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Abstract

Triple Differences (DDD) designs are widely used in empirical work to relax parallel
trends assumptions in Difference-in-Differences (DiD) settings. This paper highlights that
common DDD implementations—such as taking the difference between two DiDs or applying
three-way fixed effects regressions—are generally invalid when identification requires condi-
tioning on covariates. In staggered adoption settings, the common DiD practice of pooling
all not-yet-treated units as a comparison group can introduce additional bias, even when
covariates are not required for identification. These insights challenge conventional empirical
strategies and underscore the need for estimators tailored specifically to DDD structures. We
develop regression adjustment, inverse probability weighting, and doubly robust estimators
that remain valid under covariate-adjusted DDD parallel trends. For staggered designs, we
demonstrate how to effectively utilize multiple comparison groups to obtain more informa-
tive inferences. Simulations and three empirical applications highlight bias reductions and

precision gains relative to standard approaches. A companion R package is available.
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1 Introduction

Over the last few years, we have seen a big Difference-in-Differences (DiD) “methodological revo-
lution” with multiple DiD estimators being proposed to address the interpretability shortcomings
associated with using simple two-way fixed-effects specifications in the presence of treatment effect
heterogeneity.! Although these modern DiD estimators can capture richer notions of heterogeneity,
in practice, they rely on parallel trends (PT) assumptions, and a concern relates to how plausible
these PT assumptions are. When such PT assumptions are not reasonable enough approximations
of reality, one may doubt the conclusions of DiD studies (Rambachan and Roth, 2023; Chiu, Lan,
Liu and Xu, 2025).

In some setups, however, it is possible to naturally relax such DiD-type PT assumptions and
retain the simplicity and empirical appeal of DiD-type analysis. This is particularly the case when
a unit needs to fulfill two criteria to be treated, e.g., it belongs to (i) a group (e.g., a state) in
which the treatment is enabled, and (ii) a partition of the population that qualifies (or is eligible)
for treatment (e.g., women). Such setups are often referred to as Triple Differences (DDD), and
allow for group-specific and partition-specific violations of parallel trends. Since its introduction
by Gruber (1994), DDD has gained considerable popularity among empirical researchers. Some
prominent recent DDD applications include Antwi, Moriya and Simon (2013), Walker (2013),
Garthwaite, Gross and Notowidigdo (2014), Alsan and Wanamaker (2018), Patnaik (2019), Hansen
and Wingender (2023), and Bailey, Helgerman and Stuart (2024)—see Olden and Mgen (2022) for
additional documentation of DDD applications, and Section 6 for three DDD applications. Despite
its empirical popularity, little attention has been devoted to better understanding the econometric
foundations of DDD setups with covariates, multiple periods, and /or staggered treatment adoption.

This article aims to improve our understanding of Triple Difference (DDD) designs. Our
main goal is to provide a set of clear, easy-to-use, and theoretically grounded tools that empirical
researchers can utilize whenever they wish to explore DDD designs. To that end, we study identi-
fication, estimation, and inference procedures for DDD when covariates may be important for the
reliability of the identification assumptions, multiple periods are available, and treatment adop-
tion is potentially staggered over time. We tackle the DDD problem using causal inference first
principles and uncover interesting results that challenge some conventional wisdom and common
practices.

For instance, although DDD estimators can be understood as the difference between two DiD
estimators in setups with two periods and no covariates (Olden and Mgen, 2022), our results
highlight that this is no longer the case when covariates are required to justify the plausibility
of a DDD-type parallel trends assumption. As we illustrate through simulations, proceeding as

if DDD were just the difference between two DiD estimators can lead to severely biased results.

1 See, e.g., Roth, Sant’Anna, Bilinski and Poe (2023) and Baker, Callaway, Cunningham, Goodman-Bacon and
Sant’Anna (2025) for overviews.



Such bias arises because this naive DDD strategy fails to integrate the covariate distribution over
the correct reference group—the treated group. We show that it is straightforward to avoid these
problems and propose regression adjustment, inverse probability weighting, and doubly robust
DDD estimators. We also show that if one wants to cast DDD in terms of DiD, one would need
three—and not two—DiD terms. Each of these DiD terms compares effectively treated units with
a different type of untreated units, e.g., units in a treated state but ineligible for treatment, units
that are eligible but are in an untreated state, or ineligible units in an untreated state.

In setups with staggered treatment adoption, our results once again challenge the interpretation
of DDD as the difference between two DiDs. In DiD with staggered treatment adoptions, it is now
common to pool all not-yet-treated units at a time period and use that aggregate set of units
as a valid comparison group.? Thus, one may think that a similar strategy should work with
DDD. However, our results suggest that this is generally not the case and that pooling all not-
yet-treated units and proceeding as in staggered DiD procedures can lead to biased estimators
for average treatment effect parameters, even when covariates do not play a significant role. This
arises because the proportion of units eligible for treatment may change across groups that enable
treatment over time. As DDD allows for group-specific and partition-specific violations of DiD-
type PT, these differential trends do not average out when pooling all not-yet-treated units, leading
to potentially misleading estimates. We propose DDD estimators that bypass this drawback by
using any specific not-yet-treated unit as a comparison group (e.g., the set of units in groups
that never enabled treatment). As one can potentially use different not-yet-treated cohorts as
comparison groups, we also discuss combining these to form more precise estimators. Our proposed
DDD estimator that aggregates across different comparison groups can be understood as a two-
step Generalized Method of Moments (GMM) procedure based on recentered influence functions.
Importantly, our staggered DDD procedures can flexibly accommodate covariates using regression
adjustment, inverse probability weighting, or doubly robust methods and can also be used to form
event-study estimators that highlight how average treatment effects evolve with elapsed treatment
time.

We illustrate our results through Monte Carlo simulations and three different empirical appli-
cations that address various DDD setups. Our Monte Carlo results highlight that ignoring the key
takeaways in this paper and relying on overly rigid estimators can lead to biases and imprecise
conclusions; our proposed DDD estimators bypass these limitations. In terms of empirical appli-
cations, we (a) revisit Cai (2016) and analyze the effects of agricultural insurance programs on
financial decisions in China; (b) build on Cui, Zhang and Zheng (2018) and examine the impact of
the emission trading scheme on carbon emissions in China; and (c¢) Hansen and Wingender (2023)
and assess the impact of genetically modified crop adoption on countrywide yields. Compared

to the three-way fixed effects estimators used by Cai (2016), our doubly robust DDD estimator

2 See, e.g., Callaway and Sant’Anna (2021); De Chaisemartin and d’Haultfoeuille (2020); Wooldridge (2021);
Borusyak, Jaravel and Spiess (2024).



yields substantial gains in precision, with their confidence intervals being up to 115% wider than
ours. In our application examining the effect of the emission trading scheme on carbon emissions
with staggered adoption, our doubly robust DDD estimators yield a more modest and statistically
insignificant effect. In contrast, the three-way fixed estimators indicate a statistically significant
effect on the share of low-carbon patents. When we apply our staggered DDD tools to Hansen and
Wingender (2023)’s data, we find that their conclusions are robust to dropping observations that
are part of the never-enabling crop-country group, which is not the case when using more standard
three-way fixed effects estimators. Taken together, these results highlight that our proposed tools
can indeed lead to interesting new insights that are of practical interest.

Related literature: This article contributes to the rapidly expanding literature on DiD-
related methods. In particular, we contribute to the scarce literature on DDD procedures. Our
paper is related to Olden and Mgen (2022), though we cover substantially more general DDD
setups with (a) multiple periods, (b) staggered treatment adoption, and (c) covariates potentially
playing an important role for the plausibility of the identification assumptions. In this sense,
our paper can be understood as the DDD analog of Callaway and Sant’Anna (2021). However,
and in sharp contrast with Callaway and Sant’Anna (2021), our DDD procedures cannot pool all
not-yet-treated units as an aggregated comparison group, highlighting some interesting differences
between staggered DiD and DDD designs. Our paper is also related to Strezhnev (2023), who
introduced a decomposition of the DDD estimators based on three-way fixed effects specifications,
illustrating when and why it fails to recover an easily interpretable causal parameter of interest
when treatment effects are heterogeneous. To some extent, Strezhnev (2023) can be understood as
the analog of Goodman-Bacon (2021) to DDD setups. As such, our results complement Strezhnev
(2023), and since our estimators do not rely on a rigid three-way fixed effect specification, they
circumvent the issues highlighted in his paper. Our paper is also related to Stoczyriski (2022, 2024)
in the sense that our proposed tools avoid issues related to potentially misleading weights related
to model misspecifications.

In this paper, we use the term “triple differences” to describe designs under which units must
satisfy two criteria to be (effectively) treated. However, we note that sometimes different re-
searchers use the term triple differences more broadly, for instance, when they are interested in
analyzing treatment effect heterogeneity across subgroups. In such cases, it is important to note
that the underlying identification assumptions and the parameters of interest would differ from
those studied in this paper; see Caron (2025) for a recent example. Those procedures should be
understood as a complement to the ones we discuss in this paper, as they can be used to answer
different questions of interest.

Organization of the paper: The rest of the paper is organized as follows. In the next
section, we present our framework. In Section 3, we challenge some standard empirical practices
for DDD analyses in terms of interpreting them as a simple extension of DiD analysis, and we also

highlight some important practical takeaway messages from our main results. Section 4 introduces



our formal identification, estimation, and inference results. Section 5 presents a Monte Carlo
study to demonstrate the finite sample properties of our estimator, while Section 6 presents three
empirical illustrations. Section 7 concludes. Detailed mathematical proofs and additional results
can be found in the Supplemental Appendix. To ease the adoption of our proposed DDD tools,
we provide an open-source R package, triplediff, which automates all the procedures described

in this article.

2 Framework

We start our analysis by discussing the specifics of our DDD research design, including potential
outcomes, parameters of interest, and identification assumptions. We consider a setup with 7" time
periods, t = 1,2,...,T. Units are indexed by 7, with ¢ = 1,2,...,n. We focus on setups where n
is much larger than T', as our inference procedures are asymptotically justified using the “fixed-T',
large-n” panel data framework.

Each unit may be exposed to a binary treatment in any time period ¢ > 1. Treatment is an
absorbing state such that once a unit is treated, it remains treated for the remainder of the panel.
Each unit 7 belongs to a group (e.g., a state or a country) that enables treatment for the first
time in period g > 1. Let S; € S € {2,...,T} u {0} be a variable that indicates the first time the
policy/treatment was enabled, with the notion that S = oo if the policy is not enabled by ¢t = T". In
addition, each unit belongs to a population partition that qualifies (or is eligible) for the treatment
or not (e.g., being a woman, or an indicator for specific crops). We denote this variable by @); with
(Q); = 1 if unit i (eventually) qualifies for the treatment and @; = 0 otherwise. For simplicity, we
assume that this population partition that eventually qualifies for treatment is time-invariant.

In our DDD setup, a unit ¢ is treated in period ¢ if t > S; and @; = 1, i.e., if it belongs to a
group that has already enabled treatment by period t (i.e., t = S;) and it qualifies for treatment
(i.e., @; = 1). With this notation that makes it clear that a unit 7 is treated if it satisfies two
criteria, let D;, = 1{t > S;, ; = 1} be an indicator for whether unit i receives treatment in period
t, and let G; = min{t : D;; = 1} be the earliest period at which unit ¢ has received treatment.
If 7 is never treated during the sample, then G; = co. Here, we have that G; = S; if @; = 1 and
G; = 0 if Q; = 0.3 Let G denote the support of G; and Gy = G\{o0}. We assume that a group of
“never-enabled” units always exists, i.e., S; = oo for some units. In an application where all units
belong to a group that eventually enables treatment, we remove all that data from all units from
the time the last cohort enabled treatment onwards, i.e., we drop all observations from periods
t > max .S;, and retain the remaining data as the “effective” data to be used in our analysis, where

the last-to-be-eligible group becomes the “never-eligible” group.* Finally, we also assume that a

3 Note that when all units are eligible for treatment, we have G; = S;, getting us back to a (staggered) DiD setup;
see, e.g., Callaway and Sant’Anna (2021) and Sun and Abraham (2021).
4 If needed, we also update the notion of support of all variables to reflect this change. In particular, T here denotes



vector of pre-treatment covariates X;, whose support is denoted by X < R? is available.
Regarding potential outcomes, we adopt the potential outcome framework of Robins (1986)
with potential outcomes indexed by treatment sequences. Let 0; and 1, be s-dimensional vectors
of zeros and ones, respectively, and denote the potential outcome for unit ¢ at time ¢ if unit ¢ is
first treated at time g by Y;+(04-1, 17_4+1), and denote by Y;:(0r) the outcome if untreated by
time t = T'. As we focus our attention on staggered treatment adoptions, we can simplify notation
and index potential outcomes by the time treatment begins, g: Y;,(g9) = Y;:(04—1, 17_441) and use
Yi+(o0) = Y;+(07) to denote never-treated potential outcomes. In practice, though, we observe,
Yie = > HGi = g}Yiu(g), (2.1)
9geg
where 1{A} represents the indicator function, which equals one if A is true and zero otherwise.

Additionally, we assume the observation of a random sample of (Y;—1,...,Y,—p, X', G, S, Q)".

Assumption S (Random Sampling). {(Y;.—1,..., Y1, X], Gi, S;, @)}, is a random sample
from (Yiq,..., Y1, X', G, S, Q).

2.1 Parameters of interest

In this paper, we aim to gain a deeper understanding of how average treatment effects vary across
periods and different groups defined by the treatment starting period. More specifically, we want
to make inferences on functionals of the group-time average treatment effects, ATT(g,t)’s, defined

ATT(g,t) = E[Yi(g9) — Yiu(0)|Gs = g] = E[Yi(9) — Yii(0)|Si = g,Qi = 1], (2.2)

By exploring that in our context G; = g if and only if S; = g and @Q; = 1, we have that ATT(g,t) =
E[Y;:(9) —Yi:(0)|S; = g,Q; = 1]. Note that ATT(g,t) captures how the average treatment effects
evolve over time for each treatment group g (Callaway and Sant’Anna, 2021). As such, one can use
ATT(g,t) to construct group-g-specific event studies by analyzing how average treatment effects
vary with elapsed treatment time e =t — g.

In some setups with multiple groups g, researchers may want to summarize over the many
ATT(g,t)’s into a more aggregate parameter. A natural summary parameter that still allows one
to understand treatment effect dynamics with respect to elapsed treatment time is the aggregated

event study parameter FS(e), defined as
ES(e) =E[ATT (G.G+e)|G+ec[2,T]| = > P(G=g|G+ee[2,T))ATT (g, +¢). (2.3)
9€Gtrt

One may also want to aggregate the event study coefficients further to recover a scalar summary

measure. Let £ denote the support of post-treatment event time £ =t — G, t > G, and let Ng

the number of available periods in the subset of the data that we will use in our analysis.



denote its cardinality. Then,

1
BSuw = 5= 2, ES(), (2.4)
ee€

provides a simple average of all post-treatment event study coefficients. Many other summary

parameters are possible; see Callaway and Sant’Anna (2021) for discussions of several alternatives.

2.2 Identification assumptions

To identify the ATT(g,t)’s and their functionals £S(e) and ES,y,, we impose the following as-

sumptions.

Assumption SO (Strong Overlap). For every (g,q) € S x {0, 1} and for some ¢ > 0, P[S = ¢,Q =
q|X] > e with probability one.

Assumption SO is an overlap condition that ensures that for any value of X, there are units with
any combination (g, q) € S that have comparable X values. Heuristically, this condition guarantees
that we cannot perfectly predict which (g, g)-partition a unit belongs to using information from
X. This assumption also rules out irregular identification (Khan and Tamer, 2010).°

We also impose the following no-anticipation assumptions.

Assumption NA (No-Anticipation). For every g € Gy, and every pre-treatment period ¢ < g,
E[Yi:(9)|S =¢9,Q =1, X] = E[Y;+(0)|S = g,Q = 1, X] with probability one.

Assumption NA rules out anticipatory effects among treated units as in, e.g., Abbring and
van den Berg (2003), Callaway and Sant’Anna (2021), and Sun and Abraham (2021). This as-
sumption is important as it allows us to consider observations in pre-treatment periods t < g as
effectively untreated. If units are expected to anticipate some treatments—for example, if treat-
ment is announced in advance—it is important to adjust the definition of the treatment date to
account for this; see Malani and Reif (2015) for a discussion.

Next, we impose our final identification assumption that restricts the evolution of average

untreated potential outcomes across groups.

Assumption DDD-CPT (DDD-Conditional Parallel Trends). For each g € Gy, ¢ € S and time
periods ¢ such that ¢ > g and ¢’ > max{g, t}, with probability one,

E[Y,(x0) ~ Vit (0)|S = 9.Q = LX] — E[Yi(c0) ~ Yis(#)|S = 9.Q = 0, X]

E[¥i() — Yii()|S = .Q = L,X] — E[¥i(0) - Yii(2)|S = ¢.Q = 0,X].

5 As our focus is on ATT(g,t)-type parameters, it is possible to relax Assumption SO to hold only over X in the
support of the covariates among the (eventually) treated units. To simplify the discussion, we abstract from these
subtle points.



Assumption DDD-CPT is a conditional parallel trends assumption for DDD setups that gen-
eralizes the unconditional DDD parallel trend assumption for the two-period setup of Olden and
Mgen (2022) to setups with multiple periods, staggered treatment adoption, and when assump-
tions are only plausible after conditioning on X. Assumption DDD-CPT can also be understood
as an extension of the conditional PT assumption based on not-yet-treated units from the DiD
setup of Callaway and Sant’Anna (2021) to our DDD setup— i.e., we can use any unit from groups
that either never enabled treatment or those that will eventually enable treatment. Moreover, if
covariates do not play any important identification role in the analysis, one can take X = 1 for all
units, so Assumption DDD-CPT would hold unconditionally.

Several remarks about Assumption DDD-CPT are worth making. First, if all units in a group
S are eligible for treatment, Assumption DDD-CPT reduces to Assumption 5 of Callaway and
Sant’Anna (2021) under the no-anticipation condition in Assumption NA. However, this case is
not appealing to us, as that would not qualify as a DDD design. Second, as Assumption DDD-
CPT only holds after conditioning on covariates, it does not restrict the evolution of untreated
potential outcomes across covariate-strata, i.e., it allows for covariate-specific trends, which can
be very important in applications. Third, and perhaps the most empirically relevant, Assumption
DDD-CPT does not impose DiD-type parallel trends among units with S = g—i.e., it does not
impose that E[Y;(0) —Y;_1(0)|S =¢,Q =1,X] = E[Yi(0) —Yi_1(0)|S =¢,Q = 0, X|—nor
impose DiD-type parallel trends across treated groups—i.e., it does not impose that
E[Yi(0) = Yi1(0)[S =¢,Q =1, X] = E[Y(0) — Yi_1(0)|S = ¢',Q = 1, X]. As such, Assump-
tion DDD-CPT allows for violations of traditional DiD-based PT, as provided that these violations
are stable across groups. This observation is arguably what makes DDD appealing in settings where

it can be applied.

3 Implications for Empirical Practices

Before presenting our formal results on identification, estimation, and inference for average treat-
ment effects in DDD designs, we challenge some standard empirical practices for DDD analyses
and highlight some important practical takeaways from our paper.

We first start with a simple setup involving only two periods, t = 1 and t = 2, and two eligibility
groups, S; = 2 (who enabled treatment in period 2) and \S; = oo (who have not enabled treatment
by period two). As before, units are either eligible (Q; = 1) or ineligible (Q; = 0) for the treatment,
and we let D;; be a treatment indicator for unit ¢ in time period ¢, i.e., D;; = 1{t = S5;,Q; = 1}.
Since there are only two eligibility groups and two time periods, the relevant group-time ATT
in such a scenario is AT'T(2,2). As discussed in Olden and Mgen (2022), when covariates are

not important for the analysis, one can use ordinary least squares (OLS) based on the following



three-way fixed effects linear regression specification to recover the ATT(2,2):

Yie =% +Yst + Vot + BawteDit + iy (3.1)

where «; are unit fixed effects, 7,, and 7, are enabled-group-by-time and qualified-group-by-
time fixed effects, and Py is the parameter of interest. Indeed, in this particular setup, under
Assumptions S, SO, NA, and DDD-CPT with X =1 a.s., it is straightforward to show that

B = [(E[Y'z—ms:z,c;:l]) - (Em-ms=z,@=01)]

o

~
DiD estimand among S=2

—[<E[Y2—m|5=oo,c2=1])—(E[B—MS:oo,Q:O])] (3.2)

- /

~
DiD estimand among S=00

— ATT(2,2).

The observation that [y = ATT(2,2) in this simple setup has two implications: (i) one
can use a simple three-way fixed effects (3WFE) regression specification and use OLS to estimate
ATT(2,2) in the DDD design, and (ii) DDD estimates can be understood as the difference between
two DiD estimates (Olden and Mgen, 2022). Based on these, one may be tempted to extrapolate
these claims to more general setups. In what follows, we highlight that, unfortunately, this is
not warranted and that proceeding in this manner can lead to non-negligible biases. The solution
to these issues is relatively simple and involves adopting a “forward-engineering” approach to
DDD setups (Baker et al., 2025), recognizing its specific characteristics. See also Mogstad and

Torgovitsky (2024) for a related discussion in an instrumental variable context.

3.1 DDD setup with two periods, with covariates being important

In this section, we illustrate the challenges of leveraging simple regression-based and DiD tools to
DDD setups using simple simulations in a setup where covariates are important for identification,
i.e., when Assumption DDD-CPT is satisfied only after accounting for covariates. We consider a
design with four different time-invariant, unit-specific covariates, X; = (X1, X; 2, X; 3, X;4)', and
two periods and two treatment-enabling groups. The true ATT(2,2) in our simulations is zero.
To ease the exposition, we abstract from further details about the DGP and refer the reader to
Section 5.1 and Supplemental Appendix B.1 for a more detailed discussion.

Based on the discussion on DDD without covariates above, it is natural to consider three alter-
native ways to incorporate covariates in the analysis. The first approach would be to “extrapolate”

from (3.1), add the interactions of the time-invariant covariates with post-treatment dummies,

Yie =% + Vst + Vgt + Bi&wfeDi,t + (Xilj—oy)'0 + wiy, (3.3)



and interpret the OLS estimates of ngfe as estimates of ATT(2,2). The second natural way to
proceed is similar, but it would leverage the Mundlak device and replace unit fixed effects in (3.1)

with S-by-Q fixed effects, add covariates linearly,
Y;,t :’YS,q + /Ys,t + ’Vq,t + B?)erDi,t + X;@ + ei,ta (34)

and interpret the OLS estimates of Byt as estimates of ATT (2,2). Both strategies leverage a pre-
sumption that it is sufficient to add covariates linearly into the 3WFE regression specification (3.1)
to allow for covariate-specific trends. A third strategy, which is also a priori intuitive, presumes
that we can write DDD estimates as the difference between two DiD estimates: one DiD using
the subset with S = 2 and considering units treated if () = 1, and another DiD using the subset
with S = oo and considering units treated if () = 1. Here, one could consider different estimation
strategies. We focus on the doubly robust (DR) DiD estimators proposed by Sant’Anna and Zhao

(2020), as a DR estimator is generally more resilient to model misspecifications.

Figure 1: Density of different DDD estimates for ATT(2,2): two-period setup with covariates
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estimates of Bswie based on (3.3). Panel (b) displays the density of OLS estimates of B3y based on (3.4). Panel (c) displays the
density of the DDD estimates based on the difference between two doubly robust DiD estimators (Sant’Anna and Zhao, 2020). Panel
(d) displays the density of the estimates based on our proposed doubly robust DDD estimator described in (3.5). All densities are
computed across all simulation draws. Panels have the same x-axis range but different y-axis.

To check if such alternative strategies recover the ATT(2,2), we draw 5,000 units in each
simulation draw, compute estimates using these three alternative estimators, and repeat this 1, 000
times—we defer all details of the data generating process to Section 5.1 and Supplemental Appendix
B.1. Panels (a) and (b) from Figure 1 display the density of OLS estimates for the D, coefficient
in the regression specifications (3.3) and (3.4), while Panel (c) displays the density of the DDD
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estimates based on the difference between two Sant’Anna and Zhao (2020) DR DiD estimators.
These three panels make it clear that when covariates are necessary to justify the plausibility
of the DDD research design, using any of these three procedures can lead to substantial biases
and harm policy recommendations and evaluations. In other words, these results highlight that
traditional 3WFE linear regression specifications are “too rigid” to be reliable for DDD analysis.
They also highlight that, in general, one should not claim that DDD is the difference between two
DiD procedures.

A natural question that then arises is: What should we do instead? As we discuss in Section
4, one can form regression adjustment, inverse probability weighting, and doubly robust DDD
estimators that do not suffer from the shortcomings highlighted in Panels (a) - (¢) in Figure 1.
Among these, we generally favor the DR DDD estimator as it is more resilient against model mis-
specifications than the other alternatives. To form the DR DDD estimator for ATT(2,2), we need
to estimates for the outcome regression models mij_"gfl?:q(X )=E[Ya—Y1|S =9g,Q = ¢, X], and
for the generalized propensity score model p°=99=4(X) = P[S = g,Q = ¢q|X]. Let ﬁz}s,lz_g;/?:q(X )
and p°=99=9(X) be working models for these—e.g, a linear regression model and a multinomial
logistic linear model, though much richer, potentially machine-learning based estimators can also
be used (Ahrens, Chernozhukov, Hansen, Kozbur, Schaffer and Wiemann, 2025). Based on these
estimates, we propose the following DR DDD estimator for the ATT(2,2):

ATT4r(2.2) = E, | (@57971(5,Q) - 25:327°(5,Q, X)) (Yo = ¥i =iy, 597°(X) )|
FE [ (@57975,Q) - 25597 (5,0.X) ) (e Vi - 50 ()] 689)
— B, [ (6577971(8.Q) - @5 070(5.Q. X)) (Y2 - i - 500X |
where E,[A] = n~'> " | A; denotes the sample mean, and the estimated weights @ are given by

1{S =9,Q =g} - p°7>97(X)

~5=2,Q=1 _ {s=2,Q@=1} §egO= _ p5=9.0=4(X))
Pt (5.Q) = E,[1{S=2,Q =1}] Weomp (5, @, X) = e [1{5 =9,Q=4q} ,ﬁS=2,Q=1(X)} '
" p5=9.0=4(X)

Interestingly, it is worth mentioning that although the DR DDD estimator in (3.5) cannot be
expressed as the difference between two DR DiD estimators, it is a function of three DR DiD
estimators, each one using a particular subset of the untreated units as a comparison group.

For comparisons, we report in Panel (d) of Figure 1 the density of the estimates using the DR
DDD estimates based on (3.5). Our proposed DR DDD estimator not only mitigates the biases
associated with other estimation strategies but also yields substantially more precise estimates.
All in all, the results in Figure 1 highlight that common DDD practices can lead to misleading
conclusions. However, it is straightforward to bypass these limitations by adopting our DR DDD

estimators.
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3.2 DDD setups with variation in treatment timing

The practical challenges of estimating average treatment effects in DDD setups are not confined to
the presence of covariates. Even in designs without covariates, the use of too-rigid 3SWFE regres-
sion specifications like (3.1) can lead to misleading estimates when there is variation in treatment
timing across groups (Strezhnev, 2023). In such cases, new identification and estimation concerns
emerge that the recent DiD literature does not address. In particular, in this section, we highlight
that, unlike in staggered DiD procedures like Callaway and Sant’Anna (2021), Borusyak et al.
(2024), and Wooldridge (2021)%, pooling all not-yet-treated units and using them as a comparison
group does not respect the triple-differences identification assumptions and, as such, can lead to
biased estimates for the parameters of interest. We also discuss straightforward and computation-
ally simple estimators that bypass these problems. Throughout this section, we assume that all
identification assumptions discussed in Section 2.2 hold without covariates, i.e., by taking X =1
almost surely. Our methods naturally extend to setups where covariates are necessary for identi-
fication, as discussed in Section 4. There, we also explore extensions to event-study aggregations
and treatment effect heterogeneity across groups and time.

To build intuition, we begin by noting that the way the DiD literature has addressed the
shortcomings of using regression specifications akin to (3.1) to infer overall average treatment
effects is to decompose the problem into a series of 2-period 2-group (2 x 2) DiDs; for an overview,
see Roth et al. (2023) and Baker et al. (2025). A popular strategy involves using the units not yet
treated by period t as a comparison group when estimating ATT(g,t) (Callaway and Sant’Anna,
2021, Borusyak et al., 2024, Wooldridge, 2021). It is thus intuitive and natural to build on these
DiD papers, Olden and Mgen (2022)’s DDD procedure, and the linear regression specification
(3.2), and attempt to estimate ATT(g,t) in a DDD setup using

ATT ey nyi(9,t) = [(En [V — Yy1]S = 9.Q = 1]) - (E [V — Yyo1|S = 9,Q = 0])]

_ [(En [V, =Y, 4|8 >1,Q = 1]) - (En[Yt—Yg—ﬂS>t7Q —0]>] (3.6)

" The question now is whether (3.6) indeed recovers

in any post-treatment periods t > g.
ATT(g,t)’s under our identification assumptions.
To answer this practically relevant question, we conduct some Monte Carlo simulations for a
setup with three time periods, ¢ = 1,2, 3, three treatment-enabling groups, S € {2,3, o}, and two
eligibility groups @ = 1 and @ = 0. We focus on ATT'(2,2), i.e., the average treatment effect in

period two of being treated in period two, among units treated in period two. The true ATT(2,2)

6 See also De Chaisemartin and d’Haultfoeuille (2020, 2024) for related procedures that also pool not-yet-treated
units. Their estimators allow for treatment turning on and off. However, they impose additional assumptions
that restrict how past treatments affect future outcomes. We do not consider these setups in this paper.

7 Since there are no covariates, we do not need to use three DiDs as we discussed in Section 3.1. We use the
notation cs in (3.6) to denote the estimator discussed above, which pinpoints the baseline period at period g — 1.

12



in our simulations is 10. We considered a setup with n = 5,000 and conducted 1,000 simulation
draws. To ease the exposition, we abstract from further details about the DGP and refer the
reader to Section 5.2 and Supplemental Appendix B.2 for a more detailed discussion.

Panel (a) from Figure 2 displays the density of the DDD estimates for ATT(2,2) based on
the estimator in (3.6). This result makes it clear that, in general, (3.6) is not a valid estimator
for the AT'T(2,2) in DDD setups, as it is systematically biased. In fact, in our simulations, (3.6)
always leads to a negative estimate while the true effect is positive. This bias arises because the
DDD parallel trends assumption is more flexible than its DiD counterpart: it allows for treatment-
enabling-groups- and partition-specific violations of DiD-type parallel trends. In particular, when
the fraction of eligible units differs across treatment-enabling groups S, pooling not-yet-treated
units may conflate trends across heterogeneous populations, violating the assumptions necessary

to interpret differences as causal.

Figure 2: Density of different staggered DDD estimates for ATT(2,2), without covariates
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3
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-10 -5 0 5 10 -10 -5 0 5 10
DDD with pooled not-yet-treated units DDD GMM with not-yet-treated units
(a) DDD using pooled not-yet-treated units (b) DDD GMM using all not-yet-treated units
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DDD with never-treated units [l DDD GMM with not-yet-treated units [ DDD with never—treated units

(d) DDD using never-treated and GMM with not-

(c) DDD using never-treated units
yet-treated units

Notes: Simulation designs based on the design described in Section 5.2 and Supplemental Appendix B.2, with n = 5,000 and 1,000
Monte Carlo repetitions. The true ATT(2,2) is ten and is indicated in the solid vertical line in all panels. Panel (a) displays the density
of DDD estimates that use the pooled not-yet-treated units as a comparison group as described in (3.6). Panel (b) displays the density of
the estimates based on our proposed DDD GMM estimator that uses all not-yet-treated units as a comparison group described in (3.8).
Panel (c) displays the density of the estimates based on our proposed DDD estimator that uses the never-treated units as a comparison
group described in (3.7) with gc = 00. Panel (d) compares DDD estimates using never-treated units (yellow curve) with GMM-based
DDD using not-yet-treated (green curve), on the same scale. All densities are computed across all simulation draws. Panels(a)-(c) have
the same x-axis range but different y-axis.

The key insight to address these problems is that we should be cautious when selecting the
comparison group to estimate each ATT(g,t). Such comparison groups must satisfy the DDD
identification assumptions, which need to be verified on a group-by-group basis. Upon close in-

spection of Assumption DDD-CPT, a natural solution is to avoid pooling across treatment-enabling

groups and use one of them at a time. Doing so yields multiple valid comparisons for the same
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(g,t) group, generating an over-identified model. More precisely, for each available not-yet-enabled
group ¢. > t, we can use the following estimator for ATT(g,t), t > g¢:

ATy (g,1) = !(E i~ Y118 = 9.0 = 11) = (Ba ¥~ ¥yl = 0. = 0])]
_ [(En [V, — Y, 1|S = 9o, Q = 1]) _ (En [Yi — Yy 1|8 = g, Q = o]>]. (3.7)

Note that when g. = o0, (3.7) uses the set of units that never enabled treatment S = oo as the
comparison group. However, one is not restricted to this unique comparison group. In the context
of our simulation, one can also use the units that enabled treatment in period three to learn
about AT'T(2,2). In this sense, instead of choosing which comparison group to use, we propose
combining all available options and forming a more precise DDD estimator for the ATT(g,t)s.

More concretely, we propose using

1O—1
ATT g (g, 1) = ———AT T4 (g,1), 3.8
ann(9:0) = S AT Tl (3.8)

where mdr(g,t) is the k;+ x 1-dimensional vector of all possible (non-collinear) estimators for
ATT(g,t) that uses a valid comparison group g. > t, QW is a consistent estimator of their variance-
covariance matrix, and 1 is a (k,; x 1-dimensional) vector of ones. We show that ATT gmm (9, 1)
has a GMM interpretation based on re-centered influence functions in Remark 4.6.

Panels (b) and (c) of Figure 2 display the density of the DDD estimates for ATT'(2,2) based on
our GMM-based DDD estimator (3.7) and our DDD estimator that only uses the never-treated as
comparison group g. = o0 in (3.7), respectively. As it is easy to see, both estimators are correctly
centered at the true ATT(2,2). As Panels (a) - (¢) in Figure 2 have the same scale, it is challenging
to compare our DDD estimates that combine all not-yet-treated units with our DDD estimates
that use never-treated units as comparison groups. In Figure 2(d), we address this issue and
display their densities based on the 1,000 simulation draws. Overall, it is evident that utilizing
all not-yet-treated units can yield substantial gains in precision. The results of our simulations
indicate that confidence intervals based on ATT se=0(g,t) are around 50% wider than those based
on ATT omm (g, t), underscoring the appeal of using our GMM-based DDD estimator in terms of
power.

Overall, the results in this section underscore the broader lesson that DDD designs with stag-
gered adoption should not be treated as simple extensions of DiD methods. The interaction between
timing, eligibility, and heterogeneity in group composition introduces complexities that necessi-

tate more careful attention to the identification argument and the construction of the comparison

group.
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4 The econometrics of DDD designs

In this section, we discuss the econometrics of DDD designs following the framework discussed
in Section 2. We start by establishing nonparametric identification of the ATT(g,t)’s under the
identification assumptions in Section 2.2. We then discuss estimation and inference procedures for
ATT(g,t)’s and their event-study functional £S(e) as defined in (2.3). Throughout this section, we
focus on setups where covariates are important for identification, i.e., all the assumptions discussed
in Section 2.2 are only plausible after you condition on covariates. Results for unconditional DDD
setups follow as special cases by taking all covariates X = 1 for all units. We also focus on

staggered treatment adoption DDD setups, as they nest DDD setups with a single treatment date.

4.1 Identification

In this section, we establish the nonparametric identification for the ATT(g,t)’s in all post-
treatment periods ¢ > g under Assumptions S, SO, NA, and DDD-CPT. Furthermore, we demon-
strate that one can utilize regression adjustment/outcome regression (RA), inverse probability
weighting (IPW), or doubly robust estimands to recover the ATT(g,t)’s. We also demonstrate
that one can potentially utilize different comparison groups, thereby opening the door to combining
them for potential efficiency gains.

Before formalizing our results, we need to introduce some additional notation. Let
mi:_gg/ff:q(X )=E[Y; - Yy|S = g,Q = q, X] denote the population regression function of changes
in outcomes from period ' to period t given covariates X among units that enabled treat-
ment in period g (S = g) that belongs to eligibility group ¢ (@ = ¢). Analogously, let
pj,z!,]’Q:l(X) =PS =90 =1X,(S =¢9,Q =1)u (S = ¢,Q = ¢)] denote the generalized
propensity score. Note that pij?’Qzl(X ) indicates the probability of a unit being observed in
enabling group S = g and being eligible for treatment () = 1), conditional on pre-treatment
covariates X and on either being in the S = g group and being eligible for treatment, or being in
the S = ¢’ group with eligibility to treatment Q = ¢'.®

For any g. € S such that g. > max{g,t}, and any post-treatment period ¢ = g, let the doubly
robust DDD estimand for the ATT(g,t) be given by

ATTa1g.(9.1) = B[ (wii*971(8,Q) — w3 @71(5.Q. X)) (¥ = Yomr = my, 597°(X) )|

FE[ (w97 8,Q) — w975, 0)) (Y- Yo - %07 0)] @
=9

S
U)gc
—E[ (w597 8,Q) —wi 78,0, ) (Y- Yo —mi %00 00) |

8 We use this notion of generalize propensity score as it allow us to focus on sequences of two-groups comparisons as
in Lechner (2002) and Callaway and Sant’Anna (2021). One can understand these generalized propensity scores

_ _ S=g,Q=1 . _ _ _ _
a5 pS7907NX) = smr e ) with pSTeQ4(X) = B[S = ¢,Q = ¢|X]. We favor pS59971(X) as

this is how we implement these when constructing our DDD estimators.

15



where the weights w are given by 1S = ¢'.Q = ¢/} p5=99=1(X)
T 9',q

1—py 297N(X)
S =¢.Q=0q} p, 297 (X) ]
1—po - 99° q(X)

5=g,Q=1 _ HS=g,@=1} S=g.Q=1 _
wtrtg (S7Q) = E[l{S _ g,Q _ 1}]3 wg’)q' (SaQaX) =

(4.2)
E

Analogously, let the RA DDD estimand for the AT'T(g,t) be given by
AT Ty .(9.0) = B[ #97H8,Q) (Y = Yomr = miA27000) = my 07 () 4+ my 5 270(0) ) | (4.3)
and the IPW estimand be

AT T (9:1) = B [ (w7971 (5,Q) — w574~ 1(5 Q. X)) (Yi = Y, 1)]

~E | (wi 97N (s.Q, X) PNS,0.3)) (= Yy) |- (4.4)

Theorem 4.1. Let Assumptions S, SO, NA, and DDD-CPT hold. Then, for all g € Gy, t €
{2,...,T}, and g. € S such that t > g and g. > t,

ATT(g,t) = AT T4 4.(9,t) = ATT 144.(9,t) = ATT i g.(9, t). (4.5)

Theorem 4.1 is the first main result of this paper. It establishes the nonparametric identification
of all post-treatment ATT(g,t)’s in DDD setups. It extends the DiD identification results of Call-
away and Sant’Anna (2021) to DDD setups. As such, it also extends the difference-in-differences
identification results based on the RA approach of Heckman, Ichimura and Todd (1997), the IPW
approach of Abadie (2005), and the DR approach of Sant’Anna and Zhao (2020) to DDD setups
with multiple periods and variation in treatment time. Theorem 4.1 also highlights that one can
use different parts of the data-generating process to identify the ATT(g,t)’s: the RA estimand
only models the conditional expectation of evolution of outcomes among untreated units, the IPW
approach only models the conditional probability of being observed in a given partition of the
S-by-@Q) groups, whereas the DR approach exploits both components. A big advantage of the DR
approach is that it is based on a Neyman-orthogonal moment condition (Belloni, Chernozhukov,
Ferndndez-Val and Hansen, 2017), and, therefore, it is more robust against model misspecifications
than the IPW and RA formulations. It is very easy to show that estimators based on AT Ty, 4.(g,1)
enjoy a very attractive doubly-robust property (Sant’Anna and Zhao, 2020) that allows for some
forms of (global) model misspecifications.’

Another important result from Theorem 4.1 is that our DDD model is over-identified, as we
can use multiple not-yet-treated enabling groups g¢. as valid comparison groups. For instance, in
a setup with S € {2,3, 00}, we can set g. = 3 or g. = o to identify ATT(2,2), and both will lead
to the same target parameter. As a direct consequence of this result, any weighted sum of these

estimands that use different ¢.’s will also lead to the ATT(g,t), as long as the weights sum up to

9 For an overview of doubly robust estimators in cross-sectional designs, see section 2 of Stoczyniski and Wooldridge
(2018), and Seaman and Vansteelandt (2018).
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one. We formalize this result in the following corollary, using the DR estimand; however, this also
applies to the RA and IPW. Let G&' = {g. € S : g. > max{g, t}}.

Corollary 4.1. Let Assumptions S, SO, NA, and DDD-CPT hold. Then, for all g € Gy and

te{2,...,T} such that t = g, and any set of weights wgét that sum up to one over G%*,

ATT(g,t) = >, wf ATTug(g,1).
g€Gd"

As Corollary 4.1 indicates that all weighted sums lead to the same ATT(g,t), a natural way to
choose these weights is to pick them such that we maximize precision in terms of minimizing the
resulting asymptotic variance. In the next session, we will discuss this in greater detail, connecting
these arguments to a formulation based on generalized methods of moments using re-centered

influence functions.

Remark 4.1. As we discussed in Section 3, in two-period DDD setups without covariates, one can
identify ATT'(2,2) using the difference of two DiD estimands as in (3.2) (Olden and Mgen, 2022).
This equivalence breaks down when the DDD identification assumptions are only satisfied after you
condition on covariates X—see Figure 1. The econometric reason for this failure of equivalence is
that one needs to integrate the covariates using the covariate distribution among treated units, i.e.,
units with S = 2 and ) = 1. Proceeding as if ATT(2,2) were the difference of two DiD estimands
would integrate X using the covariate distribution of untreated units (S = c and @) = 1), leading
to biases. The results in Theorem 4.1 address this problem by guaranteeing that one integrates
out covariates using the correct reference distribution, which leads to a combination of three DiD

estimands, not just two.

Remark 4.2. Although Theorem 4.1 and Corollary 4.1 allow one to use several different not-
yet-treated cohorts g. as the comparison group, it does not allow one to pool all not-yet-treated
units and use that pooled set of units as the aggregate comparison group to identify ATT(g,t) in
DDD. This sharply contrasts DiD procedures such as those discussed in Callaway and Sant’Anna
(2021)—see Figure 2a for an illustration of the bias that can arise by following this type of proce-
dure. The econometric reasoning for such results is that Assumption DDD-CPT allows for both
enabling-group- and eligibility-group-specific trends, and it does not impose that the proportion
of units in each eligibility group @ is the same across all enabling groups S. As such, Assumption
DDD-CPT does not guarantee that, with probability one,
E[Yi(e0) = Vit (0)]S = 9,Q = 1LX] — E[Yy(o0) = Yt (s0)]S = 9,Q = 0, X]

as it would be required to use the pooled, not-yet-treated units as a comparison group.

Remark 4.3. As Theorem 4.1 establishes nonparametric identification of the AT'T(g,t)’s over all
post-treatment periods and that P(G = ¢g|G + e € [1,T]) is also nonparametrically identified, it
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follows that event-study parameters that aggregate across eligibility-groups, £S(e) as defined in

(2.3), is also nonparametrically identified. For instance, it follows that for any event-time e > 0,

ES(e) = Y. P(G =g|G+ee[L,T))AT Ty (9,9 + €). (4.6)
9€Gtrt
One can also replace AT Ty, 4. (g, g + e) with their analogs in Corollary 4.1 or with the RA or IPW
estimands in Theorem 4.1. One can also use Theorem 4.1 to establish the identification of many
other aggregate summary causal parameters discussed in Section 3 of Callaway and Sant’Anna
(2021).

Remark 4.4. One of the biggest appeals of DiD and DDD setups is the availability of pre-
treatment periods that allow the assessment of the plausibility of PT assumptions, such as As-
sumption DDD-CPT. Under Assumption NA, a very popular way to assess the plausibility of PT
is to construct event-study plots based on ES(e) as in (2.3), consider both pre-treatment (e < 0)
and post-treatment (e > 0) event times, and check whether pre-treatment event-study coefficients
are all close to zero. It is straightforward to adapt this strategy in our DDD context by fixing
the statistical estimand—for example, the ATT4, 4 (g,t) in (4.1)—consider pre-treatment periods

t < g, and then aggregate them using cohort-size. More specifically, for any event-time e < 0,

ES(e) = ). P(G =g|G +ee[1,T)) AT T4 (9,9 + €). (4.7)
9EGtrt
Note that when e = —1, ES(e) = 0 by construction, as we fix the baseline period at the last

untreated period for group g, g — 1. Based on these event-study aggregations, it is also possible
to conduct sensitivity analysis for the plausibility of Assumption DDD-CPT using the results in
Rambachan and Roth (2023).

Remark 4.5. The DR DDD estimand can also be understood as a DDD estimand that builds on
an efficient influence function in DDD setups with two periods. See Lemma A.2 in the appendix

for such results.

4.2 Estimation and inference

In this section, we now propose simple-to-use plug-in estimators for the ATT(g,t)s and ES(e)s
parameters, and discuss how one can conduct valid inference for these parameters. We focus on
the doubly robust DDD estimator; the results for the RA and IPW DDD estimators are analogous.

First, notice that for any g. € S such that g. > max{g,t}, Theorem 4.1 suggests that we can
estimate ATT(g,t) by using the sample analogue of (4.1),

ATTarg.(9:1) = Bu | (@377971(5,Q) — 5" 1<S,Q,X>) (¥i = ¥pr =580 00) |

+E, [(Atsrtgcz (S, Q) — =1(8,Q, X)) (yt Y, 1 — A g§;Q11(X)>] (48)
~E, [(Atsrth 1(5,Q) — a5 97(s,Q, X)) (yt Y1 — 00 0(X>>]’
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where the estimated weights @ are given by »
1S =¢,Q=q}5 797N (X)

2570015, )= I =9Q =1 as=ee-15 ) x) = L—byg~ (X)
" En[1{S =g,@=1]" 1 o [US=d'Q=d} 57N
n 1— ]f)\Sg/:qg,Q:Q(X>
and ﬁ@i:_gf,ﬁlzl(X ) and ﬁgs,? 9=1(X) are (potentially misspecified) working models for the outcome
regression miig{}ﬁlzl(X ) and the generalized propensity score ﬁf,:q‘/”Q:l(X ). These estimators ex-

tend the DR DiD estimator of Callaway and Sant’Anna (2021) to the DDD setup, and remain
consistent if either outcome regression or generalized propensity score models are correctly speci-
fied. It is also worth stressing that we do not need that all generalized propensity score working
models or all outcome regression working models in (4.8) to be correctly specified to get a con-
sistent DDD estimator for ATT(g,t); it suffices that any of the working models within each of
the 3 DR DiD components of (4.8) to be correctly specified, allowing a greater deal of estimation
flexibility.!?

As Corollary 4.1 highlights, one can also combine several ATT dr,g. (g, 1) that leverage different

comparison groups ge, i.e., for any (consistently estimated) weights @%" that sum up to one over

gC?
ATT (g t) = Y. @5 ATT4rg.(g,t) = ©*' ATT4(g,1), (4.9)

gceg?t
where ZT\Tdr(g,t) is the kg x 1 vector of ZT\Tdr,gc (g,t) for all g. € G&*, and &' is a kge x 1
vector of (estimated) weights that sum up to one, i.e., for a generic vector of ones 1, 1'w®* = 1.
A natural question that arises is: how should one choose these weights @g;t? We propose to

choose the weights that lead to the asymptotically most precise (minimum variance) estimator for
ATT(g,t), that is, to pick weights that solve

min wst’ Qg7t w®'  subject to T'w®" =1, (4.10)
w8

where Qg,t is a kgt x kg4 consistent estimator for the variance-covariance matrix of ATT ar(g,1).
Notice that the solution of (4.10) admits a closed-form solution, and the optimal weights are given

by
Q711
D = =2 (4.11)
10,1

In turn, this implies that the linear combination of ATT drg.(g,t) that leads to the most precise

10 Some people may call this a multiply-robust estimator, as one has more than two opportunities to estimate the
target parameter consistently. For simplicity, we retain the doubly robust terminology to avoid new acronyms.
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estimator for ATT(g,t) is given by

ATTdr,gmm (97 t) = 1/5\2;(];1 ATTdr (ga t) (412)
g,t

In many situations with multiple periods and variation in treatment time, researchers are
interested in summarizing the ATT(g,t)’s into fewer parameters that highlight treatment effect
heterogeneity with respect to the time elapsed since treatment take-up. That is, very often,
researchers are interested in estimating event-study type parameters ES(e) as defined in (2.3).
A very natural estimator for ES(e) is the plug-in estimator, where we replace ATT(g,t) with
mdngmm(g, t) (or A/T\TdngC (g9,1)), and P(G = g|G + e € [1,T]) by its sample analogue, that is,

ESargmm(e) = Y Pu(G = g|G + e € [1, T AT T gy gum(9, 9 + €, (4.13)

9€Gtrt
where P, (G = g|G +e € [1,T]) = > 1{G; = g}1{G; + e € [1,T]}/Z?:1 HG; +ee[L,T]}. We
can define E£S4, 4 (e) analogously by replacing ATT 4y gmm (g, g+€) with AT T4, ,.(g,9+e€) on (4.13).
Based on it, we can also estimate an overall summary parameter by averaging all post-treatment

event times, i.e.,

ES g gmm = NLE ; ES e gmm ). (4.14)
Remark 4.6. It is also worth noticing that zzT\Tdr,gmm(g, t) in (4.12) can be interpreted as an op-
timal Generalized Method of Moments (GMM) estimator based on re-centered influence functions.
To see this, let IF4, 4. (g,t) denote the influence function of /n (/TT\Tdr,gC (g,t) — AT Ty, 4, (g,t)).
Let RIF g, 4.(9,t) = IF4y4.(g,t) + ATT 4y 4.(g,t) denote its re-centered influence function, and de-
note the k,; x 1 vector of all RIFy, 4 (g,t) for g. € G&* by RIF4,(g,t). Since influence functions are
mean zero, and that ATT(g,t) = AT Ty 4.(g,t) for any g. € G&*, we have the vector of moment
conditions E[RIF4,(g,t) — 69'] = 0, with 6% = ATT(g,t). From standard GMM results (Newey
and McFadden, 1994), it follows that, under mild regularity conditions, the optimal (population)
GMM estimator for #9¢ is given by

r0—1 r0—1

10 1'Q
g9t = 2L BIRIFy,(g,t)] = %L ATTy (g, 1),
gmm 1,9;%1 [ d (g )] ]_/Q;%]_ d (g )

where the last equality follows from E[IF4.(g,t)] = 0. Thus, mdngmm(g,t) in (4.12) is the
sample-analogy of the efficient population GMM #%¢

gmm*

4.2.1 Asymptotic theory for ATT(g,t)’s

In what follows, we derive the large sample properties of our DR DDD estimators ATT drge (9, 1)
and ATT drgmm(g,t). All our results are derived for the large n, fixed T paradigm. For
a generic Z, let ||Z|| = A/trace(Z'Z) denote the Euclidean norm of Z and set W; =
(Yiicr, .. Yier, X[, Gi, S;, Q;)'s we will omit the index i to unclutter the notation. Let ¢g(-)
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be a generic notation for the outcome regressions mY_ Y’Q 7(X) and generalized propensity scores

pj o 9=1(X), and, with some abuse of notation, let g(-;~) denote a parametric model for ¢(-) that

( ps / reg /y\/

Tgt.ger Vgt go) with 79 1,9¢
and 797t7gc being nuisance parameters for the generalized propensity score and outcome regressions,

is known up to the finite-dimensional parameters . For a generic £’ t =

respectively, let
S 1 S=g,Q=1/11/. S= 0/ y.
hg! (W k) = (wtrt PO Weo' ¢ (W’Vgi,gc)) (Yt Yg1—my, gYQ (X5 V;Z?gc))

S 1 S=g,Q=1 . S=gc,Q=1/y.
+ (wfr 9T W) = g T Wi ) (Y- Yomr - mi 50T (Ko,

S=g¢,Q=1 S=g,Q=1 S=9gc,Q=0/y~.
= (i@ W) = 9T g ) (Ve = Yomr - mi 520 (Xnp))

where the weights w(W;~45 ) are defined similarly to those in (4.2), with the difference being

that the true unknown generalized propensity score models are replaced by working parametric
counterparts, pg ~99=(Xx; Yot.g.)» and the true unknown outcome regression models mf,t:_g;};fq (X)
are also replaced with parametric working models, mgq,t 9,@= X7, s.). We denote the vector of
pseudo-true parameters by /@g;j;c and let hg;t(/{) = 5hgct(W, /{) /OK.

To derive our results, we make the following relatively mild assumptions.

Assumption WM (Working Model Conditions). (i) g(z;) is a parametric model for g(z), where
v € © < R% is a compact set; (ii) the mapping 6 — g(X;0) is a.s. continuous; (iii) the pseudo-true
parameter 0y € int(O) satisfies that for an appropriate criterion function ¢ : © — R and for any
€ > 0, there exists some 0 > 0 such that infgee.j9—_g,=c @(0) — Q (fp) > ; (iv) there exists an
open neighborhood ©¢ < © containing 6y such that g(X;~) is a.s. continuously differentiable in
a neighborhood of 75 € ©¢. In addition, (v) there exists some € > 0 such that, for all (¢,¢',¢') €
Gt x G2 x {0,1}, we have that 0 < S gQ "(X;0) < 1—eas. forall 6 € int(0,,), where O,

denotes the parameter space of ~ for the generahzed propensity score working model.

Assumption ALR (y/n-Asymptotically Linear Representation). Let 6 be a strongly consistent

estimator of 0y — g(x;0y) and satisfy the following linear expansion

~ 1 &
where [ (+;-) is a function such that E [ (W;;0y)] = 0; E [l (Wi;00) - L (W33 00)/] < oo and is positive
definite; and lims_o E [Supgeeoz“e_go‘lgé [L(W;0) — 1(W; 00)H2] -

Assumption IC (Integrability Conditions). For each g € Gy, t € {2,..., T}, and ¢’ € G, assume
that E[|h%" (W; Iiogc)

g7t
the pseudo-true parameter xg,

] < w0 and E [sup,{eFO

hgf(m)u < o, where I'y is a small neighborhood of

Assumptions WM, ALR, and IC are standard in the literature; see e.g., Abadie (2005);
Wooldridge (2007); Sant’Anna and Zhao (2020); Callaway and Sant’Anna (2021). Assumptions
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WM and ALR impose a well-behaved parametric structure for the first-step estimators for the
nuisance parameters. This assumption is made for statistical convenience and acknowledges that,
in many DDD applications, the number of units in each group is small, making it difficult to adopt
a nonparametric approach reliably. It is relatively straightforward to relax these conditions and al-
low for nonparametric or data-adaptive/machine-learning-based estimators; see, e.g., Ahrens et al.
(2025) for an empirically-oriented discussion of causal double machine learning methods. Assump-
tion IC imposes mild regularity constraints on the moments of the estimating equations, preventing
ill-behaved variance properties and ensuring the stability of higher-order approximations.

In what follows, we omit W and X from the weights and outcome regressions to minimize

notation, and for a generic £, let

¢§C’t(W§ /‘fg;t) ¢S =9,Q= oW th) +¢s 9e,Q= (W ) ¢s ge,Q= o(W; /‘fg;t)a (4.16)

where, for (¢, ¢') € {(9,0), (g, 1), (g, 0)}, ¥&L oa—g Wi mgf) is an influence function for one of the
three DR DiD components of the DR DDD, and is given by

b1 . 9 4,0 . 95 it . 95
V& omg Wi RS = 080 oy Wi kE!) — 0800 oy (WiG!) — 0§l (Wikdh),  (4.17)
with
gﬂtmgC
1 S=g,Q=1 S= b
- wtrt A ) [wtrt 9@ (Yi - Y, — My, aY? 1 w;ifgc))]
,t,0 S 1 S= b
VY o Wikg!) = w297 (03 0) (Vi = Yo — m3, “y? 1 %i?gc))

S=g,0=1 S5=g,0=1 S=a,Q=b, _r
- wg’,qgQ (753’96)151 [wg’,q?Q (75,515,90) (Y;f Yg1 —my, aYQ (Vg,et{]gc)ﬂ

7t71 . ,t S= Q 1 S— ,Q b
)= 99 (1)

and

g,t,est . Ot g7t,reg ref g,t,1 it gt Ps ps g,t,2 it
wS=g’,Q=q’(W7 "JZC) = Ig” =g,Q=¢ (Wgt,gc) Mgz, 7.,Q=q (“ZC) lg” =¢,Q=¢ (Vg,t,gc) Mgy, 7 ,Q=q (KZC)
where lgit’;egQ (+) is the asymptotic linear representation of the outcome evolution for the group

with S = ¢’ and Q = ¢’ as described in Assumption ALR, lg’ijg’f@:q,(-) is defined analogously for
the generalized propensity score that uses group S = a, () = b as a comparison group, and

t,1 S=g,Q=1 S= 1 . S=a,Q=b
ML ooy (R4 = B [(wm” w07 000 ) ST 0
,t,2 S= 1 S= b .S
MEZy gmg (53)) = E [ag/ ¢ ° (Y;5 Vo1 —my, %, Q (V;iggc)) By < (g gc)]
S S 1 S= b -S
—E [ag, 9,Q= (’Yg o ) ( [ 9 Q= ('75,515,9(;) (Yt Yyo1 —my 'y a Q (7;“igg()>]) By qg Q= q(,y;st,gc)]

S=a,Q=b/_reg o S=a,Q=b/_reg reg -S= gQ q
with th Yy-1 (79, ,gc) - 6mYz Yy-1 (’Vg,t,gc / Vg,tge pg ,q' <79, 7gc) - 5p 797 t,9c /79, t,gc? and

1S = a,Q = b} /E ll{s =a,Q="b}- psg’Ql(X;VS;i,gc)] .
)

S= gQ q
(1—]35 qgQ N3, L=pyy ™ (X5 t00)

Sng

S=g,Q=1/_ps _
Qg q' (79715,_%) -

For each g € Gyt and each t € {2,3,...,}, let ATT4(g,t) denote the k,; x 1 vec-
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tor of ATT4 .4 (g,t) for all (non-collinear) g. € G&' and g, be the asymptotic variance-
covariance matrix of \/n (A/T\Tdr(g,t) — ATT4(g, )), Le., Qup = E[ot(W; k9ot (W; k9],
with 9! (W; k9") being the k,; x 1 vector that stacks all non-collinear 4" (W; xg") for g. € G&*.
Let ATT 4y gmm(g,t) = (1’9’11)_11’Q’1 ATTy(g,t), and for a generic set of weights that sum up
to one, let ATTar4(9,t) = 20, cget W' ATTarg. (g, 1), and recall that A/T\Tdr@(g, t) is its empirical
analogue as defined in (4.9). Fmally, 1et Qg,t be the empirical analogue of €2, ;, where one replaces

expectations by sample analogues and x9! with 59, and consider the following claim:

For each g € Gy, t € {2,..., T} such that t > g, and each g. € G&*,
we have that, for each (¢',¢') € {(g,0), (gc, 1), (g, 0)},

S S S
I bae € O7 1 P(p), ;Q XA ea) = Do qgQ “(X))=1or (4.18)
re. re S re S=9,Q=
IVogtg € O™ 1 P(my “"Q (X5 Y0gt0) = Mg ol 9(X)) = 1.

Claim (4.18) states that for each (g, t)-pair and each suitable comparison group g., either the
working parametric model for the generalized propensity score is correctly specified, or the working
outcome regression model for the comparison group is correctly specified for each of the three DiD
components of our DDD estimator. Thus, eight possible working model combinations would lead
to consistent DDD estimation of the ATT(g,t) parameter.

The next theorem establishes the limiting distribution of JIT\TdWC (g,t) and XT\Tdr,gmm(g, t).

Theorem 4.2 (Consistency and Asymptotic Normality). Let Assumptions S, SO, NA, DDD-CPT,
WM, ALR, and IC hold. Then, for all g € Gy, t € {2,...,T}, and g. € G¥* such that t > g,
provided that (4.18) is true,

\/ﬁ (mdr,gc(ga ) ATT ga ) \/7 Z VI/’H K’O gc + Op(l) _d) N(07 Qg,t,gc)a

where Qg g, = B [3H (Wi k8 )08 (Wi 6575 )']. Furthermore,

/71

\/ﬁ <mdr,gmm(97t) - ATT(g7t)> - ngt WZ? 'KL ) + OP<1) i N(0> Qg,t,gmm>u

10, 1
where Qg i gmm = (I’Q;%I)_l < Qi for any g. € G2 In fact, for any set of weights w that
sum up to one over the G, Qi gmm < Qg tw, With Qg1 defined as the asymptotic variance of
Vi (AT 4r(9.1) = ATT y(9,1) )

Theorem 4.2 provides the influence function for estimating each AT'T(g,t), using different com-
parison groups g., as well as establishes the consistency and asymptotic normality of our DR DDD
estimator ATT dr.g.(9,t). Theorem 4.2 also highlights that combining different comparison groups
as our DR DDD estimator ATT drgmm (9, t) does is effective in terms of asymptotically improving
precision. That is, Theorem 4.2 highlights that ATT drgmm (9, t) is optimal in the sense that it
asymptotically achieves the minimum variance across all weighted average estimators that com-

bine multiple ATT dr.g. (g, t)s. Importantly, Theorem 4.2 also highlights the doubly (or multiply)
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robust property of our DDD estimators: they recover the ATT(g,t) provided that each of the
three DR DiD estimators has a correctly specified outcome regression or generalized propensity

score working model.

Remark 4.7. Although Theorem 4.2 provides pointwise inference results for each ATT(g,t), it
is straightforward to extend it to hold simultaneously across multiple ATT'(g,t)’s. For instance,
by letting ATT gmm,t>g A0d ATT g 1>, denote the vector of ATT drgmm (9, 1) and AT T g, gm (9, 1),
respectively, for all g € Gy, t € {2,...,T,} such that ¢t > g, it is straightforward to show that
ﬁ(mgmm - —ATTgmm,tZg) 4, N(O,Q) with Q = B[22, (W;; 6579) 9128 (Wi k79)], with
wgngm(WZ, kg ?) the asymptotic linear representation of \/n (AT Tomm =g — ATTgmmt;g). One can
then construct simultaneous confidence bands using a simple-to-use multiplier bootstrap as dis-
cussed in Theorem 3 and Algorithm 1 of Callaway and Sant’Anna (2021). It is also straightforward
to conduct cluster-robust inference; see Remark 10 of Callaway and Sant’Anna (2021). As these

results are commonly accessible, we will not include them here to conserve space.

4.2.2 Asymptotic theory for event-study parameters

In this section, we derive large sample properties for our event-study estimator ﬁqdr,gmm(e) as
defined in (4.13). Given that P, (G = ¢g|G + e € [1,T]) is an 4/n-consistent and asymptotically
normal estimator of P(G = g|G + e € [1,T1]), then for all g € G, we have that

V(P (G = g|G+ee[1,T]) —P(G = g|G +ee[1,T)) 2596 ) +o,(1),  (4.19)

with E[£2¢(W)] = 0 and E[¢9¢(W)£9¢(W)'] < oo being positive definite, and

1
P(G +ee[LT])

The following corollary can be used to conduct asymptotically valid (pointwise) inference for

SRUPE

: [1{@ —g,Gtee[l,TI}—P(G = g|G+ee[1,T)) 1{G+e e [1,T]}

the event-study type parameter ES(e).

Corollary 4.2. Under the assumptions of Theorem 4.2, for each e such that P(1 < G +e < T),
asn — oo,
VR(ES ar,gmm(€) — Z l;fnin ) + 0p(1)
S N0, Bl ()?)),
r0—1

with U555, (W) = ¥yeq,, (P(G = gIG + e € [1,T))

gmm

T 7V W k') + €24(W) - ATT(g,)).

The results in Corollary 4.2 also apply to estimators of ES(e) using mdwc (g9,9+e€) on (4.13).

Corollary 4.2 focuses on pointwise inference procedures. Still, as discussed in Remark 4.7, it is
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straightforward to extend it to hold for all event-times e and conduct simultaneous-based inference.
The asymptotic results for our overall summary parameter ETSavg,gmm as defined in (4.14) follow

from the delta method and are omitted.

5 Monte Carlo Simulations

In this section, we evaluate the finite sample properties of our proposed DR DDD estimators via
Monte Carlo simulations. We examine two scenarios: (i) when covariates play a crucial role in
identification across two time periods, and (ii) when there are multiple time periods with variation
in treatment timings. For the first scenario, we have panel data for two time periods, t = 1,2,
four covariates, two enabling-groups S € Sys_1 = {2,000}, and there are two eligibility groups:
@ = 1and @ = 0. In the setup with staggered adoption, we consider the simplest possible case
with three time periods, t = 1,2,3, with S € Sges—2 = {2,3, 00}, and we abstract from covariates
in the main text. We relegate simulation results with DDD staggered adoption with covariates
to the Supplemental Appendix. In the main text, we compare the performance of different DDD
estimators via graphs: one that presents the density of the point estimates across the 1,000 Monte
Carlo repetitions, and one that presents the length of confidence intervals in each Monte Carlo draw.
In the Supplemental Appendix, we also report the traditional summary statistics for the Monte
Carlo involving average bias, root mean square error (RMSE), empirical 95% coverage probability,
and the average length of a 95% confidence interval under 1,000 Monte Carlo repetitions. Light-
gray confidence intervals mean that they do not contain the true parameter of interest, ATT(2,2)
in our simulations, and are appropriately colored when they contain it. We focus on results with

n = 5,000 but report results for different sample sizes in the Supplemental Appendix B.

5.1 Simulations for DDD with two periods and covariates

We describe the data-generating process (DGP) for the 2-period DDD setup. For a generic four-
dimensional vector O, the conditional probability of each unit belonging to a subgroup (g,q) €
{2,00} x {0,1} is

exp(f5ly.0=4(0))
Z(gg)esdes_l X{O,l} exp(fgsz%Q:q(O)) ’

(0)) is a linear index with heterogeneous coefficients across sub-groups; we defined

P[S = g.Q = ¢|O] = p°=99=4(0) =

(5.1)

S
=9,0=q
these in the Supplemental Appendix B.1 to save space. Of course, each unit belongs to a single

where f£
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subgroup, and we assigned these subgroups as follows:
©,0), iU < p5==Q=(0),
1), i pTT9(0) < U < B p* 0 (0),

,0), if Z}:O p=R=I(0) < U < ZJI-:O p3=®Q=i(0) + p¥=2¢=9(0),
S RE0) P e0) <

(
(S,Q) :== < E (5.2)
L (

2
2
with U being a uniform random variable in [0, 1], independent of all other variables.

The potential outcomes are defined as

Yii(o0) = fr9(0;, Si) + vi(04, Si, Qi) + €i1(00)
Yio(o0) = 2f7(0;, S;) + vi(Os, Si, Qi) + €i2(0) (5.3)
Yi2(2) = 2f"9(0;, S;) + vi(0;, i, Qi) + €i2(2),

where f79(0;, S;) is a linear regression specification with heterogeneous coefficients across the
enabling groups S, v;(0;, S;, @Q);) is a time-invariant unobserved heterogeneity correlated with co-
variates and sub-groups, and €;1(90), €;2(%0) and ¢, 2(2) are independent standard normal random
variables; we provide a precise definition of f™9(0;,S;) and v;(O;, S;, Q;) in the Supplemental
Appendix B.1. Note that our designs’ ATT(2,2) equals zero, though there is treatment effect
heterogeneity across units. We observe untreated outcomes for all units in period ¢ = 1; in period
t = 2, we observed Y;2(2) if unit ¢ belongs to group S = 2, @ = 1, and observe Y; »(c0) otherwise.

Building on Kang and Schafer (2007) and Sant’Anna and Zhao (2020), we allow propensity score
and/or outcome regression models to be misspecified. We consider four different types of DGP:
DGP 1, where all models are correctly specified; DGP 2, where outcome models are correctly
specified but the propensity score model is misspecified; DGP 3, where the propensity score is
correctly specified but outcome regressions are not; and DGP 4, where all models are misspecified.
The source of misspecification in these nuisance models is related to whether they depend on X
or Z, where X is a nonlinear transformation of all the Z’s. In our simulations, the observed data
is W, = {Yi1,Yi2,5:,Qi, X}, so using Z as linear covariates in these nuisance models lead to
working model misspecification; we relegate to the Supplemental Appendix B.1 the definition of
X’s and Z’s.

We compare the performance of four different estimators for ATT(2,2), just like in Section 3.1:
our DR DDD estimator as defined in (3.5) (we label it as DRDDD), 3WFE OLS estimator for Bawte
based on (3.3) (we label it as SWFE), 3WFE OLS estimator of sy based on (3.4) (we label it
as M-3WFE), and the difference of two Sant’Anna and Zhao (2020)” DR DiD estimators (we label
it as DRDID-DIF). We summarize the results of our simulations in Figure 3, where we consider a
sample size n = 5,000 and conducted 1,000 Monte Carlo repetitions. The left panels display the
density of the point estimates across all Monte Carlo draws, and the right panels display the 95%
confidence intervals for each Monte Carlo draw. See Table OA-1 in the Supplemental Appendix
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for additional results.

The results in Figure 3 are self-explanatory and firmly support our theoretical results. When
outcome regression or propensity score models (but not necessarily both) are correctly specified, our
DR DDD estimators are appropriately centered (so they are unbiased), their confidence intervals
are the narrowest across all other estimators, and they still have appropriate coverage across the
first three DGPs (94.4%, 94.5%, and 94.6%, respectively). For instance, when all working models
are correctly specified, the average length of the 95% confidence interval of the M-3WFE estimator
is 7 times longer than our DR DDD estimator; this difference is much larger for the other considered
estimators. In fact, the performance of all other estimators in all our considered DGPs is poor,
as they have non-negligible bias, high RMSE, and poor coverage properties. In DGP 4, when
all working models are misspecified, we note that our estimator is biased, directly affecting the
confidence intervals’ coverage probabilities. None of the considered DDD estimators perform well
when all working models are misspecified (DGP 4), highlighting that all estimators indeed depend

on modeling assumptions.

5.2 Simulations for DDD with variation in treatment timing

We now discuss the staggered DDD setup with three time periods, ¢ = 1,2,3, three enabling
groups, S € {2,3, 0}, and two eligibility groups @ € {0, 1}. We abstract from covariates and defer
a discussion about them to the Supplemental Appendix.

Each unit i, we have that p=%%=0 = .20, p°=2@=1 = (.15, p5=39=0 = .30, p*=3@=! = (.20,
p =%0@=0 = (.05, and p°=*%=! = 0.10. We then randomly assign the realized value of (S, Q) based

on the above distribution. The potential outcomes are generated as

Yii(o) = (1 + Qi) + v4i(Si, Qi) + €1 (0)
Yio(0) = (2+ Qi)a+ 1.11;(S;, Q;) + €i2(0)
Yis(o0) = 3+ Qi)a+ 1.214(S;, Qi) + €, 3(0)
Yia(2) = (24 Qi)a+ L.1v(S;, Q;) + ATT(2,2)Q; + €:2(2) (5.4)
Yis(2) = 3+ Qi)+ 1.204(S;, Qi) + ATT(2,3)Q; + €:5(2)
Yis(3) = 3+ Qi) + 1.204(S;, Qi) + ATT(3,3)Q; + €:5(3),

where we set o = 2785, ATT(2,2) = 10, ATT(2,3) = 20, ATT(3,3) = 25, all g;,(-) are
independent standard normal, and v;(S;,@Q;) is an unobserved heterogeneity term that we for-
mally define in the Supplemental Appendix B.2. The observed data is represented as W, =
{Yi1,Yi0,Yi5,5;, Qi}7q, where the Y; 1 = Y;1(0), Yo = Y;2(2) for units with S; = 2,Q; = 1, and
Yio = Y;2(0) otherwise, and Y; 5 = Y;3(3) for units with S; = 3,Q; = 1, Y;3 = Y; 5(2) for units
with S; = 2,Q; = 1, and Y; 3 = Y, 3(c0) for all other units. In what follows, we focus our attention
on estimators for ATT(2,2), though we compare estimators for ATT'(2,3) and ATT(3,3) in the
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Figure 3: Monte Carlo Simulation Results for DDD: two-period setup with covariates
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Notes: Simulation designs as discussed in text, with n = 5,000 and 1,000 Monte Carlo repetitions. True ATT(2,2) is zero and is
indicated in the solid vertical line in all panels. 3WFE corresponds to the OLS estimates of 83y based on (3.3). M-3WFE corresponds
to the OLS estimates of B3wfe based on (3.4). DRDID-DIF corresponds to the difference between two doubly robust DiD estimators
(Sant’Anna and Zhao, 2020). DRDDD corresponds to our proposed doubly robust DDD estimator described in (3.5). All densities
(left) and confidence intervals (right) are computed across all simulation draws. Light grey areas in the right plots indicate confidence
intervals that exclude the true AT'T(2,2), where increased prominence suggests lower empirical coverage.
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Supplemental Appendix B.2. We consider n = 5,000 here and refer to Supplemental Appendix
B.2 for information on other sample sizes.

We compare the performance of three staggered DDD estimators for the ATT(2,2) as in Section
3.2. More precisely, we consider our optimally GMM-weighted estimator ATT gmm (9, t) as defined
in (3.8), which is a special case of the (4.12) without covariates, i.e., with X; = 1 for all units;
we refer to this estimator as DD Dgp,,,. We also consider our DDD estimator that uses never-
treated units as the comparison group as defined in (3.7) with g. = c0; we refer to this estimator
as DDD,.,.''. Finally, we consider a DDD estimator that pools all not-yet-treated units a la
Callaway and Sant’Anna (2021), ATT syt (9, 1), as defined in (3.6); we refer to this estimator as
DDDggry. Our theoretical results indicated that DD Dgyy and DDD,,, should both be valid
DDD estimators under our identification assumptions. At the same time, we have no statistical
guarantee about the performance of DD D . Our theoretical results also suggest that DD Dy,

should be more precisely estimated than DD D,..,, as it uses more information.

Figure 4: Monte Carlo Simulation Results for DDD: staggered setup without covariates
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(a) Comparison across the three DDD estimators
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(b) Comparing the performance of DD Dye, and DD Dgym

Notes: Simulation designs are detailed in the text, using n = 5,000 and 1,000 Monte Carlo repetitions. The true ATT(2,2) is 10,
marked by a solid vertical line in all panels. DD Dyeyv denotes our DDD estimator with g. = o from Equation (4.1). DDDgmm is our
proposed DDD estimator from Equation (4.12). DDD¢s_nyt is the estimator pooling all not-yet-treated units as defined in (3.6). In the
top-left panel, we plot the densities of the DD Dnev, DDDgmm, and DDD¢s—nyt estimates across all simulation draws. The bottom-left
panel zooms into the densities for DD Dnev and DD Dgmm. The top-right panel shows the confidence intervals for these estimators,
while the bottom-right panel focuses on DD Dyev and DD Dgmm only. Light grey areas in the right plots indicate confidence intervals
that exclude the true ATT(2,2), where increased prominence suggests lower empirical coverage.

Figure 4 summarizes our simulation results; see also Table OA-2 in the Supplemental Appendix.

11 This estimator is a special case of (4.8) when covariates are trivial
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Panel (a) of Figure 4 compares the performance of the three estimators. As it is evident, DD D g pnyt
is severely biased in our design, and its confidence interval never covered the true ATT(2,2) in the
Monte Carlo draws. This result further highlights that proceeding as if DDD is just the difference
of two DiD procedures can lead to misleading conclusions. At the same time, the simulations
highlight that DD D, and DD Dy, are unbiased and have good coverage properties, 93.2% and
95%, respectively. In Panel (b), we drop DD Dyt and focus on comparing the performance of our
two proposed DDD estimators. As the plot makes it clear, the gains in efficiency of using all not-
yet-treated comparison groups as in DD Dy, are notable. The average length of the confidence
intervals of DDD,., is more than 50% higher than that of DDDgy,,. Thus, in practice, we
recommend favoring DD Dgy,y,, especially when the sample size of the never-enabling comparison

group is low.

6 Empirical Illustrations

In this section, we revisit (i) Cai (2016) and analyze the effect of agriculture insurance provision on
household financial decisions, (i) Cui et al. (2018) and analyze the effect of the emission trading
scheme implemented in China on carbon emissions, and (iii) Hansen and Wingender (2023) and
assess the impact of genetically modified crop adoption on countrywide yields. These three studies
examine DDD setups with a single treatment date and covariates, as well as staggered DDD
setups with and without covariates. The aim is to illustrate how our proposed estimator performs
compared to the methods used in these original studies. Overall, we find that our DR DDD
procedure can (a) produce substantial gains in precision, with SWFE 95% confidence intervals
being up to 115% wider than ours, (b) lead to different conclusions about the effect of a policy, or

(c) provide more substantial evidence supporting the effectiveness of a policy.

6.1 Effect of insurance provision on financial decisions

Cai (2016) analyzes the effects of agricultural insurance programs implemented in rural Chinese
households on their production, borrowing, and saving behaviors. These rural areas are particularly
vulnerable to unique weather shocks, resulting in income volatility for households engaged in
agriculture. To address this, the People’s Insurance Company of China (PICC) launched the first
weather-indexed crop-insurance program in 2003 for tobacco farmers in selected counties of Jiangxi
province. The contracts were compulsory for tobacco growers in the treatment regions, allowing
Cai (2016) to take advantage of the variation in insurance provision across regions and household
types. By design, the policy aimed to simultaneously protect farm income and sustain county
fiscal revenues that heavily depend on tobacco taxes.

The insurance policy rollout introduces three sources of variation: the timing of insurance pro-

vision (pre-policy, February 2000, and post-policy, August 2003), geographic regions (counties that
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enabled policy vs. those that did not), and household eligibility conditions (tobacco-specialized vs.
other farm or off-farm households). This setup enables us to allow for industry-specific and region-
specific trends. Cai (2016) utilizes an administrative panel from the Rural Credit Cooperative
(RCC), encompassing data from over 5,000 households annually surveyed between 2000 and 2008.
This dataset merges financial and savings records with RCC survey details on demographics, land
allocations, and crop revenues. It includes more than 3,000 tobacco-growing households (approx-
imately 1,200 of which are located in treated counties) and 2,200 non-tobacco households. The
study evaluates outcomes such as the area of tobacco production, loan size, loan limits, interest
rates, savings rates, and flexible-term savings'?.

We adopt a similar approach as in Cai (2016) by employing a DDD design to evaluate how
insurance provision affects household saving behaviors. Cai (2016) considered the following 3SWFE
event study specification'® to estimate dynamic average treatment effects of insurance provision
on household saving behavior

Yie=%+ Y+ 7+ Z Bel{E;s = e} + X;jﬂﬂ + U, (6.1)

et—1

where where ¢, j, 7, t are household, sector, region, and years indices, respectively, v;, ¥+, 7;+ denote
household fixed effects, region-by-time fixed effect and industry-by-time fixed effect, respectively,
E;; = t—G, is the time relative to the period at which household 7 has received the insurance'* and
u; ¢ is an idiosyncratic error term. Covariates in X ;, include household size, head of household age,
and education level. Regarding outcome variables Y;, for measuring household saving decisions,
Cai (2016) examines net saving, defined as the annual increase in total savings; saving rate, defined
as the ratio of net saving to current household income; and flexible-term saving, which is the ratio
of net savings in checking accounts to the total net savings. We compare the estimates of g, with
those of ES(e), as specified in (2.3), using our DR procedure, using the same set of covariates.
In our setup, S represents the geographic region that enables or not the insurance policy, and )
represents the household eligibility condition—i.e., tobacco-specialized or not.

Figure 5 plots the event study estimates for the 2003 weather insurance policy. Both the SWFE
and our DR DDD procedure yield similar results in terms of magnitude. However, our estimator
offers a precision advantage in this particular context, with SWFE 95% confidence intervals being
up to 1.15 times wider than the one associated with our proposed DR DDD estimator. In Panel A
of Figure 5, we observe an insignificant effect on net saving, in line with the results reported in Cai
(2016). In Panel B, we observe a negative effect on the saving rate, consistent with previous findings

by Cai (2016). However, unlike earlier results, which indicated an insignificant negative effect, our

12 Although the original study analyzed outcomes related to production, borrowing, and saving behaviors, the DDD
design specifically estimates the impact of insurance provision on borrowing and saving behavior, accounting for
region-specific effects.

13 See, e.g., Equations (4) and (6) in Cai (2016).

14 In this setup, household i is considered to have received the treatment if it is located in a treated region and
qualifies as a tobacco household.
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Figure 5: Impact of Insurance Provision on Savings Decisions.
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(c) Panel C: Insurance Provision on Flexible-term saving

Notes: This figure presents event study estimates with covariates including household size and head of household age. Panel A uses Net
Saving as outcome, Panel B focuses on the Saving Rate, and Panel C examines Flexible-term Saving. In each panel, blue dots represent
the point estimates from the specification in (6.1), while red triangles show the E-A\S”dhgc (e) estimates aggregated from our proposed DR
estimator as in (4.13). The average Egavg, calculated from all E'A\Sdrygc (e) values to the right of the vertical dashed line at e = —1, is

provided alongside its bootstrapped standard errors, based on 999 repetitions, and confidence interval. The corresponding blue and red
vertical lines represent the 95% confidence intervals.
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proposed estimator reveals a small yet statistically significant negative effect at the 95% confidence
level. This suggests a change in savings behavior after obtaining insurance. The findings in
Panel C, consistent in magnitude with those from Cai (2016), demonstrate that weather insurance
significantly increases the proportion of flexible-term savings. This suggests that households prefer
to shift their savings to more flexible instruments after acquiring insurance. Visually, results in
Panel C affirm the previous findings in Cai (2016), though we emphasize the enhanced precision
our method provides. For example, the confidence intervals associated with BE are 16.29%, 85.53%,
64.21%, and 115.84% wider than the confidence intervals associated with ES (e) at event times
e = 2,3,4,5, respectively. This illustrates that our DDD procedure can provide much more

powerful analysis than alternative procedures.

6.2 Effect of emission trading scheme on carbon emissions

We next revisit the study by Cui et al. (2018), which examines the impact of the emission trading
scheme (ETS) implemented by the Chinese government to regulate and reduce carbon emissions at
minimal cost, focusing on its effect in promoting low-carbon innovation among firms. China tackled
its dual objectives of economic growth and reducing carbon emissions by approving seven regional
ETS pilot programs in 2011. These pilot programs spanned four major cities, two provinces, and
one special economic zone, each developing their own allowance and enforcement regulations within
national guidelines, to peak national carbon emissions by around 2030.

Cui et al. (2018) leverages three sources of variation. First, it considers firms’ patent applica-
tions before and after the introduction of ETS pilots. Second, the pilots were launched in different
regions whereas some regions are not impacted by the introduction of an ETS. Third, the pilots
covered various manufacturing sectors within these regions such as power and heating, chemical,
cement etc. Therefore, the authors utilize these variations in ETS pilots over time, across sec-
tors, and across regions, employing a DDD approach to identify the effects of ETS on low-carbon
innovation.

This setup exemplifies a DDD model with variation in treatment timing and covariates. Cui
et al. (2018) uses the year of announcement (i.e., 2011) rather than the actual launch year as
the post-policy indicator. The regional carbon market pilots were phased in starting from 2013,
with initial launches in Shenzhen, Shanghai, Beijing, Guangdong, and Tianjin, followed by the
introduction in Hubei and Chongqing the subsequent year. Thus, we adjust the construction of
the treatment variable to use the official launch date instead of the announcement date, allowing
for staggered treatment adoption.!®

The dataset utilized in Cui et al. (2018) includes information on publicly listed firms in China

15 We also considered the original specification using treatment announcement as the definition of the treatment. In
such a case, the results obtained using our DR DDD procedure and those in Cui et al. (2018) are very close; these
results are available upon request. Thus, we stress that the empirical results in this section should be interpreted
as an extension of Cui et al. (2018), and not a “replication”.
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from 2003 to 2015, sourced from the Shanghai and Shenzhen stock exchanges. This dataset
comprises both financial data, obtained through the China Stock Market and Accounting Research
(CSMAR), and patent application details, collected from China’s State Intellectual Property Office
(SIPO). The dataset includes 18,937 firm-year observations from 1,956 firms spanning the years
2003 to 2015. The three outcomes evaluated by Cui et al. (2018) are the number of low-carbon
patent applications, the number of patent applications in other non-low-carbon technologies, and
the ratio of low-carbon patents relative to the total number of patents.

In terms of estimators, we use a SWFE similar to Cui et al. (2018)'®, for firm 7 at year ¢
Yie =% + Vet + Vst + BowpeDig + Xil,s,r@ + Eit, (6.2)

where (3, e is meant to capture the impact of ETS on low-carbon technology innovation, D;; is
the treatment indicator post-announcement of ETS for covered sectors in pilot regions, v; is a firm
fixed effect, v,; and 75, are region-by-time and sector-group-by-time fixed effects, respectively.
Covariates X, ,, include firm-level attributes such as assets, revenue, and current liabilities. As we
are also interested in treatment effect dynamics, we also consider a SWFE event-study specification
Yie =%+ Yt + Ysr + 2 Bl{E;; = e} + X{7S’T9 + Uy, (6.3)
e#—1
where F;; = t — (; denotes the time relative to when the regional ETS pilot was initiated for
firm 4, and w;, is an idiosyncratic error term. In this setup, a firm 7 is considered to have received
the treatment if it is located in a region that is a carbon market pilot and its sector qualifies as a
regulated sector by the ETS. We compare these SWFE estimators with our DR DDD estimator
(4.13). In our setup, S represents the year a region launched the ETS pilot, and ) represents the
manufacturing sector that is eligible for ETS.

Figure 6 compares the event study estimates from the specification (6.3) with the estimates
ﬁgdr,gmm(e), as specified in (4.13), using our DR procedure. Consistent with Cui et al. (2018), we
present results at a 90% confidence level. In Panel A, as reported by Cui et al. (2018), the ETS
pilot appears to encourage innovation, but we cannot reject the null hypothesis of no effect at the
same confidence level. Panel B’s results align with Cui et al. (2018), indicating minimal evidence
for the ETS’s crowding-out effect on other patent applications. The findings in Panel C show
no significant impact of ETS regulation on the proportion of low-carbon patents. This contrasts
with the results associated with a SWFE, which indicated a positive and significant effect at a
90% confidence level'”. For instance, our method estimates an aggregate effect of 1.7% without
sufficient evidence to reject the null hypothesis of no effect, while specification (6.2) estimates a
significant aggregate effect of 5.3% of ETS adoption on share of low-carbon patents.

Overall, our findings suggest there is no evidence to support that the ETS promotes innovation

in low-carbon patents. Additionally, our tighter confidence intervals reflects that DR DDD can

16 See, e.g., Equation (1) in Cui et al. (2018)
17 See Table 1 in Cui et al. (2018)
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Figure 6: Impact of ETS on share of low-carbon patents.
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(c) Panel C: Emission Trading Scheme regulation on share of low-carbon patents

Notes: This figure displays event study estimates incorporating firm characteristics such as total assets, total revenue, and current
liabilities as covariates. Panel A examines the number of low-carbon patents, Panel B considers other non-carbon patents, and Panel C
uses the proportion of low-carbon patents relative to the total number of patents. In each panel, blue dots represent the point estimates
from the specification in (6.3), while red triangles show the E.\S'dr,gmm(e) estimates aggregated from our proposed DR estimator as in
(4.13). The average E\Savg,gmm, calculated from all E‘E’dngmm(e) values to the right of the vertical dashed line at e = —1, is provided
alongside its bootstrapped standard errors, based on 999 repetitions, and confidence interval. The corresponding blue and red vertical
lines represent the 90% confidence intervals.
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provide practical gains in power in empirical applications. For example, in Panel C of Figure 6, the
confidence intervals associated with 3, are 20.28%, 24.26% and 1.51% wider than the confidence
intervals associated with @dr,gmm(e) at event times e = 0, 1,2, respectively. This implies that Be
would need a sample with 44%, 54%, and 3% more observations than our DR DDD event study

estimator for event times zero, one, and two to achieve the same precision as DR DDD.!®

6.3 Effect of genetically modified crops on yields

Finally, we revisit the study by Hansen and Wingender (2023) on the impact of genetically modified
(GM) crop adoption on countrywide yields. While farmers in North and South America and parts of
Asia adopted these seeds almost immediately, regulators in the European Union, much of Africa,
and several middle-income economies imposed outright bans or stringent de-facto restrictions,
often in response to food-safety scares and NGO pressure. By 2019 only 29 countries permitted
commercial cultivation, another 42 permitted imports but not planting, and the rest maintained
comprehensive bans. This sharp global policy divergence, paired with the agronomic premise that
pest- and herbicide-tolerant GM varieties raise yields mainly where weeds and insects are prevalent,
sets the stage for a compelling cross-country analysis of aggregate production impacts.

Hansen and Wingender (2023) exploits the fact that GM technologies were adopted at different
times in various countries starting in the mid-1990s to examine the effects of GM adoption on
outcomes such as crop yields, harvested area, and trade flows, using balanced crop-country panel
data covering over 120 countries from 1986 to 2019. Different sources of variation underpin the
DDD design in this context. First, there was a variation in policy timing as each country passed
GM cultivation legislation in different years. This allows one to compare outcomes before and after
GM commercialization is allowed, between countries that have already passed these legislations
and those that have not yet. Second, crop eligibility for GM traits exists for only four field crops—
cotton, maize, soybean, and rapeseed— leaving rice, wheat, and dozens of other staples as the
primary comparisons. Differencing outcomes over time, across crops, and across policy regimes
therefore allows for common shocks (e.g., weather, prices) and crop-specific global trends, isolating
the causal effect of GM adoption.

Hansen and Wingender (2023) utilizes publicly available country-level data on production quan-
tities from FAOSTAT, covering yields (production per hectare), producer prices, and trade flows
(exports and imports by commodity). Following their setting, our focus is also on countries with
a minimum of 100, 000 hectares of cropland, thereby drawing attention to nations with significant
agricultural activities. Similarly, we also include 60 field crops, including cereals, pulses, roots and
tubers, oil crops, and fiber crops, as outlined by the FAO (Food and Agriculture Organization of
the United Nations, 2012). Hansen and Wingender (2023) collected official legislative documents,

18 These calculations are based on asymptotic relative efficiency. For any parameter n of a distribution F', and for
estimators 7; and 7j; approximately N (n,Vi/n) and N (n, Va/n), respectively, the asymptotic relative efficiency
of 7o with respect to 7 is given by Vi/Va; see, e.g., Section 8.2 in van der Vaart (1998).
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USDA Foreign Agricultural Service reports, and industry publications to determine the earliest
legal and feasible year of commercial cultivation for each country-crop combination.'® In some
cases, GM approval did not directly result in large-scale planting, while in others, formal bans
restricted or effectively prohibited cultivation. Thus, following Hansen and Wingender (2023), we
establish G . as the first year in which a GM variety of a given crop in a given country could be
harvested and sold commercially for human consumption or animal feed without violating a ban.?’

Hansen and Wingender (2023) considers the following event-study specification?' to asses the

dynamic average effect of GM adoption on countrywide yields

InYict = Yei+ Vit T Vet + Z Be  WEicr = e} +Eicy (6.4)
ef—1

where Y, ., denotes the yield of crop ¢ in country ¢ for the year ¢. The variable E;.; =t — G, .
represents the time since a GM variety of a crop became legally permissible for harvest and sale for
human consumption, and ¢, .; is an idiosyncratic error error. The specification in (6.4) includes
three fixed effects: country-by-year fixed effects (v;,) to account for shocks affecting all crops in
a particular country and year, crop-by-country fixed effects (v.;) to capture local time-invariant
conditions for each crop, and crop-by-year fixed effects () to reflect global trends specific to each
crop. We compare event-study estimates based on (6.4) with our proposed DR DDD-based event
study in (4.13). In our setup, S represents the time a country allowed for GM commercialization,
and () represents the eligible crop.

Figure 7 illustrates the event study estimates of the impact of GM crop adoption on yields of
cotton, maize, rapeseed, and soybean together. Panel A shows results aligned with those in Hansen
and Wingender (2023), with a slight enhancement in the precision of the confidence intervals. For
instance, at event times e = 0, the confidence intervals associated with Be is 46.47% wider than
the one associated with E:S”dngmm(e). Both methods show that approving GM technology leads to
a significant increase in crop yields by approximately 13%. It is not surprising that both methods
yield similar results in this context. Despite the challenges associated with SWFE specifications
with variation in treatment timing (Strezhnev, 2023), there exists a very large number of never-
enabling crop-country combinations, making these “forbidden comparisons” less likely to shift
results. Indeed, as noted by Hansen and Wingender (2023), only about 2 percent of the units are
treated during the period of analysis.

Having said that, a potential concern that can arise is related to whether it is indeed desirable
to use these never-enabling crop-country combinations as a “de facto” comparison group. It may
be the case that countries that never allow harvesting and commercialization of GM crops during

a very long period of analysis may already face lower yields or stricter farm rules, so they might

19 For further details, refer to the documentation for GM approval dates in Hansen and Wingender (2023) Online
Appendix B.

20 Hansen and Wingender (2023) uses a different notation than us, and refers to our G; . as Fj..

21 See, e.g., Equation (1) in Hansen and Wingender (2023).
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Figure 7: Impact of GM adoption on yields
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(b) Panel B: GM adoption on log-yields (dropping all never-treated)

Notes: This figure shows event study estimates using the logarithm of crop yields as the outcome variable, without any covariates.
The estimation window spans from 1986 to 2019, excluding country-crop combinations treated in 2010 or later. Panel A considers a
fully balanced sample, as in Hansen and Wingender (2023), whereas Panel B excludes units never treated and forces the last cohort to
be considered never-treated, with data post-treatment being filtered out. In each panel, blue dots represent point estimates from the
specification in equation (6.4), while red triangles show the ﬁdngmm(e) estimates aggregated from our proposed DR estimator as in
(4.13). The average Egavg,gmmy calculated from all Etgdrygmm(e) values to the right of the vertical dashed line at e = —1, is provided
alongside its bootstrapped standard errors, based on 999 repetitions, clustered at the country-crop level and its confidence interval. The
corresponding blue and red vertical lines represent the 95% confidence intervals.
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not be a necessarily good comparison group for eventually treated crop-countries observations.

To assess the robustness of the findings in Panel A of Figure 7, we drop data for every truly
never-enabling unit, and re-run the 3WFE regression specification (6.4) in this subsample as well
as our staggered DDD estimator in (4.13). As Panel B in Figure 7 highlights, this has important
consequences for the analysis: if one were to rely on (6.4), one would find much smaller effects
compared to those in Panel A, with non-negligible pre-treatment trends that may cast doubt about
the plausibility of the DDD design. On the other hand, when using our proposed staggered DDD
estimator, we can see that the results remain positive and statistically significant for most event-
times, with no very serious violation of pre-treatment trends. In fact, our estimates for ES,y,
indicate an approximate 15% increase in crop yields following GM adoption, a slightly larger (but
statistically distinguishable) than those in Panel A. Of course, statistical precision is less accurate
in Panel B than in Panel A, as we use a much smaller sample size.

This result essentially highlights that the main findings in Hansen and Wingender (2023) are
robust to dropping the never-enabling set of units from the comparison group, as long as you use

DDD procedures that are meant to work well in such setups.

7 Concluding remarks

This paper studied DDD estimators, paying close attention to situations where covariates are im-
portant for identification and to setups with staggered treatment adoption. Our findings challenge
the conventional wisdom that DDD can be understood as the difference between two DiDs. We
showed that when DDD-type parallel trends hold after conditioning on covariates, DDD estima-
tors cannot generally be expressed as such, even in cases with only two time periods. In addition,
when treatment adoption is staggered, pooling all not-yet-treated units is not generally valid, and
proceeding as such can lead to misleading conclusions even when covariates are not crucial for
the DDD identification arguments. These results highlight the need for more careful consideration
when applying DDD strategies.

To address these challenges, we proposed DR DDD estimators that can appropriately han-
dle covariates and can also be used in DDD setups with staggered treatment adoption. Impor-
tantly, we proposed a DR DDD estimator that leverages information across different comparison
groups, and our simulation results highlighted that the gains in precision can be substantial com-
pared to alternatives. As such, we recommend practitioners to favor our proposed DDD estimator
ATT dropt (9, ) in applications. Finally, a companion R package, triplediff, is freely available on
GitHub to automate all these DDD estimators proposed in this article, simplifying their adoption
for practitioners.

We envision extending our proposed DDD tools to incorporate data-adaptive and machine-
learning estimators for the nuisance parameters, with a particular emphasis on training these

models to ensure robust performance in finite samples. Additionally, we aim to generalize our
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DDD framework to accommodate more flexible sampling schemes, such as unbalanced panel data
or repeated cross-sectional data; see, for example, Abadie (2005), Callaway and Sant’Anna (2021),
and Sant’Anna and Xu (2023) for related developments in DiD settings. Other promising avenues
for future research include exploring semiparametric efficiency bounds and efficient estimation in
overidentified DDD models (Chen, Sant’Anna and Xie, 2025), as well as using a DDD strategy to
uncover persuasion effects (Jun and Lee, 2024). We leave a full treatment of these topics to future

work.
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This Supplementary Appendix includes: (a) proofs for the results presented in the main
paper; and (b) details about the data-generating process (DGP) used in the Monte Carlo
simulations to illustrate the finite sample properties of our DR DDD method.

A Proofs of Main Results

We begin by proving auxiliary lemmas that are foundational for establishing the main results
of the paper. Initially, consider the conditional ATT(g,t), and for simplicity, we omit the

unit indexing 7.
Lemma A.1. Let Assumptions S, SO, NA, and DDD-CPT hold. Then, for all g € Gy,
te{2,...,T}, and g. € S such that t = g and g. > t,

—(ElY; —Y,1|X,S =9¢.,Q = 1] —E[Y; - Y, 1]X,S = ¢.,Q = 0]) almost surely.

Proof. All equalities below are understood to hold almost surely (a.s.), conditioning on X

throughout.
CATTx(g,t) = E[Yi(g) — Yy-1(20)|X, S = g, Q = 1] = E[¥}(%0) — Yy_1(0)| X, 5 = ¢,Q = 1]
= E[Yi(9) = Yg-1(0)| X, 5 = 9,@Q = 1] = E[Y(c0) = Yy 1(0)|X, 5 = 9,Q = 0]
— E[Yi(0) = Yy1(0)|X, 5 = ¢, Q = 1] + E[Yy(0) = Yy ()| X, § = ¢',Q = 0]
=E[Y; =YX, 5 =9,Q@ = 1] - E[Y; = Y[ X,5 = 9,Q = 0]
—E[Y; = Y[ X, S = g.,Q = 1] + E[Y; - Y| X, 5 = g.,Q = 0],
where the first equality is derived by algebraically adding and subtracting the term E[Y,_;(0)| X, S =

g,Q = 1]. The second equality is obtained based on Assumption DDD-CPT, and the final
equality arises from the definition in (2.1) along with Assumption NA. O

Consider the population regression function representing the changes in outcomes from
period t to ¢’ given the covariates as th ng IX)=E[Y;—Yy | S=gQ=q,X]. Given the

weights defined in equation (4.2), we then proceed to derive the efficient influence function in
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the following lemma. For notational simplicity, assume the simplest scenario with two time
periods t € {1,2}, two treatment groups S; € {2,000}, and two eligibility groups @; € {0, 1},

thus we derive the efficient influence function for the AT'T(2,2) in the following lemma.

Lemma A.2 (Efficient Influence Function). Suppose Assumptions S, SO, NA, and DDD-
CPT hold. Let 7(X) = Y — Yi — my, 527°(X) — my, 5971(X) + my, 597°(X) and the
observed data O = (Ys,Y1,5,Q, X). Then, the efficient influence function for the ATT(2,2)
s given by
neff(O) = thTtZQ’Q:1<Sv Q) ’ (T(X) - ATT(27 2))
—wS=20=0(5 ), X) - <y2 _y, - mxsf:_Qi/?ZO(X)>

comp

B wS=OO’Q=1(S, Q, X) . (Y'Q -Y - mf/:_og}?=1(X)>

comp

+ wSZOO’Q:O(S, Q’ X) . (}/'2 -Y - mf,;f%f?:o(X)> )

comp

where

1S =g,Q = q} - p°~2971(X)

§=2,Q=1 _ H{s=20Q=1} S—g.0= _ p5=9.0=4(X)
VSR = gy g oy Ve QX = E [1{5 =9.Q=4q} ~p5=2’Q=1(X)] '
pS:gaQ:lI(X)

Proof. We follow Hahn (1998) and Chen, Hong and Tarozzi (2008) to structure a efficient
influence function as in Newey (1990). Let the conditional density f(y2,v1 | 9,¢,2) = f(Ya =
yo,Y1 =y1 | S =9,Q = ¢, X = x). The proof is organized into three steps: (i) First, we
define the tangent space of the statistical model. (ii) Next, we demonstrate that the target
parameter related to the parametric sub-model is pathwise differentiable. (iii) Finally, we
confirm that all conditions specified in Newey (1990) are met to ensure the derived influence
function is efficient.

STEP 1: The density (likelihood) of the observed data O € R? x S x {0,1} x R? can be
represented by

I 20919, 0,2) =) x [y [ 2,1, 7) ‘PSZZQ:l(ﬂC)]g < [ f(y2,01 12,0, 2) -pszl@:o(a?)]ﬁ(l—é)
X [f(y% y1 | oo, 1,2) -pS:OO»Q=1<x)](1—§)¢7
X [f(yz,y1 | 0,0, z) .pS=OO,Q=0<$)](1—§)(1_q)

where g = 1{S = 2} and ¢ = 1{Q = 1}. Consider the regular parametric submodel, with the

true model indexed by 6 = 0,

ol g oo 3(1-9)
fo(y2,v1,9,q, %) =fo(z) X [fe(yz,yl 12,1,2) - py ¢ 1(90)] X [fe(yz,yl 12,0,) - p; =9 0($)]
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X |:f9(y27y1 | OO, 17 x) . pg:OQQ:l(x)

.0 (1-9)(1-q)
X |:f9(y27y1 | O0,0,SU) 'pgioQQ O(x>:|

]u—mq

The corresponding score function of this submodel for all (g,q) € S x {0, 1} is given by

.5=2,Q=1
_ _p (@) . D
so(Y2, Y1, 9,0, x) =gqse(ya, v | 2,1,2) + gqu—T—l(x) +9(1 = @)so(y2.y1 12,0,2) + g(1 — Q)pgzz,Q:O
0
-S=00,Q=1
L Py (2)
+ (1 - 9)5139(92791 | 0, ]-71.) + (]— - g)q g:oo,Qzl
Dy ()
90
+ (1 - g)(l - q_)89<y2ay1 ‘ 00707‘1') + (1 - g)(l - Q)pS:OQQ:O(I‘)
0

+ tg (x) s
where

0
so (Y2, y1 | 9,¢, %) = ﬁlogfe (V2,1 | 9,0,2), D gy

Therefore, the tangent space is the characterized by
T = {93521 (v, y1, ) + gap2,1(x) + G(1 — §)s2.0(y2, y1, 2) + §(1 — Pp2,0(x)
+ (1= 9)@50.1 (42, y1, ) + (1 — §)qpana ()
+ (1= 9)(1 = Dsw0(y2,y1,7) + (1 = 9)(1 = Dpoco(z) + U(2) },

where p, ,(-) and [(-) are the scores of propensity scores and marginal density of x, respec-
tively. Furthermore, for any functions {sgq(",",);Pg.q(")}(ypesx 01> @nd {(+) such that, for

every (g,q) € S x {0, 1},

897‘1('7 K ) € LQ(yQ X yl X X)7 Wlth stg,q(y27ylax)f(y27yl | ga%x)dyld% = 07V{L' € X’

(A1)

Poal) € Lo(X), with 3 fpg,q(x) F@)dz = 0 (A2)
(9,9)eS x{0,1}

I(-) € Ly(X), with J () (x)dax = 0. (A.3)

STEP 2: Given Lemma A.1, ATT(2,2) can be identified as

ATT(2,2) zE{(E[}@ -Y1]15=20Q=1X]-E[Y,-Y;|S=2Q=0,X])
—(E[Ya—Y, | S=0,Q =1,X]|-E[Y, - Y | SzOO,QzO,X])‘SzQ,Qz 1]

In order to show that AT'T(2,2) is pathwise differentiable within the parameterized submodel,
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let’s denote 7 = AT'T(2,2) and define:

(555 A0p5 ™7 @) o2, | 2.1,2) fo(a)dyadynde — {§ Aypy > (@) foly 1 | 2,0.2) fo(w)dyadyrder)
Py 29N () fola)da
(SSS Aypy =297 @) foya, w1 | 00,1, @) fo()dyadyrda — §§§ Aypy =29~ (@) fo(yo, y1 | oo,O,w)fe(w)dyzdyld:v)

T =

Py 97N (@) fo(w)da

where Ay = yo — 1. We now need to compute the derivative of 7(0) with respect to 6 and

evaluate it at the point § = 0, specifically d7(6)/df|s—¢. For notational convenience, let

NEy = S (e Uf AypS=2 9N @) fy (v | 92 0,0) fole)dyadiyrda

(9,9)eS8x{0,1}
Do) = fp5=w=1<x>fe<x>dx

where the factor (—1)9%7 determines the sign corresponding to each pair (g,q) € S x {0,1}.
Thus, we have 7(6) = N(0)/D(0). By differentiating 7(6) with respect to § using the quotient
rule we obtain:
dr(0)  N'(0)D(0) — N(0)D'(0)
df [D(6)]
Evaluating at # = 0 (and denoting quantities at § = 0 by dropping the 6 subscript, e.g.
p(1,1;2) = po-o(1, 1;z) and f(z) = fy—o(x)), we obtain
dr(0) _ N'(0) (0)
g |,_, D(0) D(0)
In our notation, D(0) = {p®=29=1(z) f(x)dx = p°=2@=! and 7 = 7(0). Both N(6) and D(6)
involve integrals of functions that depend on @ via three components: the propensity score

p;g:?’@:l(a:), the joint conditional density fy (v2, 1 | 9, ¢, x), and the marginal density fy(x).

Under standard regularity conditions, we differentiate inside the integrals using the chain

rule. In particular, the following identities will be used:

5f9 (y27y619| g?an) _ S(yQayl ‘ g’q’x)f(y%yl ‘ g’qjx)’ (A4)
0=0
opy 2N gaon
N 2O ), (A.5)
fe(x)|  _
5, "t (A.6)

We gather the contributions from each derivative of the joint conditional density across all
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possible combinations of (g,¢q) € S x {0, 1},

1)9+4 fﬂAypS 291 (2)s (Yoo 1 | 9,0, 2) f (2,91 | 9. ¢, @) f(2)dyodyrda
(@, q)eSx{Ol}

Similarly, we collect the contributions from each derivative of p=29=1(x),

)o* JﬂAypS 2= @) f (y2o 41 | 9,0, %) f(x)dyadyrd.

(9, Q)ESX{O 1}

and the contributions from each derivative of f(z)

" W Ayp" 9 @) f (w1 | 9. 4. 2) () f (0)dyadyrdr.

(9, Q)GS x{0, 1}
Then, when combining the contributions from the derivatives of p°=29=1(z) and f(zx) in
N’(0) and comparing with D’(0), one finds that subtracting by 7 appears naturally. Thus,
putting everything together, the derivative of 7(#) at § = 0 becomes
dr(0)
db

_ (_1)g+qSSSAypS:2’Q=1(x)S(yz,yl!g,q,x)f(yQ,yl!g,q,x)f(fﬂ)dyadyldx
pI=2.Q-1

=0 (g.9)e5x{0,1}
§(7(x) — 1)p°~° " (2) f (w)da
+ pS=2.0=1

J(r(x) = 1)p"=2 9 (@)t(w) f (w)da

pS:2,Q:1

_|_

A parameter is considered pathwise differentiable if its derivative, evaluated along any
smooth parametric submodel, can be expressed as the covariance between a suitable function

and the score of the model. Let

gq{Ay mi T 1(33)}

F(0) = pS=2.0=1
pamiy [ a0 -0 {dy-miZ @) (- ga{ay-miT e @)
+ pS=2.0=1 o pS=20=0(y) o pS=2Q=1(z)
(1= 9)(1 —a) { Ay =m0 (@)}
’ P

+# > (—1)“‘1{mi_gf_q(x)—Jmi_gf_q(x)f(x)dx}.

(9,9)€Sx{0,1}

For the parametric submodel with score function sg(y1, v0, 9, g, ), we can express the deriva-
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tive of 7(#) with respect to 6 as follows:
ot (0)
06
therefore, concluding that 7 is pathwise differentiable.
STEP 3: To show that F;(O) is the efficient influence function for 7, we verify equation (9)
and Theorem 3.1 in Newey (1990). This requires showing that F.(-) belongs to the tangent

space 7. Notice that terms in F,(-) can be re-expressed for all pairs (g, q) as follows:

o E[F:(0) - 50 (0)]

1 —2.0=
s9.1(Y2, Y1, ) = p5=2.0=1 {y2 —Y%— mjz—Qz;? 1(1’)} ;

—2.0= S=¢,0=
)
3974<y27y17x) - pS:ZQ:l (_ ) pS:Q’Q:q(x) )

pai(z) = # Z (—1)9+a {mjz__gy’?—‘I(q;) - fmi‘_gf—q(x)f(x)dx} ,

(9:9)€Sx{0,1}

Pgq(x) =0 and, I(x)=0.

Hence, one can easily confirm that the conditions outlined in equations (A.1) through (A.3)
are satisfied, thereby establishing the desired result. Finally, notice that for any pair (g, q)

we have

Y. 1{S =9.Q =aq} -p297(X)
pS=2Q=1 _ | l pS=9@=1(X) ]

and through straightforward algebraic manipulation, F,(-) can be restated as

1{S=2,Q =1} §=2,0=0 S=00,Q=1 §=00,Q=0
FO)=g [{S=2,Q=1}] <Y2 ~ Y= my (&) =m0y X) = T)
1{5:2,%:8}350:(2’?:1()()
o v, S=2,0=0 ] R O
<Y2 Ymmy Sy (X)> E [1{5:2@:0}-1)5:2’@:1()()]
p=20Q=0(X)
1{3:00,(;2:1}(351:2@:1()()
_ _ V9= 00=1 ) p>=*@=1(X)
(}/2 3/1 mY2—Y1 (X)> E 1{S:OO,Q:1}-pSzQ’Q:1(X)
pI=*@=1(X)
l{S:oo,SQ:O}Q-pSO:?'szl(X)
S=00,Q=0 po=PC=0(X)
* (Y2 Yy, <X)> g [1{5206@:0}.1,5:2,@:1()()]
pI=*Q=0(X)
= 7ef£(O)
Therefore, the proof is concluded. [

Proof of Theorem 4.1
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Proof. We start by showing that ATT(g,t) = ATT,,,.(g,t). Given Lemmas A.1 and A.2,
ATT(g,t) = E[CATT,(g,1)|S = 9,Q = 1]
+ E[Y; - Y;I—I‘XaS = ng = 1] - E[Y; - Yit]—l‘Xﬂs = ng = O]‘S = g?Q = 1:|
~ E[Yi— Ypf$ = 0. = 1] - E[ 427 0x)
IS0 - 0] - 0.0 - 1]
=EP%4;1w&%&%@—mﬁ%?%@+m§%%%@ﬁ=a@=ﬂ
= E[wf 97 (8,Q) (Y = Yoo = mi 527000 - mi 2 (X) + mi 400X ) |
Hence, we have established that ATT(g,t) = ATT}4,4.(g,t). Our next objective is to demon-
strate the equality ATT(g,t) = ATTipy 4.(g,1). Specifically, we aim to prove that
E[1{S =9,Q@ =1} - E[Y, - Y, 1[X,5 = ¢, Q = ¢]]
E[1{S =g,Q =1}]

E[w3=7971(8,Q,X) - (Y, — Y,1)] =

9.9

By LIE and conditional probabilities, we observe that

HS=g.,Q=q} p) 2971(X)
E[ L= pp ¥ () .(Yt_yg_l)]
[IE 1{S—g, =1}X]- 1{S=¢,Q=¢}
E[1{S =¢,Q = ¢'}|X]

BI{S = 0.Q = 1HX] oo 0o g
SIS —p ES =@ =) 0 v i)

E[1{S =9,Q = }X]-E[(Vi = Yy-1)|X. S = ¢,Q = ¢]]
=9.Q=1} E[(Yi - Y;1)IX,S=¢",Q=1]] (A7)

(Y - Ygl):|

I
=

E|
E[1{s
Given that

Ell{s 7.Q=7q} p) 7N ]

E
l—quqQ H(X)

[E {S=gQ=1}X]-1{§=4,Q= CJ’}]
E[1{S = ¢, Q = ¢'}| X]
lE 1S =9,Q=1}]X]-E[l{S =4,Q = q’}lX]}
E[1{S=¢,Q = ¢}|X]
E[E[1{S = ¢,Q = 1}|X]]
E[1{S =g¢,Q = 1}]. (A.8)

I
=
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Combining (A.7) and (A.8)

E[L{S = 9.Q = 1} -E[(Y — ¥,_)|X.5 = 4.Q = ¢
E[1{S =g,Q = 1}]

=E[E[Y; - Y|X,5=7¢.Q =¢]IS =9.Q =1]

Thus, analogous reasoning as in RA demonstrates that ATT(g,t) = AT Ty 4.(g,t). Finally,
we need to show that ATT(g,t) = AT Tar4.(g,1).

E[w) 79718,Q,X) - (Y, = Yy1)] =

g7q

ATT g, 4.(g,1)

= B[ (w7 (8,Q) —wis" (5.0, %)) (Vi - nlfmi%&%mﬂ
B[ (5779715, — wi 7971(5,Q. X)) (Vi — Yo - mi %2 ()]
$978.0.0) (¥ glﬂ%%ﬂWMﬂ

(w9 (5.Q) —wjp” " %s<94¥0(yzf3; )]

S=
ge,l
—E [ (w97 (8,Q) - v

=E

| —

+E@ﬁ?@ﬂ@Qw-SngsQX) o)
B[ (w9 (5.Q) w95, 0)) (Y - V)|
fE]m§”F%&@fwi?Q1SQX)wﬁ9Q° |
B[ (15 (5,0) - 2 (5.0.30) m 52 x)
+Ei(wfrth I(S,Q) SgQ ISQX>migYQ10X
= E[ (w3 97(5.Q) - Smlexnmfnqﬂ
—E [ (05 097(8.Q, X) — wi P 978,Q.X) ) (Vi = V)
—E 7(w£9rt=9Q=l(SyQ) §=g,Q= 1(S,Q,X)) mi =92 o(X)]
—E :(w§?91Q=1(S,Q) —w5=ng 1(S Q, X)) miff/;(le(X):
B[ (ufr7971(5,Q) — w97 5,0, X)) my 0T (X)
= ATT(g,t)
! ooy US=9.Q=0E[{S =9,Q = JIX]\ s yo-
E[1{S = 9,Q = 1]] ( =9d=1}- E[1{S = g,Q = 0}|X] ) miyfflo(X)]
1 H{S = g.,Q = }E[1{S = ¢, Q = 1}|X] —ge.Q=
E[1{S = g.Q = 1}] ( =9@=1- E[1{S = ¢.,Q = 1}|X] ) my I(X)]
1 _ o S =¢.,,Q =0} E[1{S = ¢,Q = 1}|X] - S=00.0=0
TEM(S = 0.@ - 1}] <1{S p@=1 E[1{S = g.,Q = 0} X] > Yo (X)]
= ATT(9:) ~ grg = Q o ® |(E[1{S = 9,Q = 1}IX] — E[1{S = 9,Q = 1}IX]) - m§ 527" ()
Mus=;Q=u][(“”=%Q=1Wﬂ—Em5=wQ=1WH>mi%Q%Xﬂ
T EI{s = ;,Q — [(E[l{S = 9,Q = | X] —E[1{S = 9,Q = 1}|X]) - m3 %7~ O(X)]

= ATT(g,1),
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The second and third equalities result from straightforward algebraic manipulations. The
fourth equality derives from ATT(g,t) = AT T pw4.(9,t) and references equations (A.7) and
(A.8). The fifth equality is a consequence of the LIE. This concludes the proof. O

Proof of Corollary 4.1

Proof. Based on results from Theorem 4.1, it is established that for any g € G;,; and t €
{2,...,T} where t = g, and for g. € S such that g. > t, the following holds: ATT(g,t) =
ATTy, 4.(g,t). Multiplying both sides of the previous expression by an arbitrary weight wgf

and summing over all admissible comparison groups gives

Z wg(’fATT(g,t)z Z wngTTdr’gC(g,t)

gceg'cht gcegg’t

ATT(g.t) >, wh' = > wy ATTu, (g,1)
gcegg’t chgcg’t
S —

=1
ATT(g.t) = Y| wi'ATTy 4 (g.1).
gceGd!
The left-hand side of the second equality simplifies because ATT(g,t) does not depend on
ge; allowing us to take it outside the summation. Since the weights sum to one, the desired

result is obtained. O
Proof of Theorem 4.2

Proof. For the case of ATT drg.(g,t), Theorem 4.1 establishes that ATT'(g, ) is point-identified
for all g € Gy, t € {2,...,T}, and g. € G9' such that t > g. Additionally, we observe that
ZT\TdWC (g,t) is comprised of a function involving three DR DiDs. Therefore, the asymp-
totic linear representation of 4/n <A/T\T arg.(g,t) — ATT (g, t)) follows from Theorem A.1(a)
in Sant’Anna and Zhao (2020). This is due to the fact that 1% (W;; Iig::k) is a weighted sum of
the influence functions for each DR DiD, with weights reflecting the number of units in each
of them. The asymptotic normality follows from the Lindeberg-Lévy central limit theorem.
According to Corollary 4.1, the estimator ATT dr,gmm (9, t) implies that ATT(g,t) is over-
identified. This means that different g. € G¢* can be used, and any weighted sum of these
estimands will identify our parameter of interest. For each comparison group ¢., the estimator
A/Tﬁﬂdr’gc (g, 1) is determined by a function involving three DR DiD terms, and A/Tﬁﬂdr’gmm(g, t)
is then a weighted sum of these terms. Consequently, its asymptotic linear representation,
as established in Theorem A.1(a) from Sant’Anna and Zhao (2020), is rescaled by the factor

1 Qg_% / 1'Q;t11. This adjustment reflects the incorporation of the £, ; x 1 vector comprising all
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RIFg, 4 (g,t) for every g. € G9*, given that E[IF,(g,t)] = 0. As before, asymptotic normality
follows from an implementation of the Lindeberg-Lévy central limit theorem.

To demonstrate that Qg ¢ gmm = (1’9;,}1)_1 < Qg1 for any g. € G&*, we can reformulate
our minimum variance problem into a GMM problem. This involves a vector of moment
conditions represented as E[RIF,.(g,t) — 6%f] = 0. Under the conventional regularity con-
ditions that underpin GMM theory (Newey and McFadden, 1994), the asymptotic variance

associated with any set of weights w is expressed as:
Qgiw = WL U'WQ, W1(1'W1)™!

where W denotes any positive definite weight matrix. According to Efficient GMM theory,
choosing W = Q;i minimizes the asymptotic variance, leading to Qg gmm = (1’ Qg”%l)fl.
More generally, for any W > 0, we have:
QW)W WLA'W1)™ — (1'Q;11) 7 > 0
Consequently, it follows that € emm < g4 O]
Proof of Corollary 4.2

Proof. The population event-study parameter is defined by ES(e) = ] 9Gore P(G =g|G+ee
[1,T]) - ATT(g,g + e) and its sample analogue is provided by Equation (4.13). By adding
and subtracting the term P(G = g|G + e € [1,T]) - mdr,gmm(g, t), followed by multiplying

the bias term by 1/n, we get the following expression
Vi (B gmm(e) — ES(e) )
=V Y, PG =glG + e [1,T)) - (AT T gmn(g.1) — ATT (g,1))

9€Girt
+/n Y. (Pa(G=g|G+ec[L,T]) ~P(G =g|G +ee [L,T]) - ATT(g,t) + 0p(1).

9€Gtrt

Given the asymptotic linear representation of both \/H(A/T\T dargmm(9,t) — ATT(g,t)) and
VP, (G = ¢g|G +e € [1,T]) —P(G = ¢g|G + e € [1,T])) as stated in Theorem 4.2 and
Equation (4.19), respectively, we can substitute these expressions into the representation
above and arrange the summation over ¢ = 1,...,n to obtain

Vn (Ek\gdr,gmm(e) - ES(e))

- in 2 [ >, (PG =g|G +ee[1,T])- 11,5,9;‘1 VI (Wi 5§) + €94 (W) - ATT(g,t))] +o,(1).

L (W)

As before, asymptotic normality is established through the Lindeberg-Lévy central limit

theorem. This concludes the proof. [
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B Additional Details about Monte Carlo Simulations

This section provides additional details about the Monte Carlo designs discussed in the main

text.

B.1 More details on two-period DDD setup with covariates

As discussed in Section 5.1, we considered a two-period DDD setup with covariates where,
for a generic four-dimensional vector O, the conditional probability of each unit belonging to
a subgroup (g, q) € {2,0} x {0,1} is

exp(f5ly.0=4(0))
2(97‘])65(1%—1 x{0,1} exp(fgng:q(O)) ’
such that, for each (g, q) € Sges1 ¥ {0, 1}, we define the linear process f§2, o_,(0) = cO'vy 4,

P[S = g,Q = /O] = p*~2979(0) =

(B.1)

where c is a scalar that guarantees reasonable overlap, and g, is a 4 x 1 vector of coefficients

for each variable in O given by

-1 —05 3 0.2, ifS=00,Q=0
0.5 2 15| o s 1
fd ; el ; frd ;an C frd 2, e , .
V0= o5 | N R ! ©,Q
—0.1 —0.2 —0.3 005, if S = 2, Q =0

In this design, the probabilities for each subgroup are denoted as {pSZQ’Q:O(O), p°=2=10),
p¥=2@=0(0), p¥=*9=1(0)}, and their sum is equal to one. Define the random variable
U ~ Uniform|0, 1]. The assignment process to each group is defined as in (5.2).

The potential outcomes are defined as in (5.3). We define f"9(0, S) as

[70,58) = 1{S; = 2} f3Z5(0) + 1{S; = o} - f3Z,(0),
with f¢Z (O) = a + O'8,, with a = 2010, B = (27.4,13.7,13.7,13.7)" and By, = 0.50,. We
define the unobserved heterogeneity term v;(0;, S;, @Q;) as
vi(0iy S, Qi) £ N(1{S: = 20Qif§%(0:) + 1{S: = 2} Qif§2,(0:), 1).

Finally, as discussed in our main text, we allow misspecification of propensity score and/or
outcome regression models. In all four DGPs, the observed data is W; = {Y; 1, Y2, S, @i, Xi}iq,
where the covariates X; are generated as follows. Let Z; = (Z;1, Zi2, Zi3, Zis) < N(0, Iy).
The observed vector of covariates X; = (X1, X;2, X3, Xi4) where for every k = 1,--- .4,

X, = (Xi — E[X3)) / \/Var(X,,) such that

X, = exp(0.57,),
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XQ =10+ Z2/ (1 + exp (Zl)) s
X5 = (0.6 + Z,Z5/25)%
Xi=(20+ 21 + Zy)°.

These transformations build on Kang and Schafer (2007) and Sant’Anna and Zhao (2020).
We consider four different DGPs depending on whether the propensity score and/or the

outcome regressions are misspecified. The specifics are outlined below:

— DGP 1: All nuisance functions depend on X, namely f¢Z (X) and f¢&Z ,_ (X). All

working models are correctly specified in this DGP, as X is observed in the data.

— DGP 2: Regression models depend on X, f¢ (X), and the propensity score depends
on Z f& 9.0-q(Z). The working model for propensity score is misspecified, whereas the

working models for the outcomes are correctly specified.

— DGP 3: Regression models depend on Z, f¢? (Z), and propensity score depends on
X, f& 9.0= q(X ). The working model for propensity score is correctly specifies, whereas

the working models for the outcomes are misspecified.

— DGP 4: All nuisances functions depend on Z, namely f¢® (Z) and f§2 ,_ (7). All

working models are misspecified.

We graphically illustrate the results in Figure 3 when n = 5,000. The following table
presents the traditional summary statistics for the Monte Carlo involving average bias, root
mean square error (RMSE), empirical 95% coverage probability, and the average length of
a 95% confidence interval under 1,000 Monte Carlo repetitions. We report these results for
n = 1,000, n = 5,000, and n = 10,000. These results are self-explanatory.

B.2 More details on staggered DDD setups

We now provide more details about the simulation designs for staggered DDD as discussed in
Section 5.2. The potential outcomes are as defined in (5.4) with the unobserved heterogeneity
term v4(S;, Q;) being defined as

vi(Si, Q) L NS = 2}(2 + Qi) + 1{S; = 2}(2 + Qi) + 1{S; = 0} Qiar, 1), (B.2)

where o = 278.5. All the other relevant information is described in Section 5.2.
As we summarize the simulation results in Section 5.2 via graphs, below we present a
more traditional summary of our simulation results using a table. We stress that, in period

3, all the considered DDD estimators coincide as there is only one possible comparison group

OA -
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at that time period, the never-enabling units. This explains the results for ATT(2,3) and
ATT(3,3) in Table OA-2. The ATT(2,2) results are self-explanatory and highlight that
(a) proceeding as if DDD is just the difference between two DiD procedures can lead to
misleading conclusions, (b) using our proposed DDD estimators bypasses these limitations,

and (c) the gains in precision of using our optimally weighted estimator can be large.

Table OA-2: Monte Carlo results for Staggered DDD without covariates

ATT(2,2) ATT(2,3) ATT(3,3)
Estimator ~ Bias RMSE Cov. 95 ALCI Bias RMSE Cov.95 ALCI Bias RMSE Cov. 95 ALCI
n = 1000

DDD g, -0.003  0.192 0956 0.748 -0.004 0.298 0.947 1.140 -0.007 0.286 0.941 1.083
DDD,., -0.001  0.287 0947 1131 -0.004 0.298 0.947 1.140 -0.007 0.286 0.941 1.083
DDDcs_pye -15.815 16.034 0.000 10.833 -0.004 0.298 0.947 1.140 -0.007 0.286  0.941 1.083

n = 5000
DDD g -0.009 0.086 0950 0.335 -0.007 0.134¢ 0.938 0.511 0.001 0.127  0.935 0.487
DDD,., -0.012  0.135 0932 0.507 -0.007 0.134¢ 0.938 0.511 0.001 0.127 0.935 0.487
DDDs_py: -15.875 15919  0.000  4.845 -0.007 0.134 0.938 0.511 0.001 0.127  0.935 0.487
n = 10000

DDD g 0.001  0.062 0941 0.237 0.001 0.097 0940 0.361 -0.001 0.090 0.941 0.344
DDD,, 0.000  0.094 0941 0359 0.001 0.097 0940 0.361 -0.001 0.090 0941 0.344
DDD o pye -15.897 15918 0.000  3.428 0.001 0.097 0.940 0.361 -0.001 0.090 0.941 0.344

Notes: This table summarizes the Monte Carlo experiments for the DGP as discussed in Section 5.2. DD D,
denotes our DDD estimator with g, = oo from Equation (4.1). DD Dgpy, is our proposed DDD estimator from
Equation (4.12). DDDes_py is the estimator pooling all not-yet-treated units as defined in (3.6). Columns
represent average bias, RMSE, coverage probability at 95% (Cov. 95), and average confidence interval length
(ALCI) for each estimator. The 95% confidence intervals use point-wise asymptotic critical values. Results span
sample sizes n = {1,000, 5,000, 10,000} over 1,000 simulations, with the true ATT(2,2) = 10, ATT(2,3) = 20,
and ATT(3,3) = 25.

B.3 Staggered DDD setups with covariates

In this section, we expand on the DGP mentioned in Section 5.2 by incorporating covariates
into the analysis. Similar to before, there are three time periods ¢t = 1,2, 3, three enabling
groups S € {2, 3,00}, and two eligibility groups @ € {0, 1}.

Without loss of generality, we define f&2 ,_ (W) = c¢,W T 7,,V(g,q) € Saes—2 x {0,1},
where ¢, is a scalar controlling the overlap condition on the propensity scores, and 7, is a
4 x 1 vector of coefficients for each variable in W. For an arbitrary four-dimensional vector

O, the conditional probability of each unit belonging to a subgroup (g, q) € Sges—2 % {0, 1} is

exp(f5Zy.0-4(0))
2(9761)63@3_%{071} exp(fgng:q(O))

P[G = g,Q = q| O] = p"~9979(0) = (B.3)
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Then, we set ¢, =04 if Q =0, ¢, = —-0.4if ) =1 and,

1 0.5 —0.25
05 | 1| 0.1

P s [P T o T
0.1 —0.25 0.1

In this design, the probabilities for each subgroup are denoted as {p®=>%9=0(0), p9=29=1(0),
pi=He=0(V), pS=3L=1(0), p=*2=0(0), p5=*9=1(0)}, which sum to one. Define the random
variable U ~ Uniform[0, 1]. The assignment process to each group is determined as follows:
,0), if U < p¥=09=0(0),
1), iU <X, p=e(0)

U < 3, p5 T (0) + pITRe0 (),

, iU Zjl'zo p°=29T(0) + Zjl'zo p°=2e=(0),

U <3 p5PT(0) + X p5T2eT(0) + p7390(0),
N pTRO(0) 4 X p R (0) + 5 R0(0) < U

N

?

N

(B.4)

N

Next, we define the outcome regression component of our DGP. In this model, covariates
O enter the working model linearly. Let f™9(0;) = a+O’3, where « is a scalar and fisa4x 1
vector of coefficients for each variable in O. We set o« = 210 and § = (27.4,13.7,13.7,13.7)".
The untreated potential outcomes (which are observed for all units) at period ¢ = 1 are

defined as follows:
Yii(o0) = (14 Qi) - f79(0:) + vi(O;, S, Qi) + €,1(0)

where 1;(0;, S;, Q;) denotes a time-invariant unobserved heterogeneity with v;(O;, S;, Qi) ~
N(M; - fr9(0;) + Q; - [79(0;), 1) where M; = S; if S; € Gy, zero otherwise, and ¢; ;(00) ~
N(0,1). Subsequently, we generate the potential outcomes at period ¢ = 2 for each g € G:

Yio(0) = (2 + Qi) [™(0) + 2vi(O;, S, Qi) + €i2(0)

Yi2(2) = (24 Qi) f(O;) + 2v5(0;, S, Qi) + Qi - ATT(2,2) + €;2(2)

Yia(3) = (2+ Qi) f™(0:) + 2v5(04, Si, Qi) + €i2(3)

where €;9(-) ~ N(0,1). The realized outcomes at ¢t = 2 are given by

Yio= Z HGi = g}Yia(9)

9€g

Then, we generate the potential outcomes in the period ¢t = 3 for each g € G:

Yiz(0) = (34 Q:)f™(0;) + 3vi(0y, Si, Qi) + €,3(0)
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Yis(2) = B3+ Q) f(0;) + 3vi(O;, Si, Qi) + Qi - ATT(2,3) + €, 3(2)
Yis(3) = B3+ Qi) f(0;) + 3vi(0;, S;, Qi) + Qi - ATT(3,3) + £;5(3)
where €;3(-) ~ N(0,1). The realized outcomes at ¢t = 3 are given by
Yis = Z UG, = g}Yis(9)
geg
Finally, we set ATT(2,2) = 10, ATT(2,3) = 20 and ATT(3,3) = 25. Given that we
account for potential misspecification of nuisance functions, we can proceed as outlined in
Section B.1. The observed data is W; = {Y;1, Y2, Y3, Si, Qi, X;}7_,, where covariates X; and
Z; are generated in the same manner as described in Section B.1. Depending on whether
the propensity score and/or outcome regression are misspecified, these specifications will
result in four distinct DGPs. Table OA-3 presents summary statistics from 1,000 Monte
Carlo experiments, which include average bias, root mean squared error (RMSE), coverage
probability at 95%, and average confidence interval length. We provide these statistics for the
ATT(2,2) under the design mentioned in the current section with sample sizes n = 1,000,
n = 5,000, and n = 10,000. Results for AT'T(2,3) and ATT(3,3) are omitted to save space,
as they produce similar patterns. These results clearly illustrate the effectiveness of our

proposed estimator and align with findings from the previous sections.
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