem S3, we have that fddLU Wi (g 1) dl = 1, ijU w1(g, 1) dl+wp(g) =1,
and that | ddLU w{%¥ (g, k,l) = 1. From the first two parts of the current result, we also have that
the nuisance paths of outcomes in §7OST-MID (g k) and 67OST-PRE (g k) are both equal to 0 under
Assumption S1(a) and (b). This implies that, under the conditions for part (c), sW/THIN(g) =

SMID.PRE (g ) = §POST.MID (g ) = §POST.PRE(g 1y — ACRT. Finally, from Proposition S1,

6WITHIN<g> 5MID,PRE(g, k), 5POST,MID(g’k)7

we have that f™7€ is a weighted average of and

§POST.PRE (g k). That these are all equal to each other implies that f“/¢ = ACRT = ACRT®&*°®. [

SD Additional Theoretical Results

This appendix provides (and proves) a number of additional results that were referred to in the main

text.

SD.1 No Untreated Units

This section considers the causal interpretation of comparisons of paths of outcomes across dose

groups in settings with no untreated units under different versions of the parallel trends assumption.

Proposition S3. Under Assumptions 1, 2, 3, and PT,* and for h,l € D,
E[AY|D = h| — E[AY|D =] = ATT(h|h) — ATT(I|)
Proof. Notice that
D = h] = E[Y;=2(I) = Yi=1(0)[ D =[]
D = h] — E[Yizs(l) — Yi=2(0)|D = ]
+ (EYi=2(0) = Yiz1(0)|D = h] — E[¥i2(0) — Yzt (0) D = 1))
= ATT(h|h) — ATT(I|l)

where the first equality holds by plugging in potential outcomes for observed outcomes, the second
equality holds by adding and subtracting E[Y;—2(0)|D = h| and E[Y;—2(0)|D =[], and the last equality
holds by the definition of AT'T(d|d) and by Assumption PT. O

The result in Proposition S3 is the same as in Theorem 3.2(b), though the proof technique is

different here, as there does not exist an untreated comparison group in the setting considered here.

4To be fully precise, Assumption 2 needs to be modified here to allow for no untreated units. Likewise, the parallel
trends assumption in Assumption PT does not immediately apply to this setting because P(D = 0) = 0 here. Instead,
by parallel trends, we mean that E[Y;=2(0) — Y;=1(0)|D = d] = E[Y;=2(0) — Yi=1(0)] which says that the path of
untreated potential outcomes is the same across all dose groups. We do not state this as a separate assumption partly
for brevity but also because, in a setting where P(D = 0) > 0, the condition here is simply an alternative way to write
Assumption PT.
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Next, we provide an analogous result under strong parallel trends.
Proposition S4. Under Assumptions 1, 2, 3, and SPT, and for h,l € Dy,
E[AY|D = h]| — E[AY|D =1] = ATT(h) — ATT (1)

Proof. Notice that

E[AY|D = h] — E[AY|D = ] = E[Yi—2(h) — Y1 (0)|D = h] — E[Yis(l) = Yt (0)|D = [
= EYis(h) — ¥i1(0)|D > 0] — E¥is(l) ~ Yir(0)|D > 0
= EYis(h) — Yi-2(0)|D > 0] — E[¥is(l) — Yia(0)|D > 0

where the first equality holds by replacing observed outcomes with corresponding potential outcomes,
the second equality holds by Assumption SPT, the third equality holds by canceling the E[Y;—1(0)|D >
0] terms from the previous line and by adding and subtracting E[Y;=2(0)|D > 0], and the last equality
holds by the definition of ATT(d). O

SD.2 Additional TWFE Decomposition Results

This section provides some extensions and additional details related to the TWFE decompositions

discussed in Section 3.3 in the main text.

Additional Results for TWFE Levels Decomposition

This first part of this section derives the expression for 37°f¢ in Equation (3.1) in the main text which
relates B1/¢ to a weighted average of “more treated” units (units that experienced a dose larger than
E[D]) relative to “less treated” units (units that were untreated or experienced a dose smaller than
E[D]) scaled by a weighted average of the difference in treatment experienced by these two groups.
Recalling that Theorem 3.4(b) in the main text showed that the “weights” integrated to 0, the second
part of this section integrates separately the positive and negative parts of those weights (which are
separated on the basis of whether or not d is greater than the mean dose E[D]). The takeaway is that
the positive weights do not integrate to 1 (nor do the negative weights integrate to —1), but rather
they integrate to the reciprocal of the weighted distance between the effective treated and effective
comparison group discussed in the main text. This provides an explicit connection between the levels
decomposition in Theorem 3.4 and the alternative expression for 3t/ provided in Equation (3.1) in

the main text.

Corollary S1. Under Assumptions 1, 2, 3, and 4(a),

E[wﬁ’m(D)AY‘D > E[Dﬂ - E[wgi”(D)AY‘D < E[D]}
gl = A ; : (528)
E[wl{m(D)D‘D > E[Dﬂ - E[wgm(D)D‘D < E[D]}
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If, in addition, Assumption PT also holds, then

E[w’;in(D)ATT(Dw)‘D > E[D]} - E[wgm(D)ATT(D|D)‘D < E[D]}

grwte _ ]E[wll’m(D)D‘D - E[D]} B E[wgin(D)D‘D < IE[D]} (S29)
where
s |d— E[D]]
E[|D - E[D]||D > EID]]
o |- E[D]]

- E[|D - IE[DH‘D <E[D]]
which satisfy E[w?™(D)|D > E[D]] = E[w}"|D < E[D]] =1.

Proof. To start with, recall that

E[(D ~ EID)AY] _ Buum
Var(D) . Bden

where we consider the numerator and denominator separately below. Next, notice that

ﬁtwfe _

0=E[(D - E[D])]
- ]E[(D - IE[D])‘D < E[D]]IP(D <E[D]) + E[(D - E[D})‘D > IE[D]}IP’(D > E[D])

where the second equality holds by the law of iterated expectations. Rearranging the previous ex-

pression, we have that
E[[D - E[D]\‘D < E[D]}IP’(D <E[D]) = IE[[D - E[D]\‘D > E[D]}IP’(D > E[D]) =: 6

where the equality uses that the sign of (D—E[D]) is fully determined in both conditional expectations.

Next, similar to above, split the numerator of 8/“/¢ on the basis of whether or not D > E[D]:
Brum = E[(D - IE[D])AY‘D > E[D]]IP(D > E[D]) + E[(D - E[D])AY’D < E[D]}]P)(D < E[D])

and now consider,

§ " |E[|[D-E[D]||D > E[D]] AY‘D > ElD]) - E[|D — E[D]||D < E[D]] AY‘D = E[D]]
—E [w‘;m(D)AY)D > E[D]} _E [wgm(D)AY‘D < E[D]} (S30)

which uses the two different expressions for ¢ given above. Also, notice that it also immediately
follows that E[w}™(D)|D > E[D]] = E[w"|D < E[D]] = 1. Thus, Byum/é can be thought of as a
weighted average of the change in outcomes for units with D > E[D] relative to a weighted average
of the change in outcomes for units with D < E[D], where the weights are larger for units with values
of D further away from E[D].

Similarly, since Var(D) = E[(D — E[D])D], we can apply the same argument to the denominator,
and show that

Bf;" = E[wl{i”(D)D’D > E[D]} - E[wSi"(D)D’D < IE[D]} (S31)

34



This can be thought of as a weighted average of D for units with D > E[D] relative to units with
D < E[D], or, in other words, the distance between the mean of D for the “effective” treated group
relative to the “effective” comparison group given the weighting scheme discussed above. Taking the
ratio of Equations S30 and S31 completes the proof for the expression in Equation (S28). That the
weights are positive and have mean one follows immediately from their definitions. The result in
Equation (S29) holds because

E[ bin(p AY’D > E| D]} E[wl{m(D)E[AY\D]’D > E[D]}
- ]E[wll’m(D) (E[AY\D] _E[AY|D = 0]) ‘D > E[D]} L E[AY|D = (]
—E [wl;m(D)ATT(D\D)]D > E[D]] + E[AY[D = 0] (532)

where the first equality holds by the law of iterated expectations, the second equality holds by adding
and subtracting E[AY|D = 0] and because E[AY|D = 0] is non-random and E{ bin(D )‘D > E[D]]
has mean one, and the last equality holds under Assumption PT. The same sort of argument can be
used to show that

E[ bin( AY‘D<ED]] E[ bin( D)ATT(D|D) ‘D<ED]}+E[AY|D:0} (933)

where, by construction, ATT(0|0) = 0. Taking the difference between the expressions in Equa-
tions (S32) and (S33) and then combining these expressions with the above results for Equation (S28)
completes the proof for the expression in Equation (S29).5 O

Corollary S2. Under Assumptions 1, 2, 3, and 4(a),

E[D] du 1
—(w” + / wi dl) = / wi* (1) dl = : :
s E[D] E[wl{m(D)D‘D > E[D]} - E[wgm(D)D’D < E[D]]

where wll’m and wgm are defined in Corollary S1.

Proof. That —(wk + f et whev( f E[D] w'e? (1) di follow from Theorem 3.4(b) and linearity of

integrals. Therefore, consider

u lev du (Z_E[DD
/E . () dl = /E o V(D) fo)dl

E[[D - IE[D]|’D > E[D]]IP(D > E[D))
Var(D)

0
5den

1
- E[wgin(D)D‘D > E[D]} - E[wgi”(D)D‘D < IE[D]}

where the first equality holds by the definition of wlev(l), the second equality holds by the law of
iterated expectations and because (D — E[D]) is positive conditional on D > E[D], the third equality

®Notice that if we were to invoke Assumption SPT, a result analogous to the one in Equation (S29) holds with
ATT(D) replacing ATT(D|D).

35



holds from the expressions for § and Sy, in the proof of Corollary S1, and the last equality holds by
Equation (S31) above. This completes the proof. O

Scaled-Levels Decomposition for Fixed Dose

Next, we consider interpreting 37/¢ as ATT(d)/d for some particular fixed value of d. This is similar

to the scaled-level effects discussed in Section 3.3 in the main text except that we fix d instead of

relating 377¢ to a weighted average of this type of scaled level effect across all values of the dose.
In this section and the next, we define the following weights

: 1
wi I (dy, dy) = dy — dy

_d—dg
- d
Also, recall that we defined ma (d) = E[AY|D = d] in the main text—we use this shorthand notation

in the results below.

wf’+(d) :

Proposition S5. Under Assumptions 1, 2, 3, 4(a), and PT,

ATT(d|d) e N ATT(d|dr) wWaer
AT - o= () AT (1t )

~~

dy )
+ /d Wi (@) (d, dy)ym!a (1) (1 . dw‘f”(l)) dl
L —_——

[ msau

where m/, (1) = ACRT(I|l) + aAT@ij};(”h)‘

If Assumption SPT holds instead 07‘ Assumption PT, then the same sort of result holds with
ATT(d) replacing ATT(d|d) on the LHS of the previous equation and with m/, (1) = ACRT(l) on the
RHS of the previous equation.

Proof. To start with, consider the path of outcomes experienced by dose group d relative to the

untreated group scaled by d:
ma(d) —ma(0)  ma(d) —ma(dy) n ma(dr) —ma(0)

d d d
_ (d—dg)ma(d) —ma(dr) demA(dL) —ma(0)
d d—dy d d
_ (d—dr) S miA () dl L 4z ma(dz) —ma(0)
T d d—dy, d dr,
d
— it (d) /d W, dy iy (1)t + (1= i () P ILZ @) gy

where the first equality holds by adding and subtracting ma(dr)/d, the second equality holds by
multiplying and dividing the first term by (d — dy) and the second term by dr, the third equality
holds by the fundamental theorem of calculus, and the last line holds by the definitions of w%f/ and
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w‘f’+. Further, notice that the weights integrate/sum to 1:

d
5,4 dif f s L (d—dp) 1 / dr,
w (d)/de (d,dL)dl+(1 w (d)) i di+= =1

=1

which suggests interpreting (ma(d) — ma(0))/d as an average of derivative-type terms. Then, using
a similar argument for 5'/¢ as the one used in Equation (S37) below and combining it with the

expression in Equation (S34), we have that

m (d)_m (0) tw fe S (m (d )_m (O)) v
SO g = (1w @) S (1_(1—100?’*(65)))

dy ,
+ / Wi () w T (d, dy)ym! (1) (1 - dw““(l)) dl
dr,

—{d@mﬂw“wwm}

As in Theorem 3.1, under Assumption PT, ma(d) — ma(0) = ATT(d|d), and, as in Theorem 3.2,
m/x (1) = ACRT(I|l) + MTTII;(ZW‘ » (notice that this term includes selection bias). Under Assump-
tion SPT, ma(d) — ma(0) = ATT(d) and m/s(I) = ACRT(l). This completes the proof. O

In other words, in general, 5*f€ is not equal to ATT(d|d)/d (under parallel trends) or ATT(d)/d
(under strong parallel trends) for two reasons: (i) they put different weights on the same effects (the
underlined terms above), and (ii) the value of /¢ additionally depends on effects of the treatment

for doses greater than d (the third term, in brackets, in the proposition).

Scaled-2 x 2 Decomposition for Fixed Doses

ATT(da|d2)—ATT(d1|d1) . ATT(d2)—ATT(dy)
or
d2 —d1 d2 dl

di and ds that satisfy df, < di < ds < dy. This is similar to the scaled 2 x 2 effects discussed in

Finally, we consider interpreting 5**f¢ as for two fixed doses

Section 3.3 except that here we fix the values of d; and dy rather than relating f*“7¢ to a weighted

average of all possible scaled 2 x 2 effects.

Proposition S6. Under Assumptions 1, 2, 3, 4(a), and PT and for d;, < dy < dy < dy,
ATT(da|d2) — ATT(dy|dy)

d2 — dl _ Btwfe
do )
= / wdlff(dh dg)m/A(l) <1 — (d2 _ dl) acr(l)) dl
d1
4 " -
_{ ma (i (1) di + mMU“WUﬂ+‘W@MM%Z Mm?
dy, do .

where m/, (1) = ACRT(I|l) + MTTJ};(”M‘

If Assumption SPT holds instead 0? Assumption PT, then the same sort of result holds with
ATT(dy) — ATT(dy) replacing ATT(d2|d2) — ATT(d1|d1) on the LHS of the previous equation and
with m/y (1) = ACRT (1) on the RHS of the previous equation.
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Proof. To start with, consider the path of outcomes under dose do relative to the path of outcomes
under dose d; scaled by (de — di), and notice that

do) — d da 1 da '
ma( 2)_mA( 1) :/ ! m’A(l)dl:/ Wl (dy, o)l (1) di ($35)
dy — dy 4 do—di d

where the first equality holds by the fundamental theorem of calculus, and the second equality by

the definition of w®/f. In addition, notice that the “weights” here integrate to one:

/d2 dif f 1 &
wliIF (dy, dy) dl = / dl =1
A (dy, dp) dl = - A

Now, move to considering 37°f¢. From Equation (S2) in the proof of Theorem 3.4 in the main text,
we have that

piwfe —F [(D\/;I(%?D(mA(D) - mA(dL))‘D > 0] P(D > 0)

(D - E[D])
Var(D)
Focusing on the first term in the above expression, and, again, from the proof of Theorem 3.4, we
have that
(D — E[D])
Var(D)

(maldz) ~ma(O)[D > o} B(D > 0)

o (ma(D) — mA(dL))‘D > 0} P(D > 0)

du
= / m/x (Dw{ (1) dl
dr,

dl d2 dU
:{ mis(Dwi () dl+ | ma(Owi (1) d + m’A(l)wim(l)dl}
dL dy d2

(S36)
where the second equality just splits the integral into three parts and, as in the main text,
wtlzcr(l) _ (E[D\Dzl}fIE[D})IF’(Dzl)'

Var(D)

Taking the difference between the expressions in Equations S35

and the representation of 8t“f¢ above, we have that

mA(dQ) _ mA(dl) wfe __ 4 if f I acr
g2 gt = [Tt do iy (1 - (b~ @) d

- { " ma (Dwi (1) dl + v mx (Dw (1) dl + we (ma(dr) —ma(0)) }
dr d 4

(S37)

_ (E[D|D>0]—E[D])P(D>0)dy,
- Var(D) :

As in Theorem 3.2, under Assumption PT, ma(d2) — ma(di) = ATT(da|de) — ATT(d1|d1) =
E[Yiza(da) ~ Yima(dh)|D = do] + (ATT (da|d3) = ATT (do]dy) ) and mly (1) = ACRT (1) + 42500 | -
(notice that both of these expressions also include selection bias). Under Assumption SPT, ma(dz) —
ma(dy) = ATT(dy) — ATT(dy1) and m/, (1) = ACRT(l). This completes the proof. O

where, as in the main text, w§"

This shows that, in general, /¢ will be different from ATT(d2|d§;:§1TT(d1‘dl) (under parallel

trends) or ATT(dle):iTT(dl) (under strong parallel trends) due to (i) different weights on underlying

derivative terms (i.e., m/y(l)) for values of | between d; and dp (this is the underlined term in
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the expression in the proposition), and (i) because f**7¢ additionally depends on effects of the
treatment for values outside of [dy, ds] (this is the second term in curly brackets in the expression in

the proposition).

SD.3 TWFE Decomposition with a Multi-Valued Discrete Treatment

The following theorem provides the discrete analog of Theorem 3.4 from the main text. The weights
in the decomposition are the same ones as those used in the main text, which are reported in Table 1
in the main text, with the exception that fp(l) should be understood as p; in the discrete case. In

this section, we continue to use the notation ma(d) = E[AY|D = d].

Theorem S4. Under Assumptions 1, 2, 3, 4(b), and PT, ptwre can be decomposed in the following
ways:

(a) Causal Response Decomposition:

(ATT(dj—l\dj) - ATT(dj—lldj—l))
dj — dj,1

Btwfe — Z wincr(dj)(dj — dj_l){ACRT(dj|dj) +

d;eDm

Vv
selection bias

where the weights, wi (d;)(d; — dj—1) are always positive and sum to 1.
(b) Levels Decomposition:

prete = 3" wi(d;)ATT (d;|d;)
d; €D

where w'’(d;) < 0 for dj < E[D], and Z lev(dy) +wlv = 0.
d E’Dmv

(¢) Scaled Levels Decomposition:

ATT(d;|d;)

twfe __ S( . I

p = Z w*(d;) d )

d;eDm

where w*(dj) S 0 for d;j < E[D], and Z
d; €D

(d) Scaled 2 x 2 Decomposition

_ ATT(I|h) — ATT(I|I
greie 5 3 w2 E[nzg(h);xf72(z)|p_h]+( (I;_l (I))

€D heD,h>l1

TV
causal response selection bias

where the weights are always positive and sum to 1.

If one imposes Assumption SPT instead of Assumption PT, then the selection bias terms from part
(a) and part (d) become zero, and the remainder of the decompositions remain true, except one needs
to replace ACRT(d;|d;) with ACRT(d;) in part (a), ATT(d;j|d;) with ATT(d;) in parts (b) and (c),
and E[Yi=2(h) — Yi=2(1)| D = h] with E[Yi=2(h) — Yi=2(I)|D > 0] in part (d).
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Proof of Theorem S4

We follow the same proof strategy as for the continuous case in the main text and mainly emphasize
the parts of the proof that are different from those in the continuous case. As in the continuous case,
our strategy is to provide a mechanical decomposition in terms of ma(d) = E[AY|D = d]|. Then,

given those results, the main results in the theorem hold because, under Assumption PT
o ma(dj) —ma(0) = ATT(d;|d;)

mA(déj):;nA(djfl) _ ACRT(dj‘dj) + ATT(dj—lydj) - ATT(dj—1|dj—1)

=t dj —dj1

selection bias
e For h,l € DT, ma(h) — ma(l) = ATT(h|h) — ATT(I|l) = E[Yi—a(h) — Yiea()|D = h] +
(ATT(l|h) - ATT(l|l))

selection bias

or, when Assumption SPT holds,

o ma(d;) —ma(0) = ATT(d;)

mA(dglj)::lnA (dj—1) = ACRT(dJ)

j—1

e For h,1 € D™, ma(h) — ma(l) = ATT(h) — ATT(l) = E[Yi—a(h) — Yiea(1)|D > 0]

Proof of Theorem S4(a)

Proof. Notice that,

gise _ g [W(W(D) - mA(o))]
= VD) S EPN (@) ~maOeg
- Var1<D> djew(m“d” —ma(dj-1)) deZDM ~E[D])1{d > d;}p4
= 3 (mald)—mady-n) (BDD 2 ) EDJR(D = 0)

_ acri e (maldj) —ma(dj—1)
- Z wi (d;)(dj — dj-1) (d; —d;_1)

d]' GDTU

where the second equality holds by writing the expectation as a summation, the third equality holds
by adding and subtracting ma (d;) for all d;’s between 0 and d, the fourth equality holds by changing
the order of the summations, the fifth equality writes the second summation as an expectation, and
the last equality holds by the definition of the weights and by multiplying and dividing by (d; —d;—1).

40



That w{ (d;)(d; — dj—1) > 0 holds immediately since w{“ (d;) > 0 for all d; € D" and d; > d;_;.
Further,

> wir(d;)(d; — djq)

d; €Dy

= ( > E[{D >d;}D|(d; —d;—1) —~E[D] Y  PB(D>d;)(d; - dj—l)) /Val"(D)

d] GD;VFYT/'U d} GD;’:/U

= (A - B)/Var(D)

We consider each of these terms in turn:

A=Y Y Ydx = dj}dppa, (dj — dji)

d; €D dp€D

= padi Y, (dj—dj)

dL€D djEDTU,ddek
= pa,dr(di — 0)
dir€D
= E[D?]

where the first equality holds by writing the expectation for Term A as a summation, the second
equality holds by re-ordering the summations, the third equality holds by canceling all the duplicate
d; terms across summations (and because dy = 0), and the last equality holds by the definition of
E[D?)].
Next,
B=E[D] > Y 1{di>d;}pa,(d; —dj1)

dj E'DTU dp€D

=E[D] Y pa, D>, (dj—dj)

dip€D dj EDTU,dj <dg
=E[D] ) dipy,

dpeD
= E[D]?

where the first equality holds by writing the expectation for Term B as a summation, the second
equality holds by re-ordering the summations, the third equality holds by canceling all the duplicate
d; terms across summations (and because dy = 0), and the last equality holds by the definition of
E[D].

This implies that A — B = Var(D), which implies that the weights sum to 1. O

Proof of Theorem S4(b)

Proof. The proof is analogous to the continuous case in Theorem 3.4(b) in the main text except for
replacing the integral with a summation and fp(l) with p;. Then the result holds by the definition
of we?. O
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Proof of Theorem S4(c)

Proof. The proof is analogous to the continuous case in Theorem 3.4(c) in the main text except for
replacing the integral with a summation and fp(l) with p;. Then the result holds by the definition
of w®. O

Proof of Theorem S4(d)

Proof. Up to Equation (S10) in the main text, the steps of the proof of Theorem 3.4(d) for the

continuous case carry over to the discrete case. Under Assumption 4(b),

ma(h) —ma(l))
E 1
quation (S10) Var E E h—1) DhDI
lED heD, h>l

which holds immediately from Equation (S10) and then the result holds by the definition of w?*2.
That the weights are positive and sum to 1 holds by the same type of argument as used in the

continuous case. O

SE Relaxing Strong Parallel Trends

In this section, we provide more details about the three possible ideas to weaken the strong parallel

trends assumption that were discussed in Section 5 in the main text.

SE.1 Partial Identification

To start with, we consider the case where a researcher only wishes to invoke parallel trends (Assump-
tion PT) but is willing to assume that the sign of the selection bias is known. We focus on the case
where there is positive selection bias in the sense that, for dose d and any two dose groups [ and h
with | < h, we have that ATT(d|l) < ATT(d|h)—this is positive selection bias in that the ATT of
any dose is higher for the high dose group, h, relative to the low dose group, I. The following result
shows that, under this sort of condition, we can construct bounds on differences between causal effect

parameters at different values of the dose.

Proposition S7. Under Assumptions 1, 2, 3, 4(a), and PT and suppose that for any d € Dy and
Il <h, ATT(d|l) < ATT(d|h), then the following results hold
(1) E[Yi—2(h) — Yiea(1)|D = h] < E[AY|D = h| — E[AY|D = 1] = ATT(h|h) — ATT(l|l)

OE[AY|D = d]
ad

Proof. For part (1), from Theorem 3.2(a) in the main text, we have that, under Assumption PT,

(2) ACRT(d|d) <

E[AY|D = h] — E[AY|D =[] = ATT(h|h) — ATT(|)
= E[Yiza(h) — Yima (DI D = h] + (ATT(I|R) — ATT (1))

-~

>0
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> E[Yiea(h) — Yiea(1)| D = h]

where the last inequality holds due to the positive selection bias.
For part (2), from Theorem 3.2(b) in the main text, we have that

OE[AY|D =d] OATT(d|l)
—ad - ACRT(d|d) + —a
I=d
—_——
>0
> ACRT(d|d)
where the last inequality holds due to the positive selection bias. O

Part (1) of Proposition S7 says that, given positive selection bias, the average causal response of
the high dose, h, relative to the low dose, I, for the high dose group is bounded by comparing the
average path of outcomes over time for the high dose group relative to the low dose group. Part (2)
says that, under positive selection bias, the ACRT(d|d) is bounded by the derivative of E[AY|D = d|
with respect to d.

SE.2 Local Strong Parallel Trends

In this section, we consider a local strong parallel trends assumption where, as discussed in the main
text, strong parallel trends holds in some sub-region Dy C D,. As discussed in the main text, we
focus on identifying a local causal effect parameter given by E[Y;—2(h) —Yi=2(1)|D € Ds] for h,l € Ds.
This is the average causal effect of experiencing dose h relative to dose | among all dose groups that

experienced a treatment in Ds. We consider the following assumption
Assumption Local-SPT. For alld € Dy, C Dy,
E[Yi=2(d) = Yi=1(0)|D € Ds] = E[Yi=2(d) — Yi=1(0)|D = d]

This assumption is similar to Assumption SPT from the main text, with the difference being that
it holds locally to the sub-region D;. It is also different in spirit from Assumption PT as it does not
require the dose groups in Dy to be experiencing the same trend in untreated potential outcomes as
the untreated group. Next, we show that, for h,l € D, the average causal effect of experiencing dose
h relative to dose [ across dose groups in D, E[Y;—2(h) — Y;—2(l)|D € Dy, is identified under this

assumption.

Proposition S8. Under Assumptions 1, 2, 3, 4(a), and Local-SPT, and for h,l € D;
E[Yi=2(h) = Yi=2(1)|D € D, = E[AY|D = h] - E[AY|D =]

Proof. For any h,l € Dy, we have that

E[Yi=2(h) — Yi=2(1)| D € Ds] = E[Y;=2(h) — Yi=1(0)|D € Ds] — E[Y;=2(I) — ¥1=1(0)|D € D]
[Yi—2(h) = Yi=1(0)|D = h] = E[Y;=2(I) = ¥;=1(0)|D =[]
[AY|D = h] — E[AY|D =[]

E
E
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where the first equality holds by adding and subtracting E[Y;—;(0)|D € D;], the second equality
uses Local-SPT, and the last equality holds by replacing potential outcomes with their observed

counterparts. ]

An immediate corollary to the previous result is that a local version of ACRT(d) is also identified:

E[Y;— DeD, E[AY|D =
OE[Yi=2(d)|D € D] = O | d for d in the interior of Ds—mnotice that there are no selection

bias terms in this expression which is due to this being a version of strong parallel trends.

SE.3 Strong Parallel Trends Conditional-on-Covariates

In this section, we consider a conditional-on-covariates version of strong parallel trends that can
be used to recover conditional versions of ATT(d) parameters. We target ATT,(d) := E[Yi=2(d) —
Yi—2(0)|X =z, D > 0]. We consider the following assumption

Assumption SPT-X. For all d € D,
E[Yi—2(d) — Y;=1(0)|X = z,D > 0] = E[Yi=2(d) — Y;=1(0)| X =z, D = d]

This is a conditional-on-covariates version of strong parallel trends. The following result shows
that ATT,(d) is identified under this condition.

Proposition S9. Under Assumptions 1, 2, 8, 4(a), and SPT-X,°
ATT,(d) = E[AY|X = 2,D = d] — E[AY|X = 2, D = 0]
Proof. For any d € Dy, we have that
ATT,(d) = E[Yis(d) — Yiea(0)|X = 2,D > 0]
Yi=2(d) = Yi=1(0)|X = 2, D > 0] — E[Y1=2(0) — ¥;=1(0)|X =z, D > (]
Yies(d) — Yiea (0)[X =, D = d) — E[Yi3(0) — Yia(0)|X =2, D = 0]
AY|X =z,D=d] —E[AY|X =z,D = 0],

[
E[
E[
E[

where the first equality holds by the definition of ATT,(d), the second equality holds by adding and
subtracting E[Y;—1(0)|X = =, D > 0], the third equality holds by Assumption SPT-X, and the last

equality by replacing potential outcomes with their observed counterparts. O

An immediate corollary to the previous result is that the conditional on covariates version of
0ATT,(d OEIAY|X =z, D =d
ACRT(d) is also identified. In particular, ACRT,(d) := 2(d) _ OEIAY] o ] Notice

od N od
that there is no selection bias term in this expression.
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