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Proofs of Main Results

Proof of Theorem 1: We prove the results for panel and repeated cross-section data separately.

Case 1: Panel data are available and propensity score model is correctly specified
In this case, we have that 7(X) = p(X) a.s.. In order to show that 79"? = T = ATT, first note that, by the

law of iterated expectations,
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where the second to last equality follows from Lemma 3.1 and equation (10) in Abadie (2005) and the law of

iterated expectations.

Case 2: Panel data are available and outcome regression models are correctly specified.

In this case, we have that u/, , (X) = m{ ,(X) a.s., i.e. the outcome regression models are correctly specified.
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where the third equality follows from the law of iterated expectations, and the last one from the conditional

parallel trends assumption, i.e., Assumption 2.

Case 3: Repeated cross-section data are available and propensity score model is correctly specified.

In this case, we have that 7(X) = p(X) a.s.. First of all, recall that A =P(T = 1) = E[T], and notice that, by



the law of iterated expectations and stationarity of (D, X),
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Similarly, we have that
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together with E[DT| = E[D]A and E[D(1 —T)] = E[D](1 — A). Thus, when the propensity score is correctly

specified, we can write the four weights in 79" as
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Next, after some straightforward manipulation, we have that
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where the second equality follows from Lemma 3.2 and equation (12) in Abadie (2005), and the third and forth
equality from the law of iterated expectations, and stationarity condition in Assumption 1(b). Indeed, under the
dr,rc dr,rc

stationarity condition, we have that 7, = 7", since, for any generic integrable and measurable function g,

Elg(X)|D=1]=E[g(X)|D=1,T =t],t =0,1.

Case 4: Repeated cross-section data are available and outcome regression models are correctly specified.

We now consider the case where pg,(X) = mgs(X) a.s., where mg,(x) = mg, (x) —mgy(x), where

dr,rc

my,(x) =E[Y|D=0,T =¢,X =x], t =0,1. By the total law of expectations, we can write 7,""" as
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—Elwy (D, T,X; ) (Y — gy (T,X))].



Next, note that, by the stationarity condition, for t =0, 1,

E[D]P(T =1t
= E[(Y—u5(X)|T=1,D=1].
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= E[Y|T=1,D=1]-E[ug,(X)|D=1].
Thus, given that ' (X) = m(’y(X) a.s. and Assumption 2 holds,
EWwii (D, )Y — o, (X))|T = 1A = E[wo(D,0)(Y — koo (X))|T = 0](1 —4)
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= 1.

Next, note that under the stationarity Assumption,
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implying that to complete the proof of Case 4 for ‘L"lir’rc, it suffices to show that
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when i’y (X) = mg, (X) a.s.. By the law of iterated expectations
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where the second equality follows from stationarity and the third one from pig, (X) = mg’y(X) a.s.. It is then
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clear that (S.1) holds, and we have that t{"" = 7 when p/,(X) = m{,(X) a.s.. Finally, by the stationarity
condition, we have that 73" = 7" as well.l

Proof of Proposition 1: Our proof follows closely the structure of semiparametric efficiency bound derivation
of Newey (1990), which is also used by Hahn (1998) and Chen et al. (2008), among others. As before, we derive

the results for panel and repeated cross-section data separately.

Panel data are available:



The density of (Y;(1),Y1(0),Y(0),D,X") (with respect to a sigma-finite measure) on 2 € R? x {0,1} x RX,
is given by

S31(1),31(0),30(0),dx) =
FO1(1).1(0),y0(0)[D = 1,x)¢p(x)? F(y1(1),71(0),30(0)[D = 0,x)' (1 = p(x)) = f(x),
where f(y1(1),y1(0),y0(0)|D = d,x) and f(x) denote the conditional density of ¥;(1),¥1(0),Y5(0) given
D=d,d=0,1and X = x, as well as the marginal density of X respectively. Given thatY; = DY, (1)+ (1 —D)Y;(0),
and Yp = ¥(0), the density of observed data (Y;,Yy,D,X’)" is thus given by

FO1,50.d.x) = fi(y1,30|D = 1,x)*p(x)? fo(y1,y0|D =0,x)""4(1—p(x))'* f(x),

where,
fiAD=d.0) = [ F,30(0), D = 1:)d50(0), and fo(-AD = 0.2) = [ F31(1),-[D = 0,0y (1),
Note that Y, (0) is not observed whenever D = 1. However, under Assumption 2, we have that
E[Y;(0)|D=1,X]=E[Yy|D=1,X]|+E[Y; —Y|D=0,X] a.s.,

implying that we can recover E[Y;(0)|D = 1,X] from the density of (Y;,Yy,D,X")’.
The first step of our proof is to characterize the tangent space. To this end, consider a regular parametric

submodel
Fio(,y0lD = 1,x)pe(x)? X fo.6(y1,50/D = 0,x)' (1 — pga(x))' ™ x fo(x),

which equals f(y1,y0,d,x) when 8 = 6. The corresponding score is given by
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so(y1,¥0,d,x) =d-51,6(y1,y0|D = 1,x) + (1 =d)-50,0(y1,Y0|D = 0,x) + Po(x) +1g(x),

where, ford =0, 1,

(1), and 1o(x) = L logfo(x).

d
sa,0(V1,50|D =d,x) = —log fao(y1,y0|D=d,x), pe(x) =70
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From the above calculations, the tangent space of this model is given by
T =A{d-s1(y1,y0|D = 1,x) + (1 —=d) - 50(y1,y0|D = 0,x) +a(x) - (d — p(x)) +1(x)},

where [ [sq4(y1,y0|D = d,x)fa(y1,y0|D = d,x)dyidyo =0 ¥x, d = 0,1, [t(x)f(x)dx =0, and a(x) is any
square-integrable measurable function of x.

Under Assumptions 1-2, when panel data are available the ATT is given by
t=E[E[Y,-Y|D=1,X]-E[Y; —-Y|D=0,X]|]|D=1].

The next step of the proof is to show that 7 is pathwise differentiable. For the parametric submodel under



consideration, we have that
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For the parametric submodel whose score is sg(y1,y0,d,x), we have

97(69)
00

from which we conclude that 7 is differentiable parameter.

:]E[FT(YhYO,DaX)'SGO(YDYOaD?X)]a

Given that F; € .7, all the conditions of Theorem 3.1 in Newey (1990) hold, so that F; is the efficient
influence function for the ATT. Note that by simple manipulation and an application of the law of iterated

expectations, one can write

D &y —myax)) + LR ()
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The semiparametric efficiency bound now follows from taking the expected value of F; squared.

Repeated cross-section data are available:
The density of the observed (pooled) data (Y,D,X’,T)’ is given by
fdox,t) =f(nd,x|T = 1) f(y,d,x|T = 0)' A" (1-2)"
=fOID=1,5,T =1)"f(y|D=1,x,T = 0)""~")
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x A1 =)
Given that (D, X) is strictly stationary by Assumption 1(b), f(y,d,x,t) reduces to
fndoxt) =fOID=1x,T = 1)" f(ID = 1,x,T = 0)/!'"")
x f(y|D=0,x,T = 1)1~ f(y|D = 0,x,T = 0)(1~D(1-7)
x p(0)(1 = p(x)) 1D x fx) x A1 (1= 2)1.

As before, the first step of our proof is to characterize the tangent space. Consider a regular parametric

submodel
foID=1,x,T =1)%fo(y|D=1,x,T =0)"~"
X fo(y|D = 0,x,T = 1)1 fo(y|D = 0,x,T = 0)(1 =1~
x po () (1= po ()"~ x fo(x) x Ag(1—2g)" ™,
which equals f(y,d,x,7) when 6 = 6. The corresponding score is given by
so(v,d,x,t) =dt -sg(y|D=1,x,T =1)+d(1 —1)-sg(y|D=1,x,T =0)

+(1—=d)t-se(y|ID=0,x,T =1)+ (1 —=d)(1—1)-s¢(y|D=0,x,T =0)
d—pg(x) t—le

() 1) 4 0 i
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where, for d,r € {0,1}?
GID=dxT=0)= "L fo(ID=d.x,T=1), pox) =2 po(x), 1o(x)= L logfe(x), and Ag= -2
so(y|D=d,x,T = —defey =d,x,T=t), pelx)=—5pe(x), ex—dGngGX, an 0= gl

The tangent space of this model is then given by
T ={dt-s(y\]D=1,x,T =1)+d(1 —1t)-s(y|D=1,x,T =0)
+(1=d)ts(y|D=0,x,T =1)+(1—d)(1 —1)-s(y|D=0,x,T =0)
+a(x)-(d—px) +1(x) +a(t=4)},
where [s(y|D =d,x,T =t)f(y|D =d,x,T =t)dy=0Vx, d=0,1,1t=0,1, [t(x)f(x)dx =0, a(x) is any
square-integrable measurable function of x, and a is a finite constant.
Under Assumptions 1-2, the ATT is given by
t=E[EY|D=1,T=1X]-E[Y|ID=1,T=0,X])—(E[Y|D=0,T=1,X]-E[Y|D=0,T =0,X])|D = 1].

Our next step is to show that 7 is pathwise differentiable. Towards this end, for the parametric submodel under

consideration, we find that
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) <ffype(X)fe OID = 0.5, = 1) fo(¥)dvdx [ [ype(x)fa(y|D = 0,5, =0)f <x>dydx> |
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where, ford,r = 0,1, mif, (x) = mf, (x) —myo(x), my,(x) =E[Y|D=d,T =1t,X|, and p=E[D]. Let
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I (1-D)p(X)T I (=D)pX)(1-T)

— (Y —mg, (X)) + (Y —mgp(X))

CpA 1—p(X) p(1=2)  (1-p(X)
mCa(x) —m\(x)—7T mea(x) —mr(x)—7T
1,A( ) 0l ) (D—p(X)) + 1,A< ) 0l ) (X).
p p
For the parametric submodel whose score is given by sg(y,d, x,), we have
at(0
S((-)O) — E[FI(Y,D,T,X) -sg,(Y,D,X,T)],

from which we conclude that 7 is differentiable parameter.

Given that FJ¢ € .7, all the conditions of Theorem 3.1 in Newey (1990) hold, so that F¢ is the efficient
influence function for the AT T when repeated cross-section are available, under our maintained Assumptions.
To show that F/“(Y,D,T,X) =n*"(Y,D,T,X) a.s., note that by the stationarity condition,

_ = PX)(A-D)T pX)(1-D)(1-T)
p)L_E[DT]_E[l_MX) To00) ,

and the result now follows from straightforward manipulation. The semiparametric efficiency bound is obtained

],andp(l—?t):E[D(l—T)]:IE

from taking the expected value of F;/ squared, concluding the proof.ll

Proof of Corollary 1: In what follows, we write mg, () = m}) , (-) = mJf, (-), and denote
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[T 1-T
Vi = E _DP (Y —my (X))2+D<(1 _M)z

VI = E:D(AY—mLA(X))Z}a

(¥ —mio (X)),

(1-D)p(x) T (1-D)p(X)* (1-T)

rc  __ 1 o 5 . )
V3 = E i (l_p(X))z AZ (Y O,I(X)) + (l_p(X))z (1_1)2 (Y 070(X)) ,
p [(1-D)p(x)’ ,
= E|—F——F(AY —mpar (X
V3 i (l—p(X))z ( 0.,A( ))

Now, Vzp and V;* can be written as

VW = E [D(Yl —mi (X))Z] +E [D(Yo — g (x))z} —2E[D (Yo —mio (X)) (Yi —my1 (X))],
Vi = B[P0 - (X)) 4 (Do mo (X))

Thus, by simple manipulation, we have that

>

1—

Vii=vy = E [D (Y1 —my, (X))Z]

>
>

+E [D (Yo—myg (X))z} 1—A

+2E[D (Yo —mi0 (X)) (Y1 —m1,1 (X))]

2
_ E{D< 1;’1(Y1_m1,1(x))+ llk(yoml\o(x))”.

Analogously, we have that

Vo= E mm—mal (7| +E mm—mao(w
2R m%—mal (X)) (1 =m0 (X)) |
Ve = %E m(y—ma](x»z]ﬂilﬂa (11_12&@2 (Yo—moo (X))*|,
and 2
V¢V =E {(lep)éDx(;f ( 111 (Y1 —mo,1 (X)) + 1111 (Yomo,O(X))> ] :
Hence,

sl o] sl
2
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, 2
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and the proof is complete.ll

Before proving Theorems 2 and 3, we prove Theorems A.1 and A.2 stated in Appendix A, as they cover

generic first-step estimators.

Proof of Theorem A.1: Under Assumptions 1-A.2, we prove the large sample properties of our generic DR
estimator, 7", when panel data are available.

First of all, recall that the estimator takes the following form:

;Edr,p —E, [(WT(D) _WS(D,X;@) (AY—H(I))’A(X;BQO’B\SJ))} )

where
~p D
WI(D)_En[D]’
i v EX5Y)(1—D) n(X;y)1-D)] .
A xn = e M )

and where 7, Efio, and BSJ are estimators for pseudo-true ¥*, B¢, and B, and for generic B{ and B7,
1o a(3BoBY) = 1, (3 BY) — oo (3 BG)-

By weak law of large numbers and continuous mapping theorem, as n — oo,

E,[D] 5 E[D],
n(X;%)(1—D) n(X;y)(1-D)
E[ = 2(X:7) FE{ = 2(X:7) ]
and
20 B, [ (W (D) —wh (DX 7)) (AY — b (63 B, B3 ]
where
f<D>—E’[)m,
W(D.X:y") = 7r(X;Y*)(l—D)/E [E(X;Y*)(I—D)]
OV 1—7(X;7) 1—n(X;7) |

Therefore, if either 7(X;¥*) = p(X) as. or uf A(X; Bo0,ByT) = mp  (X) —mg o(X) a.s., from Theorem 1, we
have that

E [ (w](D) = wi(D.X;7)) (&Y — uf \(X: B34, BGD) ) | = w0 = AT,

which completes the consistency proof.

10



Next, we derive the asymptotically linear representation of 7P which leads to the asymptotic distribution
result. Towards this end, first notice that

%dnp

= (E, [W)(D)AY] — E [w} (D)AY])
— (B, [Wh(D,X;7)AY | —E [wf (D, X;7")AY )
= (B[RO (x:Boo B )| B [0t (33 557) )
+ (Ba (D, X: 7018 (X:Boo, Bos )1~ B (D.X: v )uad o (X: 858,857 )1)

= (ATT, —ATTl) _ (ATT2 —ATT2> _ (ATT3 —ATT3) ¥ (ATT4 —ATT4) .

_ gdnp

Therefore,
\/ﬁ(%dr,p . ,L.dr,p)
—Jn (A/T\n —ATTI) _/n (A/T\Tz —ATT2> —Jn (A/T\T3 —ATT3) i/ (A/T\T4 —ATT4> )

and we next obtain the asymptotically linear representation for each component in the above decomposition.

We first analyze /n (A/T\T 1 —ATT1> . Note that by Lindeberg—Lévy central limit theorem, it follows that

E,[D] - E[D] = Op(”il/z)a
E, [E{)DPAY] —E [E[DD]ZAY} =0,(n"?) =0,(1), (S.3)
which yields
(Ea[D] —E[D])* = 0p(n"") = 0,(n""?).

Next, by a second-order Taylor expansion of ATT | around E[D], we have that

— [ D
ATT]:En _WAY]
[ D D
—E, _E[D]AY} — (E,[D] - E[D])E, [E[D]ZAY} +0,((E,[D] —E[D])?)
_g [P _ D o (n=1/2
E, E[D]AY} (E,[D] — E[D])E, [E[D]ZAY}+ (n17%)

and therefore

LB ] )
_ 1}@; (EI[DJS]M (D, ~E[D))E [E[DD]ZAY] E [EfD]AYD +op(1)
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(ngE

(EI[%] A= E?IS]E [E[DD] AYD +op(1)

D;)AY; —w{ (D;)E[w} (D)AY]) + 0, (1)

= /\
-

I
—_

I
Sl= S-Sl
-

(D) (AY; = E[w{ (D)AY]) +0,(1), (S4)
where the second equality follows from (S.3).

We next analyze /n (A/T\T 2 —ATTQ) . Following the same arguments as above, we have that
v (mz —ATTZ)

72‘ wh (D, Xi;Y)AY; — Elwl (D, X; y*)AY])

f

WO (Di, X;;7)AY; — E[wh (D, X;7*)AY])

%\
HM: |

D-D)| [ y1-)]y E| Toalii
SEam s ) E[ﬂkfwvﬂmr o
1 —m(X;7)

|

5
<

n

(

M:

(7D X DAY, ~ EWf(D.X: 7)AY))

Il
_

(%6 (D, Xixy) — 1) E[wg (D, X:7")AY]) + 0, (1)

= 3= gl-
D=

—_

wh (D, X;7) (AY; — E[wh (D, X; 7" )AY]) +0p(1), (S.5)

'M= T

where

~ =~ T(X;7)(1-D) n(X;y")(1-D)
Wh(D.X:7) = 1-7(X;7) /E[ 1—7n(X;7") ]

Then, by doing a second-order Taylor expansion of the above expression around pseudo-true 7*, we have that

N (ﬁ"\Tz fATTz)

2 L (Di i) (AN~ Bl (D.X: 7))
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S

+ \lf Y 1s(Di, X v") - E [Wh(D,X:7") (AY —E[wh (D, X;7")AY])] +0,(1)

i=1

3

=

== L (DX (A~ B[ (D.X:7)aY)

S

Ls(Di, Xi;7") - E [y (D, X;7") (AY —E[wh (D, X; Y )AY]) (X5 7")] +0p(1)

+
Sl
(agE

Il
—_

i

(wh (D, Xi:7") (AY; — E[wg (D, X:7")AY])

-
8

Il
—

+1s(Di, X5 V") - E [ab (D, X 7) (AY — E[wh(D,X:7")AY]) (X;7")]) +0,(1), (S.6)

where the third equality follows from Assumption A.1, and the fourth equality holds because the derivative of

wh (D,X ;) with respect to ¥, denoted by W} (D, X;7), can be written as

W (D, X3 y) = o (D, X3 7)E(X5 ),

where

,  (1-D) n(X;y)(1 - D)
(D, X5 7) = (l—n(X;Y))Z/E[ 1-m(X:7) }

For \/n (/ﬁ"\T 3 —ATT3) , we have that, by using similar arguments as in (S.4), it follows that

Vi (ATT5 — ATT3) = zwl ) (5.2 B, Bo) — E Wi (Db (X3 B8, BED] ) +0p(1).

) aP [P . .
Denote B = (B 1,B0,0)- Then, from a second-order Taylor expansion of the above expression around B* =

(B3, Byb), we have that

Vi (AT ~ATT3) == § wh(01) (1o B°) ~ B (D) o))
Vi (BB B (D)l 5 (X:5)] +0p(1)
= L3 WD) (05 BY) ~ B (D) )
+ = Y dreg(Wis B - Ew{ (D) 10 (X3 )] + 0 (1)
=Y (W) (06 B7) ~ B (D)uf 7))

lreg (Wi B°)' B[ (D)ieh o (X B7)]) } +0,(1), (87)
where the second equality holds because of Assumption A.1.

Finally, for \/n (A/T\T 4 —ATYZ;), using the same arguments as in (S.5)-(S.7), we have that

N (A/T\T4 —ATT4)
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M:

Y D1, X:7) (1 0 (X B) — B (D, X7 ) 5 (X:B7)]) + 0p(1)

<=5

+
5
=)

(ngE
Og'“q
S
23
=

Xis7) (14X BY) — B (D.X: 7 o (X B7)] )

—7) B[ (D.X:7) (HE(X:B) — EIw (D, X: 7 ) o (X: B)]) (X3 7")|
B B (D, X5y )it y(X:B7)] + 0,(1)

T L (00X 7) (14X B7) — D (0. X071 (X3 7))

»——i—
5
~
=)

Il
M S

=1
(D3 X7 ) E |y (D,X:7) (4(X:B) — EWG (D, X7 ) 5 (X:B)] ) #(X: )]

Flreg(Wis B EDWf (D, X571l (X3 7)) + 0 (1), (S.8)

Taking (S.4)-(S.8) together, we conclude that
VA — )
=5 L (4(0) (AT~ ElW{ (D)AY)
—w (D1, Xi3v") (AY; — E[wg (D, X; ¥")AY])
—1ps(Di, Xi37")" - E [ (D,X:7") (AY — E[wg (D, X:7")AY]) (X 7")]
WD) (5 (Xi: B) — Elw] (D)pf ,(X: 7))
~Leg(Wis B - E W] (D)if o (X: B7)]
(DX V) (1 (X5 B) — EDG (DX 7 ) o (X: B7)])
(D0 X V') B [0 (D, X577) (4 (X:B) — B (D, X5 7 )l o (X: 8] ) #0671
g (Wi B - EWf(D,X5 Y Ve 5 (X3 B)]) + 0, (1).
After rearrangement and dropping the dependence of the functionals on W within E[-], we have that
VR4
-— z (wh (D) (AY; — g 5 (X B) ~ Elw] - (&Y — uf (8))])

—wh(DiXis ) (A% — b (X5 BY) — B (v') - (AY — b 5 (B )1)

— lreg(Wis B)" - E[(w] = w( (1) - 25,4 (B")]

I (DX V') - E o, () - (AY —uf o (B) ~EWG(v) - (AY = uf 5 (B))]) ()] +0,(1)

N’ Wiy, B") +0p(1), (8.9)

I
Sl=
M=

1
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NP (Wiy',B) = (wh(Dy) (AYi— b o (X: B7) —Elw? - (AY —uf 4(8) )])
WD, X5 7') (AY; — b o (X BY) — B (v') - (AY = uf o (B))])
— g (Wis B)" - B[(w] =wG (v") - 25,4 (B")]
Dy X V') B [0 (v') - (Y — 5 (B%) g (v) - (&Y — uf 5 (B))]) #(r")|
=Ny (Wi B") —ng(Wis V', B") =l (Wi v", B),
where
N7 (WisB) = w(Dy) (AYi—uf (X B) — Elw (&Y —uf4(87))1).
My Wy’ B) = wh(Di X y") (MY — o (X BY) = E [wh () (87 —u0(BY)] ).
as well as
Mot (Wi ¥V, B%) Zlreg (Yii, Yoi, Xis B) - E[(w] —wh (¥")) - f1h A(B™)]
1y (D1 X V') B [0 (r') - (Y = o (B") ~E[wh(v') - (A b5 (81) ] ) #(v)]
Thus, from (S.9) we conclude the proof of the asymptotic linear representation of \/7(z"” — t9r). The

asymptotic normality now follows directly from an application of the Lindeberg—Lévy central limit theorem, and

this concludes the proof of part (a) of the Theorem.

For part (b), note that when both the propensity score working model and the working model for the outcome
evolution for the comparison group are correctly specified, it follows that

E[(w! (D) —wh(D,X:7")) kLA (X:B7)] = E [E[lD] (11—_13’3&()?0

= 0,

|0~ x| i)

where both equalities follow from the law of iterated expectations. Analogously, by the law of iterated expectations,

EP&ADxnﬂ(M“#%AXﬁﬂ)MDx”ﬂ}

_ P(D=0) ! - N )

B E[D] E [(I—E(X;}/*))Z (AY “!077A(X’ﬁ )) z(D,X;y")|D=0],

_ PD=0) 1 B R B
N E[D] B [(1 —ﬂ(X;}/*))Z (E [AY|D_07X] —.U&A(X,B )) TC(O,X,YK) D=0
=0

and using the same arguments,

E[wh(D.X:7) (AY - 5(B")) | =0.
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These observations imply that N, (W;; ¥*,8%) = 0 a.s., and therefore,

Wiy BY) = (wH(D) —wh(DiXisp)) (AY—mf A(X)
—wf (D)E] - (AY —mf ,(B"))
= (WD) ~wh(Di,Xisp)) (&Y, = mf (X)) = W] (D)7
= n*’",Y%,D,X),
where the first equality follows from simple algebra, the second one from the law of iterated expectation and

Assumption 2, and the third one from simple manipulation. Given that the n?(W;;v*, %) = n%? (Y1,Yy,D,X)

a.s., their asymptotic variance must coincide, which concludes the proof.H

Proof of Theorem A.2: Under Assumptions 1-A.2 and the additional assumption that ny /n % 4 € (0,1),

~dr,rc

we first establish the large sample properties of the estimator 7, when repeated cross-section data are available.

First of all, recall that the estimator takes the following form:

/'E?rrc —E, (Arc(D T) ArC(D T,X; ’}/)) (Y_,u«{fY(Ta)(;ﬁO,OﬂBO,I))} )

where
W{c(D,T) W}{LI(D7T) _ch,‘O(DaT)a
wo (D, T.X;7) = wi1 (D, T,X57) — Wi (D, T, X5 7);
with
~rc DT
w1 I(DvT) = E [DT]a
~rc _ D(l _T)
w1 O(DvT) - En[D(l — T)]a
. L mXGP(-D)T / [2(:)(1-D)T
WOI(D7T7X’}/)_ 1—71'(X;’}/) En l—ﬂ(X;}/) )
. L mXGP-D)(-T) /. [0 -D)(1-T)].
WO,I(D7T7X’Y) - l—ﬂ(X'}/) E” 1—7T(X'}/) ’

and 7, ,30 oand BO | are estimators for the pseudo-true parameters y*, [30 o and [50 ; and, for generic B and

1 Moy (T, 5By, BY) =T - gy (5 B1) +(1=T) - ugio (5 Bo)-

By the weak law of large numbers and continuous mapping theorem, we have that, as n — oo,
LR [ (D,T) —wi (D, T.X:7) (¥ — iy (T X: B35, By)) (S.10)
where
wi'(D,T) = wi| 1(D T)—w O(D T),

WSC(DvTaX;Y) = W(};L,.l (D7T7X;}/) _W(};L,.O(D?TaX;}/)a
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and

Via(D.T) = EDDTT]

Wio(D,T) = [((1))]
o D it
Wiio(D,T, X ) = ”<X?YI><_IE—(§'>§)1—T> /E[mx;yl)(_ln—(?;)i)l—n}

Thus, if either 7(X; ) = p(X) a.s. or uis (T,X: By’ Bo'1) = myy (X) —myjy (X) as., it follows from Theorem

1 that
B[ (D.7) = wi (D.T.X:7) (¥ =ty (T.X: B3 By ) ) | = i = AT, (s.1)

which completes the convergence in probability result.

Next, we establish the asymptotically linear representation of /‘Edr . Following the same procedure of the

proof of Theorem A.1, we first obtain the decomposition

/fclir rc T?r rc

= (B, [W5, (D, T)Y] — E[wi", (D, T)Y])
— (B, [W% (D, T)Y] —E[W%(D,T)Y])

— (En W51 (D, T, X:7)Y]| —E [wg, (D, T,X:7")Y])

(B [Wo (D, T,X:7)Y] — E[wilo(D, T,X;7)Y])

(E, (D, T)ﬂoy(TX Bo B )] —EW (D, T) iy (T X By m”)

( n :Wﬁco( T)uoy (T,X;B;C’B:C)] —EWo(D, Ty (T.X: By *rc)])

(B, [0 (0,79 iy (7B BY) | — Blwisy (D7, X7 )ty (T.X: By By
— (B [0 T X:T)uy (T.X:Bo  BY )| — Elwtio(D, T Xy )y (T.X: By BT
= (ATTl —ATTI) . (ATTZ —ATT2> - (A/T\T3 —ATT3> n (ﬁ"\h —ATT4)

. (A/T\T5 —ATT5> n (A/T\T6 —ATT6> n (A/T\T7 —ATT7) _ (A/T\Tg —ATTg) .

+

S

+
=

_|_

Hence, in obvious notation,
\f(/fclir rce Tzllrrc>
—/n <ATT1 —ATTl) —n (A/T\Tz —ATT2> — (A/T\Tg, —ATT3> +/n <A/T\T4 —ATT4)

—Jn (A/T\TS —ATT5> A (A/T\TG —ATT6> +n (A/T\T7 —ATT7> S~ (A/T\Tg —ATTg) ,

and we next obtain the asymptotically linear representation for each component in the above decomposition.
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For \/n <A/T\T 1 —ATTl), following the analogous steps to derive (S.4) in the panel data case, we have that

\/ﬁ<A/T\T1—ATT1) Zw (Di, T;) (Y; — EB[wi¢, (D, T)Y]) + 0, (1). (S.12)

Analogously, for \/n (ﬁ“\T 2 —ATT2) we have that

f(ATTz—ATTz) \[Zw o(Di, Ti) (Y — B[wiSy (D, T)Y]) +0,(1). (S.13)

The case of \/n (A/T\T 3 —ATT3> is similar to (S.5)-(S.6) in the panel data case. That is, by following similar

steps as above and a second-order Taylor expansion argument, we have that

N (A/ﬁ"3 —ATT3)

= 2 Y DLTLXT) (Y~ B (DT X )¥]) + 0, (1)

i=1

=

1

1 rc rc &
= 7n (wi'y (D, T3, Xz 7") (Y; — E[wg'y (D, T, X 7°)Y])
1

+ s (D3, X 7")" - E [ag (D, T,X:7°) (Y = E [wey (D, T, X5 7)Y ]) (X5 7)]) +0p(1) (S.14)

where

1= n(X;7) (X,
o150 = et B )
Using analogous arguments as in (S.14), we get
\/ﬁ <A/T\T4 —ATT4)
f Z woo(Dis T1, X ¥) (Yi = Elwgio(D, T, X; 7)Y ])
+lps(Di, X3 V") - E [0y o(D, T, X3 77) (Y = E[wgo(D, T, X YY) (X5 7)] ) +0,(1), (S.15)

where

(1-D)(1=T) / [2(X;y)(1-D)(1-T)
psO(D T,X:y) = (I—E(X;Y))Z /E{ 1—7(X57)

We next derive the asymptotic linear representation of the terms associated with the “regression components”.

Starting with \/n (fﬁ"\T 5 —ATT5> , by following similar steps as in (S.7), it is easy to show that

\/ﬁ (A/T\Ts —ATT5)

Zw (D1 T) (i (T, Xis By By ) — E ity (D, Tty (T.X: By BT ) +o0p(1).

Let § = ( [30’1 , ﬁ0,0>’ and B* = (Byjy»By)1)- Next, from a second-order Taylor expansion argument, we obtain

18



that
Jn (A/T\TS —ATTs)

n

=i 5 (00 00 0 k5 (1 X7~ B (0. iy (7))

i=1
Flreg(Wi B7) - E Wi (D, T) iy (T, X: 7)) +0,(1). (S.16)

Using the same arguments as in (S.16), we have
NG (A/T\T6 ~ATT;)
\[Z wio(Di, Th) (1o (T:,Xi: B*) — E[wio (D T) gy (T,X: B7)])

Flreg(Wis B7) - E [Wio(D, T) gy (T, X3 B7)]) +0,(1). (S.17)

The asymptotically linear representation of \/n (/ﬁ”\T 7 —ATT7> can be derived following similar steps as in

(S.8). More precisely, one can easily show that
\/ﬁ (A/ﬁ"7 —ATT7)
Zwsn (D1 T X5 7) (i (T, X5 B) — Bl (D, T X7 )iy (T,X: B7)]) +0,(1).

Then, by doing a second-order Taylor expansion of the above expression around pseudo-true ¥* and 8, and

plugging the asymptotically linear representations of \/n (Y — ¥*) and v/n (B\ — ﬁ*), we have
\/ﬁ (A/T\T7 fATT7)
\f Z wo1 (Di, T, Xis ¥") (N(r)c,y(nvxﬁﬁ*) —E[wg (Y )ugy (B )

+ips (D3, Xizy") - E [0 (V) - (uy (B7) — Elwey (V') - gy (B7)]) (7]
Hreg(Wi B7) - E [wiia (V') - 1y (B7)]) +o0p(1), (S.18)

where the dependence of the functionals on W within E[] is dropped to ease the notation. Analogously,
\/ﬁ (A/T\Tg —ATTg)
\f Z woo (D, T, Xis V") (uey (T, X BY) — Ewiio(v') - oy (B7)])
+ips (D3, Xizy") - E [0 o (V) - (uy (B7) —Elwgio(v") - oy (B7)]) (7]
Hreg(Wii B7) - E [wiio (V') - i1y (B7)]) +o0p(1). (S.19)

Finally, by combining and rearranging (S.12)-(S.19), it follows that

\/’(;E?rrc TflirrC)

19



n

= X (000 (31 5, 6 B°) by - (=5 (8°)

—wio(Di, T) (Y — oo (Xis BY) —E[wiy - (Y — uoo(ﬁ*))])

—wi1 (D, T, X3 ) (Yi — gy (X BY) —Epwgy (') - (Y — gy (B7))])

+wio(Diy T X v') (% — 1o (Ti Xis B) = Elweio(v') - (Y — 1o (B))])

— Leg(Wis B*)" - E[(wiy = wilo) — (W1 (V) = wio(¥")) - 116y (B7)]

—Lps(Di, Xi3 ") - E [ags 1 (7)) - (Y — gy (BY) —Elwgy (v) - (Y — gy (B)]) 7(v)]
s (Dis Xisv) - E [ags o(7) - (Y — 1y (B”) —Ewgio(v) - (Y — uiy (B))]) 7(v")])

op(1)
ﬂjn Wiy B) +0,(1), (5.20)
where l:1
MEWRY B = i W B — i (Wi BY) = 'S (Wit B°),
with

N Wi B) =0 (Wi BY) =0’y (Wi BY),
ne Wiy, BY) =ng Way',BY) —ngy Wiy, BY),
n;fv}l(vvi;’}/kaﬁ ):ng},lreg(vvi;yk’ﬁ )+n:’§tlps( ';Ykaﬁ*)v

and, fort = 0,1,

My Wiy, BY) = wis (Di, 1) (Y — gy (X B7) = Ewi, - (Y — g, (B9)))
Moy (W', BY) = wiy (Di T X3 V') (Y — g, (X BY) = Elwis (v) - (Y — 155 (B™)])

and
Mesireg (Wi V', B") = Leg (Wi B - E(wi'y —wio) — (Wt (v) —wiso(v) - 155y (B7)].
Mesiis (Wi ¥, B)
=l (D3, X5 7") - [atg (V) - (Y = 5y (B™) = Blwgiy (V') - (Y — ey (B¥)]) #(r")]
— s (Di X5 7) B[ o (V) - (Y = 150 (BY) —Elwgo (') - (¥ — o (B7))]) 2(v)]
The asymptotic normality result for v/z(Z¢"" — 79"") now follows immediately from (S.20) and the Lindeberg—

Lévy central limit theorem.

Next, we study the asymptotic properties of
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e =at (B (g7 g o) (i (x680) -t (x55,)) )
(= (i) (o (6B) — (5550)) )

~rc ~rc N
where 8, | and B, , are estimators for the pseudo-true parameters 3\ and By, respectively, and all other finite

dimensional parameters are defined as before. By weak law of large numbers, continuous mapping theorem, and

(S.10), as n — oo,
AT <E KE[DD] - E{DDTT]> (Nfl (X I rc) 1o,y (Xﬁgf))})
B (E KIEI[)D] N El[)z)(él_—TT))]) <“f0 (x;m;g‘) _“6f0< B))D

In turn, by the total law of expectation and the stationarity condition in Assumption 1(b), it follows that

b DT *,rc re *,1C o
EKMDFE[DT]) (““( i )—uo,l( Bo, ))] = 0, (S:21)
D D(1-T) wre e (. prrc B
E[(E[D]E[D(I—T)]> ( (XB )*”O,O(X’ 0,0))] = 0, (S.22)
implying that provided that either 7(X;7") = p(X) a.s. or ﬂ(rfA(T X; [3;66’ *rc) _ mSZT(X) my SC(X) s
Adrrc _> T=ATT.

Next, we establish the asymptotically linear representation of ?g”c. Given that we have already establish the
asymptotically linear representation of 74", and (S.21)-(S.22) hold, it remains to study these two additional

terms

VIATTy = i, (g~ oo ) (45 (BT~ (x:B0,)) |
it = i (7~ iy (4 (6ia) - (13850)) |

We first analyze \/ﬁA/T\T 9. By doing a second-order Taylor expansion of \/ﬁm around the pseudo-true

( o ?ﬁ), we have that

VAT = ﬁE”[(EﬁD]_EHD[;TO(“H( BT ) i (x B))]
<EI[)D]_E[[)DTT])““<X )]xf(ﬁu )

o (x5 | i (B i) o)

- WE”[ EnD[D]_EnD[gT]>( (XBTT) — i (x: B*"))]+o,,<1>op<1)

EnD[D] B EnD[gT]> (i (s ) — s (x ﬁ))] +op(1),  (823)

where the second equality follows from the stationarity condition in 1(b), and Assumptions A.1-A.2. Next, by a

1
—
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second-order Taylor expansion around E [D],

fE[ [](/JH( B7T) - “Ol(Xﬁ(“))]

_\[E[[]Olll(;ﬂll :“01XB01 }
-E [IEI[)D} (.Uu( BTI) .u01(X ﬁm)ﬂ Vil [[ D] ol ]]+0P(1)'

Analogously, by a second-order Taylor expansion around E [DT],

VrE, [E'Eﬁn (i (3877 — ey (x;ﬁs;r)ﬂ
= VnE, {Wfl (D,T) (Hfl (X;ﬁﬂc> — UGy (X;BS:T))}

JnE, [DT —E[DT]]

~E i1 (s (B3 - it (6B5T) )| oy
Hence, from (S.21)-(S.25), the stationarity condition, and some simple algebra, we conclude that
Vil =23 (ot (i (xeBi) —2 | (x:pi7) )
\[ Z 1,1 1,1 E[D]" ! 1,1
D; D
_ re (x.. B ) _E re (X; *,rC)
E[ ] <nu0.l ( BO] |: [D]/’LO,I ﬁO,l ])

—wi (D, Ti) (.ull(X ﬁn)

Analogously, we have that

E [wity (0, 1)ty (x:B77)])
iy (D T3 (s (X B35) — B [wiey (0. T)uy (X:855)] ) ) + 00 (1)

- (5 )<l o)
~ g0y (40 (485%) = gy (835 )

—wio(Ds T3 (it (X:B1 ) ~E [wio(D, 1wty (X387 ])

Fito(DuT) (o (X B3E ) —E [wio(D 1wy (X:B55)|)) +0 (1)

Hence, combining (S.20) with (S.26) and (S.27), it follows that

18 r,rc 1 - rc *
V(T —15) = %ZT’Z (Wi v",B7) +0p(1),
i=1

with
nX Wiy, B*) =02 (Wi B*) —
where B* = (B1T. B1E Bo.BEY )
re,2 * re,2 *
ny (Wi BY) =nyy (Wi B) —

22

ng Wy, BY) =i (W v, ),

re,2 L R*
7716,0 (‘/VI’B )7

+op,(1).

(S.24)

(S.25)

(5.26)

(S.27)

(S.28)



ng Wy’ ) =ng” Wy, B7)
e (Wi v, B) = et W', B),
and
NERW ) = El[)lb]< (X“ﬁﬂc’ )‘E:El[)p}“ﬁ< e g >>
ity (05 T3 (= iy (BT ) ) — Bty (¥ =ty (x:B77) )1).
NEWipT) = El[)’b](u(ﬁ (x: By 3:66)—1[4:_1;[)1)}%; (x:B57.B5%) )
(D 1) (Y= o (X BT ) — Bl (¥ — it (X:81) 1)

(97" — 737) now follows immediately from (S.28) and the Lindeberg—

The asymptotic normality result for \/n

Lévy central limit theorem.

Now, we prove part (b) of Theorem A.2. When (A.3) and (A.7) are true, we have that, for d,t = 0,1,
D *,7C *,1C
E[E[ ]<.U1A(Xﬁ117 > NOA(Xﬁow ))} =T
Bl (v -, (x:B77))] = o,
(1-D)T wrex\ o v B
B | (v - (xiBi) w0y = o,
E |:(11—_D)(1 —T) ( (X B* n)> 7'L'(X,'J/*):| — 0,

(X:7)
E[(wf (D, T) —wg, (D, T,X; V")) 15, (X: 7)) = 0,
implying that
MPWaBT) = it (nf (%)~ ()~ )
Wi (D3, T) (Y — miy (X3))) = wiSo(Di, T) (Y; — mifo (X3)
N6 Wy, BY) = wii(Dn T Xis p) (Yi— mify (X)) — wio(Dr, T, X p) (Y — mifo(X0))

e Wiy, B = 0.
Therefore, % (W;; y*,B*) = n°™ (Y,D,T,X) a.s., and we conclude that the asymptotic variance of the DR DID
estimator ‘L'z " attains the semiparametric efficiency bound. On the other hand, when (A.3) and (A.7) are true,
we have that
N W) = wit (DL ) [(Y—miy (X)) —E [wity (D,T) (Y —misy (X))]]
—wio(Di, T;) [ (Y: — mo (X)) —E [wi (D, T) (Y —mgp(X))]]

# M (WiB),
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and given that "' = 12, 2 and 05" = 5?2 =0, it follows that (Wi 7%, B*) # i (Wi; ¥*, B*) and therefore

the asymptotic variance of 74 "™ does not achieve the semiparametric efficiency bound.H

Proof of Theorem 2: The doubly-robust consistency and the locally semiparametric efficiency of szp
follows directly from Theorem A.1. Next, we establish that sz ,», admits an asymptotic linear representation that
is insensitive to first-step estimators, which, in turn, implies that T,m ,, 18 also doubly-robust for inference.

From Theorem A.1, it is clear that if

E[(Wf(D)_Wg(D’X?Vk)) /JOA(X Bots 00) = 0,

E[(l—(jr(_x;D}L))z(AY .u()A<XB01’ ))”(X’V) = 0,

E [ (D.X:7)- (8 —uf, (X:B57.858) )| = o,

then 1%, is asymptotically negligible. Since the first component of X is a constant and we adopt the working

models (3.5), it follows these three vectors of moment conditions reduces to

D expX'y)(1-D) _
E[(E[D] E[GXP(X’Y*)(I—D)]>X] =0 (5.29)
E [exp (X'7) (AY - X'B0) X|D=0] = 0. 530

Now, notice that the first order condition associated with 7” " is given by

& [(o-en(x7)a-2)] o

From Theorem 3.1 in Graham et al. (2012), it follows that ?p L Y*”W =0, (n_l/ 2), and therefore, by the weak

law of large numbers and continuous mapping theorem, as n — oo,
Ey | (D—exp (XF") (1-D)) X| = E[(D—exp (X'y") (1= D)) X] +0, (1).
Given that the first component of X is a constant, we have that
E, [(D —exp (X’A‘pt> (1 —D))] =E[(D—exp (X'y""")(1-D))] +0,(1),

and hence (S.29) follows with y* = y*i#"

- L . L WIS
Similarly, the first order condition associated with [307 A s given by

E, [(1 - exp( ’?”’) (AY —X'Bon” ) X] —0.

~ : AWIS7p
Since ¥ — y*P" = 0,, (n~'/?) and one can easily show that ;" — (*;VAVIS =0, (n"1/2), too, we have that by

the weak law of large numbers and continuous mapping theorem, as n — oo,
! .
E, [(1 —D)exp ( y’pt> (AY X ,BZ)VASP> X} LE [exp X'y (AY X ﬁ*Wl’p)X‘D = O} =0,
implying that (S.30) follows with y* = y*" and [38 A= S’Zl‘y’p .
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Thus, from the Theorem A.1 it now follows that

n
~dr,p drpy _ 1 dr,p L a5ipt pEwls,p _drp
\/ﬁ(fimp _Timp) - \/ﬁznimp (W,’)/* 'F0,A ’Timp +0P(1)’
i=1
which establishes that ‘E%;’ admits an asymptotic linear representation that is insensitive to first-step estimators,

which is the key property for doubly-robust inference procedures. The asymptotic normality now follows directly

from the Lindeberg—Lévy central limit theorem, completing the proof. ll

~dr,rc ~dr,rc

Proof of Theorem 3: The doubly-robust consistency of 7 ;,, and 7, . gdrre

and that 7,;,, is locally

~dr,rc

. . . =drre
semiparametric efficient whereas 7\, o

is not follows directly from Theorem A.2. Next, we establish that 7' ;, ,

and ”E‘zirl:nc ,», admit an asymptotic linear representation that is insensitive to first-step estimators, which, in turn,
implies that they are also doubly-robust for inference.
Given that /5> (Wi; 7", B*) = 'S (Wi v*, BY) a.s., we can write S, (Wi; 7%, B*). Given the structure of 77¢,,

we have that, if fort = 0,1,

B [(wfs, (0,7) i, (0. 7.%57) i, (X:B5) | = o,
(1—-D)1{T =1} 7
(1=(X:7))

p [P D=0 (v, (xopir))

then 7., is asymptotically negligible. Since the first component of X is a constant, and we adopt the working

(Y—u(’f, (X;ﬁéjfc))%(X;Y*) = 0,

models (3.8), it follows that these three vector of moments reduces to

EKEI[)D] _EC[ZESE(JVE)(;;—DI;)]>X ‘T:t} =0 (S.31)

E [exp (X'y*) (Y —X'B;,)X|D=0,T =1] = 0.

In turn, given that (D, X) are stationary, (S.31) reduces to

’ KEI[JD] - ETZEP(E(XV;)(E 1__D,;)] ) x] o,

and the proof now follows the same steps as in the proof of Theorem 2, which are omitted to avoid repetition.ll

Proof of Corollary 2: Let p =E[D] and A = E[T]. Under the conditions of Theorem A.2—which are

implied by the conditions of Corollary 2—we can express V,* as

rc DT rc D(liT) re
V' = K L%z (Y—ml,l(X))2+m (Y—ml,o(X))z}
+E [ 5 (mi (X) = mi (X) —mgy (X) +mgo(X) _1)2}
(1-D) p(X)*T : (1-D)p(X)>(1-T)

(¥ —miyy (X))* +




- E{pll(Y—mﬁ(X))z Dzl,Tzl}—i—E[p(ll_M(Y mio(X))? D_1,T:0]
+E [; (i (X) = m (X) = (e (X) = mifo(X)) —7)°| D = 1}

(1 D)P;(X) T (Y— rc (X))Z (1_D)p(X)2(1_T) (Y— rc (X))2

+E = poxzpea?s o (1= p)Zp2(1— a2+~ 00
For the V*, we have that
Ve = E Iz;(Y—mS‘.fl(X)—E[w?f] (0.T) (Y—msfl<x>)])2]
V| D ()~ w5 (0.7) (7 i)

(1-D) p(X)°T o2, I=D)p(XP*(=T) o
ozt T by o))
= E I;L(Ym{)fl(X)E[Ym{fl(X)]Dzl,Tzl]) Dzl,Tzl]
+E_p(11_/1) (Y—mgfo(x)—E[Y—m{fo(x)\z):1,T:0])2’D:1,T:0]
[ (1-D)p(X)*T ‘ 1-D)p(X)>(1-T
" _<(1 o g X R 002

Now, with a bit of manipulation, repeated application of the law of iterated expectations, and the stationarity

condition,
E[(Y = miiy(X) ~E[¥ =i, ()| D= 1,7 = 1])*| D=1, = 1]
- E (Y mie, (X )2‘ —lT—l} —E[Y—m&(X)|D=1,T =1]?
- E ((Y i€ (X)) + (mle, (X) — i) (X Z)Dzl,T:I}—E[mfl(X)—m{)fl(X)}D:l,T:1]2
- E (Y e, (X ‘D_lT_1}+E[(m1I(X)—mgfl(x))z‘Dzl}
—E [m{,(X) — mf ) (X }D_1]
- E:(Y—m{fl(X))z‘Dzl,Tzl}+Var[m{f1(X)—m6f'1(X)}D:1].

Analogously,

E[(Y—mgfo(x)—E[Y—m{fo(x)\Dz 1,T:0})2‘D: 1,T:O}
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implying that

E [(Y —m{fO(X))Z‘D —1,T= o} +Var [m%(X) —miEy(X)| D =1],

Vit = B[y miy00) D= 1.7 = 1]+ Var [, () = i, (00| D = 1]

p- (Vi =5

+E [(Y —m{fo(X))z‘D —1,T= o} +Var [ (X) —mi(X)| D = 1]

(1-D) p(X)’T (1-D)p(X)*(1-T)

i

Thus, we have that

>

concluding the proof.l
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