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Summary

In this Supplementary Appendix we provide details about the Monte Carlo simu-
lations used to illustrated the finite sample properties of the proposed Kaplan-Meier
Distribution Regression estimators and its functionals. In addition, we provide the
mathematical proofs of all results stated in the main text.

S1. MONTE CARLO

In this section, we compare the finite sample performance of the proposed KMDR esti-
mators with those based on the Cox (1972, 1975) proportional hazard (PH) model and
on the Clayton (1976) and Bennett (1983) proportional odds (PO) model.

We consider the following three data generating processes (DGPs) :

1. T=(—In(1—U))%exp(X),

2. T:exp(f) (é—l) ,

3. T = exp (hl(—hﬂ(l —-U)) —X>

1+2X

where U and X are mutually independent and both follow a uniform distribution on
(0,1).

Table 1 displays the conditional CDF, Frp|y, hazard, Ay x, and odds-ratio, I'r|x,
associated with each DGP. In DGP 1, we have that T|X follows a Weibull distribution
with scale parameter exp(z), shape parameter 2, which satisfies the PH but not the
PO assumption. In DGP 2, we have that T'|X follows a log-logistic distribution, which
satisfies the PO but not the PH assumption. Finally, in DGP 3, we have T|X follows a
Weibull distribution with scale parameter exp(—z/(1+ 2z)) and shape parameter 1+ 2z.
Furthermore, both PH and PO assumptions are violated in DGP 3, though it admits a
DR specification with time-varying slope coefficient equal to 1 + ln ().

To allow for different levels of right-censoring, we generate censoring random variable
C according to

Caec=0aq+bg L,
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Table 1. Conditional CDF, hazard, and odds-ratio associated with DGPs

DGP Frix (tz) Arix (tlz) I'rx (t)
2 2t 2
oo drew (‘exp <2x>) oxp (22) P (exp <2w>) -
exp(4Int — x) 43 exp (—)
2 14+exp(4Ilnt —x) 1+ ttexp (—x) texp(—z)
3 1—exp(—exp(In(t) + (1+1In(t))x)) t27(1 + 2z) exp(x) exp (172 exp(x)) — 1

where d = 1,2,3, ¢ = 0, 10, 30, F follows a standard exponential distribution, and a4y and
bg.. are chosen such that the percentage of censoring is equal to 0, 10 or 30 percent. The
observed data is {Yi,éi,Xi}?:l, where Y; = min (7}, C;) and §; = li1,<c,3-

The comparison between KMDR, PH and PO models is based on the conditional
CDF, Fp|x, and the ADME as defined in (5.2). Both functionals have a clear economic
interpretation.

We consider two alternative link functions for the KMDR model: the logistic link
function ¥ (u) = (1 + exp (—u)) "', and the complementary log-log link function ¥ (u) =
1 — exp (—exp (u)). These specifications lead to different estimators of the conditional
CDF Frpx (t| X), namely

B (1] X) = (1+exp (= (@h,,(1) +a1,(0X)))

Em M (4] X) =1 = exp (= exp (655, () + 611, (1) X)) ,

1,n

where &g, (1), a1, (t) (a5, (t), a5, (t)) are the logit (complementary log-log) KMDR
estimators of the unknown parameters ag (t) and oy (). We denote the KMDR spec-
ifications as DR; and DRy, respectively. As discussed in Section 2, the PH and PO
specifications lead to alternative estimators of F'px (t| X), namely,

EPh (1] X) =1 —exp (— exp (ln]\o,n(t) + dfth)> ,

. Lo (t —aPoX
Ff:o(ﬂX) _ Oln( )exp( o O) 7
14 To,(t) exp (—aR°X)

respectively, where &2 and Ay, (t) are the Cox (1975) partial likelihood estimator of "
and the Breslow (1974) estimator of the cumulative baseline hazard Ag(t), and T'g ., (t)
and &P° are the Hunter and Lange (2002) estimators for the baseline odds to death
function Ty (¢), and o°.

Tables 2, 3, and 4 list the performance of the estimators of 100 - Frpx (£]0.5) and
100-ADME(¢) in terms of average absolute bias and root mean square error (RMSE)
over a hundred different values of thresholds ¢ located at 100 equidistant points between
the 0.10 and 0.90 marginal quantiles of 7. In each table, we list the results with no
censoring, 10% censoring, and 30% censoring, and with sample size n = 100, 400, and
1600.

Table 2 shows that under DGP 1, for all sample sizes and censoring levels, both CDF
and ADME estimators based on PH and DR,;; specifications have lower bias than those
based on PO and DR; specifications. These results are expected, as the PH and DR
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models are correctly specified, but the PO and DR; models are misspecified. As the
sample size increases from 100 to 400 and from 400 to 1600, i.e., when sample size
increases from /n to 24/n, the average RMSE of our proposed KMDR estimators for
both Fr|x (t/0.5) and ADME(t) decreases by approximately 50%, as is expected from a
\/n-consistent estimator.

Table 2. Simulated finite-sample properties under DGP 1.

No Censoring 10 % Censoring 30% Censoring
n PH PO DR, DR PH PO DR, DR PH PO DR. DR
Average 100 0.13  0.78 0.44  1.33 0.38  0.70 0.56  1.61 0.11  0.73 0.87 1.82
absolute bias 400 0.05  0.95 0.07  1.37 0.06  0.94 0.13 130 0.10  0.85 0.30  1.54
for F (t|X =0.5) 1600 0.07  0.97 0.07 142 0.06 0.94 0.07 142 0.01  0.89 0.06  1.40
Average 100 4.08 4.21 4.48 4.60 4.39 4.44 4.88 5.03 4.99 4.92 5.88 5.91
RMSE 400 2.09 241 226 2.69 216 247 233 271 244 2.60 276 3.15
for F (t|X =0.5) 1600 1.05 1.56 112 1.86 1.10  1.58 1.18  1.90 121 1.61 132  1.98
Average 100 0.60  5.76 0.71  2.55 0.87  6.53 0.60 1.93 0.62 7.15 1.10  1.71
absolute bias 400 0.10 545 0.18  2.28 0.07  5.65 017 215 0.32  6.53 0.58  2.01
for AMDE (t) 1600 0.07  5.46 0.04 2.08 0.06  5.65 0.07 211 0.07  6.25 0.07 2.04
Average 100 893 11.85 1245 13.31 9.55 12.89 1348 14.25 10.65 13.90 17.34 18.15
RMSE 400 4.64  7.87 6.20 7.07 440 779 6.20 714 520  8.99 773 843
for AMDE (t) 1600 2.20 6.21 3.03 4.05 2.32 6.40 3.20 4.21 2.56 7.05 3.81 4.70

Note: Simulations based on one thousand Monte Carlo experiments. “PH” stands for estimators based on the proportional hazard model.
“PO” stands for estimators based on the proportional odds model. “DR.;” and “DR;” stand for estimators based on the proposed distribu-
tion regression mode with the cloglog and logit link functions, respectively.

Table 3 shows that under DGP 2, all considered estimators for the distribution function
have little to no bias for all considered sample sizes and censoring levels. In terms of
ADMES, our proposed KMDR estimators have little to no bias, just like the PO model.
On the other hand, ADME(¢) estimators based on the PH specification are biased and
the biases do not disappear when the sample size increases. Interestingly, even when our
proposed KMDR model has a misspecified link function, they perform very similarly
to the PO model in terms of both bias and RMSE, especially when the sample size is
moderate.

Table 3. Simulated finite-sample properties under DGP 2.

No Censoring 10 % Censoring 30% Censoring
n PH PO DR, DR PH PO DR.gi DR PH PO DR.gi DR
Average 100 0.27  0.52 026  0.32 0.35  0.69 0.34 0.48 0.15  0.74 0.85 1.12
absolute bias 400 0.13  0.14 0.17  0.10 0.14  0.15 0.14  0.09 0.13  0.25 022 042
for F (X =0.5) 1600 0.10  0.05 0.16  0.04 0.12  0.07 0.12  0.06 0.10  0.05 0.08 0.13
Average 100 411 4.14 424 4.26 445  4.48 4.66  4.70 4.87 491 541  5.45
RMSE 400 2.08  2.08 211 211 215  2.15 219 2.20 2.38 237 247 2,51
for F (t{X =0.5) 1600 1.03 1.02 1.04 1.04 1.10 1.09 1.11 1.11 1.23 1.22 1.26 1.27
Average 100 3.80 0.22 026  0.33 3.63  0.32 0.25 0.29 3.23 047 0.64  0.70
absolute bias 400 4.20 0.19 0.27 0.20 3.96 0.21 0.28 0.20 3.54 0.12 0.34 0.23
for AMDE (t) 1600 4.24  0.08 0.12  0.08 394  0.04 0.13  0.07 3.62  0.02 0.11  0.05
Average 100 11.14 10.78 14.35 14.44 11.37 10.84 15.29 15.44 12.65 11.87 19.47 19.59
RMSE 400 7.15  5.53 724 7.28 6.95  5.49 7.63  7.66 716  5.64 9.17  9.21
for AMDE (t) 1600 523  2.66 3.53  3.54 5.04 278 3.87  3.90 4.99  2.99 4.78  4.82

Note: Simulations based on one thousand Monte Carlo experiments. “PH” stands for estimators based on the proportional hazard model. “PO”
stands for estimators based on the proportional odds model. “DR.;” and “DR;” stand for estimators based on the proposed distribution re-
gression mode with the cloglog and logit link functions, respectively.

Table 4 shows that under DGP 3, when both proportional hazard and proportional
odds assumptions are violated, the CDF estimators under PH and PO specifications
are slightly biased, especially when censoring is heavier. Importantly, such bias does not
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disappear when sample size increases. Our proposed KMDR estimators for the CDF
perform better than those based on the PH and PO specifications, especially when the
censoring level is high and the sample size is moderate. Once the focus is shifted towards
ADME(t), one can easily see that our KMDR estimators perform substantially better
than those based on PH or PO specification. In fact, the average bias of the PH and PO
estimators of ADME(¢) is never lower than 15 percentage points, and such biases do not
vanish as the sample size increases. Our proposed KMDR estimators of ADME(¢), on the
other hand, have little to no bias, and the RMSE decreases at the appropriate y/n-rate,
even when the link function is misspecified.

Table 4. Simulated finite-sample properties under DGP 3.

No Censoring 10 % Censoring 30% Censoring
n PH  P0 DRy DR PH  P0  DRu DR PH  P0  DRu DR
Average 100 0.62  0.59 0.35  0.65 0.63 0.72 0.36  0.69 0.58  0.78 0.98 1.24
absolute bias 400 0.85  0.69 0.08 041 0.73 0.64 0.12 045 0.67  0.59 0.25  0.55
for F/(t{X =0.5) 1600 0.91 0.77 0.03  0.34 0.81 0.73 0.03 0.34 0.61 0.62 0.15  0.46
Average 100 4.29 442 429  4.32 4.42  4.58 4.55  4.57 4.86  4.97 536  5.35
RMSE 400 234 241 212 220 2.42 2.52 228  2.36 2.57  2.64 254 262
for F (¢{X =0.5) 1600 1.46 1.48 1.08 1.19 1.41 1.47 1.09 1.20 1.40 1.50 1.25 1.38
Average 100 17.13  18.09 0.29  0.70 16.50 18.31 0.56  0.74 16.16 19.15 3.14 285

absolute bias 400 17.44 18.42 0.14 0.67 16.72  18.68 0.50 0.58 16.15 19.42 1.40 1.07
for AMDE (t) 1600 17.44 18.53 0.07  0.51 16.78 18.72 0.06 0.53 16.19  19.56 0.76 0.67
Average 100 21.51 23.32 14.69 15.10 21.05 23.39 16.00 16.33 2142 2429 20.60 20.57
RMSE 400 18.84  20.02 7.09 7.37 18.21 20.31 7.46 7.75 17.86 21.06 9.62 9.87
for AMDE (t) 1600 17.90 19.04 3.56 3.79 1726 19.23 3.77 4.01 16.71  20.10 4.73 4.89
Note: Simulations based on one thousand Monte Carlo experiments. “PH” stands for estimators based on the proportional hazard model. “PO”
stands for estimators based on the proportional odds model. “DR.;” and “DR;” stand for estimators based on the proposed distribution re-
gression mode with the cloglog and logit link functions, respectively.

Overall, the simulation evidence supports that the new KMDR procedure is a useful
research tool when dealing with duration data.

S2. PROOFS OF MAIN RESULTS

Henceforth, Z = (Y, X’,0)" is a random vector defined in the sample space (Z,4), Z =
(Y x X x [0,1]). We shall use the standard empirical process notation Pf = Ef (Z) =
[ f(Z)dP. Furthermore, let P,, = n~* Y7 | §, denote the empirical measure of {Z;}."_,,
Zi = (Y, X1,6) ie ,Pof =nt >oiy f(Z;). Analogously, let P,, denotes the empirical
Kaplan-Meier measure, i.e. @nf = 22;1 Wi f (Yi:n, Xi:n)» 6[i;n}) for any function f, with
Wi asin (3.2), Yi., the i-th order statistic of Y and X{;.,,) its corresponding concomitant.

For any class of functions G and any probability function @, we use the notation ||a|| =

1/2
(Z2a2) " for any vector a = (a1,ay), [¢llg = supyeq v (o)l and [gll, o =

(Qgr)l/r, r > 0. Let e be a generic pseudo-norm on G, and N (g,G,e) denotes the
covering number with respect to e, i.e.,

N (e,G,e) = min {s 2391, ...,9s s.t. supmine (g,g;) < 5} .
geg Jss

Given two functions [,u € G, a bracket [l,u] is the set of functions f € G such that
I < f < u. An e-bracket with respect to [|-[|, 5 is a bracket [I,u] with |[l —ull, 5 <,

12]l.q < oo, and |[|ul|, 5 < oco. The bracketing number N[ (5,97 ||HTQ) is the minimal
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number of e-brackets with respect to [|-||,. , needed to cover G, that is,

N[ ] (E,ga ||'||T,Q) = min {S : Hgl, ..., gs and Ay, .., A €L, (Q) s.t. ”AjHr,Q <eg,
and for all g € G there exists j < s with |g; — g| < A;}

We take by granted measurability where it is needed.

PROOF. (PROOF OF THEOREM 4.1) The proof of this theorem follows Example 5.40 in
van der Vaart (1998) (VV, henceforth). Let

mo(d, ) = log (W) (d,),
My(0) = / mo(1reiy, X)dP,
Mnt(e) = Z Wi - mG(]-{Yimgt}a X[zn])

i=1

Note that, by the concavity of the logarithm function and the characterization of 0,, (t)
as the maximizer of @, (0,1t),

~ 1 /4 ~ ~
Thus, in light of Theorem 5.7 of VV, it suffices to show that,

sup M(0) < My(0y(t)) for all € > 0, (S.1)
0:110—600 (t)]|>e€
lim sup |[M,:(0) — M (0)] =0 a.s.. (5.2)
n—oo 0O

We focus on M; () instead of Q(6,t) because py, 4 is bounded away from zero (and one),

suggesting that the function mg is somewhat better behaved than logpg. Then, using the
fact that logx < 2(y/x — 1) for all z > 0, and py(0, X) + pg (1, X) =1 a.s. for all § € O,

and that for non-negative number a, b, \/(a +b) /2 > (ﬁ + \/l;) /2, we have that
log <(p9+p‘90(t)) (1{T§t}7X)>:|

2poq (1)

log <(p9+pg°(t)) (d, X))  Pog(r) (d, X)}

2pgq (1)

(\/W (d, X) — 1) 0 (de)]

\/(Pe + Poo (1)) Poo () (d’X)J _9

Mq(0) — M(60(t)) = E

2
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o ! (Pefpaot) ’ i
- 2o | () @)
< KB [(A(X'0) - A(X'00(1)))7]

where, henceforth, K is a generic constant. This is always non-positive and is zero only

if & = 6y (t). Thus, 6y(¢) is the unique maximum of M,;(6). Furthermore, M;(0;) —
M (6o(t)) implies that X'0, —, X'6p(t). If the sequence 6 is also bounded, then
E ((0x —90(t))/X)2 — 0 and, hence, 6 — 6o(t) because E (X X') is non-singular.
On the other hand, ||fx| cannot have a diverging subsequence because, in that case,
01, X / 10kl —p 0 and hence, 8/ ||0x]| —p 0 by the same argument. This proves (S.1).

In order to prove (S.2), applying arguments in VV Example 5.40, the functions u —
A (u) form a VC-class (see, e.g.,VVs Example 19.7), and the functions mgy take the
form myg (d,z) = ¢ (A (0'x) ,d, A (0(x)) , where the function ¢ (v, d,n) is Lipschitz in its
first argument with Lipschitz constant bounded above by 1/n + 1/ (1 — 7); this follows
from A being Lipschitz (since it is continuously differentiable). Thus, it follows that the
class M of functions (z,d) — myg (d,z) indexed by parameters § € © has bracketing
numbers bounded by the bracketing numbers of © (see VV’s example 19.7) i.e., for any
e € (0,diam ©),

diam®\?
N (MM, p) < K (T2 <

for some constant K independent of ¢ and p, where M = supgeg |19(d, X)| < oo, and
1y is the derivative of my with respect to 6. Hence, M is Glivenko-Cantelli, i.e.

sup |(P, — P)my| — 0 a.s.-P
0co

applying Theorem 2.4.1 of van der Vaart and Wellner (1996).
To conclude the proof, we combine Stute (1993) Theorem and Theorem 2.4.1 in van der
Vaart and Wellner (1996) to show that

sup (@n — P) mg‘ — 0 a.s.-P.
)

Towards this end, fix ¢ > 0. Choose finitely many e-brackets [¢;, u;] whose union contains
M and such that P (u; —¢;) < ¢ for every j. Then for every § € O, there is a bracket
such that

(@nip) me S (@n,P) Uj+P(Ujfm9) < (@nfp) Uj+€.

Consequently,

sup (@n — P) my < max (I@n — P) u; + €.

IC) J
The right side converges almost surely to € by Stute (1993)’s Theorem. Combination with
a similar argument for infyco (I@n — P) myg yields that lim sup supycg ‘ <an — P) mg’ <e
a.s., for every € > 0. Take a sequency &, | 0 to see that the limsup must actually be
zero almost surely.O

In order to prove Theorems 4.2 and 4.3, we provide a uniform version of the central
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limit theorem’s in Stute (1995, 1996). The Kaplan-Meier integral

Sn (Q@) = @'Mp = Z Wm"p (ifi:na X[zn]) = /Rl+k ¥ (tv 37) Fn (dta dl‘) )

i=1

can be viewed as a random process indexed by a vector of functions ¢ : R'** — R in a
class F. The proof follows the following steps.
First, we show that ||S,, (¢) — V;, (¢)] = op (n™%/2), where

URETLS 9) ) SPALEAN

i=1 j=1m=1

1 -
= —/%0(7337333)7(0) (ts)/i{tldg} Fy (dty) F, (dts, dxs)
— Fy (t1)

+/@(t3’x3)7(0) (ts) F,) (dts, dzs)

1 - N
+2/<P(t37333)7(0) (t3)/7{t1<t3} Fy,, (dty) Fy (dts, das)
— Fy (t1)

1 -
/ (ts,23) 7' (t3) // {h<teti<to) LSS0 By (dta) Y, (dt) Fy (dts, das)
1— Fy tl

= (Ph® P, @ Py) &

is a V-process of order 3 with

Ky (21,22, 23) = K1y (23) + Koy (21, 23) + Kap (21, 22, 23) , (S.3)
Lot
1o (28) = 0 (13, 23) 7 (t3) 63 {1 - [ sl )|
— Fy (t1)

Lty <tz (1 —61)

1— Fy (t1)
Loty <ty <5} (1 —01)

[1— Fy (t2)]

for z; = (yj,ac;, d; )/ j =1,2,3, and the empirical distributions Fy, (t)y=n"13", Liv, <ty
an (t) = _12 ( )1{Y<t} and F (t,x) = n~1 Z?:I 5i1{Yi§t,Xi§m} are the
sample analogues of Fy(t) = P(Y <t), F0 (t) = P(Y <t,6=0) and F} (t,z) =
P(Y <t X <z,0 =1), respectively.

Koy (21,23) = 20 (t3,23) v (t3) 53

Kap (21, 22, 23) = —¢ (t3,23) 7V (t3) 03

)

Second, we show that ||V}, (¢) — U, (¢)|| = = op (n"1/?) under suitable restrictions on
the F’s bracketing numbers, where

Un (p) = Uél) (K1) + U7(12) (Kag) + U’r(7,3) (K34) 5

and for (21, 22,23) — g (21, 22, 23)
U(m)( = Zg s Zin )

is the U-process of order m, with 7 running on all 3-permutations @ = (i1,1i2,73) of
integers 0 < i; < n with ¢; # is # 3. We then obtain the Hajek projection

Un () = E[Un (k)| Zi] = (n = 1) EUy (k) = PuCy,s
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where
Cp (2) = (t, )7 O (t)d + 4P () (1 = d) =P (y),

O ) _exp{/ot %}

1
1 _ 0 1
79(0)@) - 1 —Fy(t) /1{t<t2}(p(t27x)7( )(tQ)F (dtg,dl‘),

7(2)@) :/ 1{t1<t,t1<tz}¢(t2,f)’Y(O)(fz)

? [1— Fy(t))?
Third, we show that [|U,, (¢) — PnCyll » = op (R71/2) , where P,,(, is the Héjek projection
of U, (¢). It then follows that P{, = Py, and that PCZ < 00, by (S.4) below. Thus,

provided that {(, : ¢ € F} satisfies some entropy conditions that guarantee it forms a
Donsker class of functions,

{\/H(HA”"—P>¢:<,0€]:} —4 {Gp(, : ¢ € F} in the space £> (F),

where Gp is the Brownian bridge associated to P, i.e. a centered tight Gaussian process
indexed by functions squared integrable with respect to P with covariance,

with

FO(dt,)F*(dty, dz).

EGpp1Gpor = P (@1 — Po1) (92 — Ppa) = Po1gs — Po1 Py, Pyl < oo,
for given ¢; such that P ||<,0j||2 <oo,j=12
LEMMA S1. Let F be a class of p-valued vectors of functions, (t,x) — ¢ (t,x) that admits

an envelope function ® € F such that P®? < oco. Let Assumptions 3.1, 3.2, 3.3 hold,
and assume

E [@2 (¥, X) 7’ (X)a} < o0, (S.4)
[0 2] 57 0 Fat, o) < . (8.5)
with
s Fo (dt)
s0=[ TRE T
If for e € (0,1),
1 v
sup N (20l F. ) < K (1) (5.6
with K and v independent of e, then,
sup [ (9) = Va (#) - = 0p (/) | (8.7)
YeEF
sup [| Vi (¢) = B, | = o (n71/2), (3:8)
peF

and

{\/ﬁ (E»n _ p) vipe f} 4 {GpCy:p € F} in £ (F)T. (S.9)
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PRrROOF. Stute (1996)’s Lemma 5.1 establishes that
~ t— 1 - -
R1+k 0 (1 _ FYn E))

1 — Yi- .
= fZQD(Yi,XQ(Si exp n/ In [1+ FY, (di)
0

ni= n (1 — Fy, (t_)>

Applying the mean value theorem to the exponential term,

I Yim RO (dt)
*E;SD(YMXH@ <6XP{/0 1—YFy(t_)}

Vi Yi— 0

: FY (dt

X 1+n/ In|1+ FO (df) — / )
0

n(lfﬁ'yn(ﬂ> l_FYﬂ
Y Y ?
1 o 1 - F9 (dt
+=eBi n/ In l—l——~ v, (d) — / _Fy (dh)
2 0 n(l—Fyn(ﬂ 1—Fyt_>

1 — 1
_ Z D AWOUNAPY . , L Z DAYy , 12
n 4 90 ()/17 Xv) ’Y (er) 51, [1 + an + OML] 2n (}/77 X1) 51, [an + Czn] )

i=1

where A; is between the two terms in squared brackets, and

Y- Yi-
Bm:n/ In 1+;~ FO (dt) — / M
0 ”(1—Fyn(f)) 1~ Fyy (f)’
e [ ) P B
o 1-Fy,#) Jo 1-F ()

Reasoning as Stute (1995, 1996), we temporarily focus on functions such that
@ (t,z) =0 for all ¢ty < t and some tg < Ty. (S.10)

Remember that 7 = inf (¢ : P({ <t) = 1). So we ensure that all the denominators are

bounded away from zero.
Since a — (a?/2) <In(1+a) < a for a > 0,

Yi— 0
—2i M < By < 0. (S.11)
nJo [1 — By, (f)}

Thus,

Sl
iM-

= FO (di 1 &
< sup [ LS v x)  0)
t:t<T JO |:1 o FYn ({)i| i—1
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and applying a Glivenko-Cantelli theorem for cumulative hazards (e.g., Stute, 1994),

t— 0
g (dt
sup / % = O (1) with probability 1,
t:it<to JO |:1 _ FYn (a:|

and, since F is Glivenko-Cantelli under (S.6), see, e.g., van der Vaart and Wellner (1996)’s
Theorem 2.4.1,

1 n
sup — Z lo (Yi, X3)| |y (V)] = O (1) with probability 1.
peF Mot

Therefore,

n

1
- Z ¢ (Yi, Xi) v (X;) 8;Bin

n -
=1

sup
pEF

1
=0 (> with probability 1.
n

Likewise, under (S.10), (S.11), using the fact that F is Glivenko-Cantelli, and applying
the LIL for cumulative hazard functions on compacta (e.g., Stute, 1994),

n

1
= "0 (¥i, X;) 6™ [Bin + Cin]?

n-
=1

1
sup =0 (r;n) with probability 1.

YEF

Hence,

1
=0 <n"> with probability 1. (S.12)
n

J.'

-~ 1 —
Prp = D e (Y Xi)y (Xi) 6 [1+ Ci)
=1

We now study the term involving Cj, in greater detail. Towards this end, note that
for t < Y.,

~ 2
1 _ 1—Fy () 2. [Fm (t) — Fy (t)}
=Rl =R OF TR0 1R @F [ B )]
Thus,
[T 1= Fya(t) = Yim o2
Cin = /O o /O g @) (S.13)
vie 1 Yi— [FYn (t) - Fy (t)}2 N
- ——— IV (d FO (dt),
/0 O tH/o 1= By (O [1 = v (1) e
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and

%i@(Yi,Xi)v(o) (Y3) 6 (14 Ci) (S.14)
_ _///Lp (tB,[L‘S) 7(0) (t3) m Yn (dtg) FYn (dtl) 11 (dtg, dxg)

1 (t3,23) YO (t3) ~ _
{ti<ts} ¥ (t3,23) Y 3 L
2 £O
i // 1—Fy (t) yn (di1) Fy (dis, dizs)

1 N
+/cp(t3,$3)’y(0) (ts) p/MFY (dt1)| F (dts,dxs) + RY
1—Fy (t1)

where

Beat) =B 0] Fo(an)
- 7)) { va (dt1) =y .
Rn //1{t1<t3}(p (t37 3) Y (t3) [1 _ Fy (tl)}Q |:1 ~ Fyn (tl):| Fn (dtg, d 3) .

Since, applying the Glivenko-Cantelli Theorem for hazard functions (Stute, 1994 1994),
the LIL for empirical distributions (Finkelstein, 1971), and the uniform LLN for U-
processes in Arcones and Giné (1993)’s Corollary 3.5, under (S.6),

t F& ~ 2
sup [17] < sup [ ) [, ) - By (0] (.15)
pEF t:t<T Jo [1 -y, (h)} teT

n

=3 ke X0

i=1

X

f
=0(1)-0 () -0(1)=0 <1nn> with probability 1
n

This proves (S.7) under (S.10).
In order to proof (S.8) under (S.10), let
1{t1<t3}

Kip (23) = @ (t3,23) 7 (t3) 03 [1 - / 1—Fy (1)

1 (1-467)
Kap (21, 23) = 200 (t3,23) 77 (t3) 03— —Fy ()

1{t1<t2,t1<t3}(1 - 51)
[1— Fy (t2)])?

Fy (dfl)} ;

K3p (21,22, 23) = —¢ (ts’x?»)’Y(o) (t3) 03

Recall that
U, (4,0) = U'r(nl) (’ilap) + Uy(LZ) ("1247) + Ur(LB) (K’&p) ,

where, for (z1,29,23) — g (21,z2,23)
U(m)( Zg SRR 'Lm,)7

is the U-process of order m, with 7 running on all 3-permutations © = (i1,42,43) of
integers 0 < 4; < n with 41 # i # 43. Then, by noticing that k3, (Z;, Z;, Z;) =
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:‘€3¢ (Zu Zj, Zz) = Iigw (ZZ, Zi7 Zz) = k2tp (Z“ Zz) =0 a.s., it follows that
n!
Vn (4,0) - Un (4,0) = |:n3(n_3)' - 1:| n ’4334,0 32;7&;:’%3%’ ZWZZ" ZZ) .
Notice that the class K3 of functions
(21,22, 23) = K3y (21, 22,23) = —¢ (t3,23) - g3 (d1, 1,12, d3,t3)

with

NOYRY Lty <ta <153 (1 ;51)
[1—Fy (t1)]
is completely bounded under (S.10). Therefore, K3 = F-g3 has identical bracketing num-
bers than F, whose bound is given by (S.6). Using an identical argument, the class Ky
of functions (z1, z2) — K2 (21, 22) = ¢ (t2,22) - g2 (d1,t1,t2) and the class Ky of functions
2> ko (2) = @ (t,2) - g1 (6,t) have also the same bracketing numbers than F.
Applying Corollary 3.5 of Arcones and Giné (1993), it follows that

g3 (di,t1,t2,ds, t3) =

1
sup SZ Zﬁ;&p Zi,Z;, Z;)|| = O <n) with probability 1,

peF ||

[<—3> 1]

1
=0 <) with probability 1,
n

sup ‘
peF

and, hence,
1
[V = Unllz = O () with probability 1. (S.16)

In order to obtain the Héjek projection of U, (¢), Uy, (¢), define

0,
00 (0= 230 [0 20 + 52 (20)
@]+

n—2 (0)

1
[K;ga) ( K/2Lp ’

B[00 (0)| 2] = ;z (650 (20) + K52 (20) + K2 (2 >] + 1200
where, for z = (¢,2/,d)’,
KD (2) = g (ta)y(t)d
2 () = —p (t0)7 (0 [ {20 (an)

(1—-d)

’fég( )= Era, (2,21) = ZW

/ Livcrny (3, 23) 7y (t3) F* (dts, dis)

@) ()= = o
Ko, (2) = Ekay (Z1,2) =2p(t,x)y(t)d 1{t1<t}m

Lit, <53 (t3,23) 7 (t3)
H2<p —]EF»'QSd Z17Z2 = 2// < i}_ Fy (tl) F)g (tl)Fl (dtg,dl‘g) .
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Kég (2) = Eksy, (2, 21, Z2)

= [ st . 23) 2 5) B ) P )
/féfg( ) =Eksy, (Z1, 2, Z5)

// 1{t1<t t1<t3}¢(t37x3) (t3)F}g (dtl)Fl (dtg dxg)
[1-—Fy (tl)]

’f:(a:g( ) = Ekay, (21, Z2, 2)

— et [ [ 1{“;? SR () Fy ()
- Y 1

) =Eks, (21, Z2, Zs3)

Thus, the Uy () s Hajek projections are
U9 () =SB [U9 ()] 2] - (0= DEUY (¢), j=1,2,3

with

Therefore,

. 1
N (0 ¢ )
U9 () = (1 =) wf” + 33w (Z0), =1,2.3
Taking into account that

K2 (z) = 72/@(;:3 (z) = —2k% (2)

2¢ 1y
(1)
Koy (2) (1) _ (1-d) (1)
9 ’%3ga (Z)— lny(t)fy“a ()

wy (2) = =) (1)
/{(22;) = 2/1:(3(:3 = 2EU, (p) = 2P,
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it follows that the U, (¢) s Hajek projection is

7 ()

M«

Un (p) =

<.
Il

1
> {wi (20 = s (20 + ) (20)}

i

3=
I

I
S|
NIE

{0, Xy (V)8 + 2D () (1 - 8) =@ (Vi) }

<.
=

(}/hXia 51) .

I

S|
M=
N

i=1

Given that the class of functions K, Ko and K3 are of the form F-g as they have
bounded envelope and identical bracketing numbers bounds as F under (S.10), it fol-
lows that, F-g is Donsker under (S.6). The classes G; and Gy of functions (¢,d) —

'ys,l) (t)(1—d) and t — 75,2) (t), respectively, are of bounded variation, i.e. they are ab-
solutely bounded and can be expressed as the difference of two increasing functions, it
follows from van der Vaart and Wellner (1996) Theorem 2.7.5 that

1 .
log N[ (agj, ||||2Q> <K <€> ,J=12 0<e<]1. (5.17)

Using Kosorok (2008) Lemma 9.18, for any probability measure @, such that || 2|/, ,. < oo,

N (e F lHlng) < Ny (& F M)
and, under (S.6),

sup N (210 7. -a.0) < sup N (<1902, Hlag) S (1/2), (8:18)

where

1 e8]
/ log (1/¢) de = / u/ e "du = g < 0.
0 0

Taking into account that Ko and Ky have uniform bracketing entropies bounded as
(S.18), condition (1.3) in Arcones and Giné (1995) is satisfied, and applying their law
of iterated LIL for canonical U-processes (see also de la Pena and Giné, 1999 Theorem
5.4.1 and the discussion on page 256)

} <[2nlnln (n)]m/2 w H(I)HZ,P

m/2
:O<<lnlnn) >’ m=2.3.
n

_o, <lnlnn) ) (5.19)

E [sup
neN

Ur(Lm) (Kmg) — U’I(Lm) (“mw)‘ c

m

Therefore, under (S.10),

n

which establishes (S.8).
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In order to prove (S.7) and (S.8) for general ¢ € F, which possibly do not satisfy
(S.10), assume first that Fy if continuous. For given € > 0 choose an @ € F satisfying
(S.10) and such that p; = (¢ — @) € F and

Kie < sup E [80% (Y, X) 79" (X) 5| < Koe, (S.20)
p1EF
s / o1 ()| S/ () F(dy, d) <, (s.21)

for finite positive constants Kj, Ko, which is possible under (S.4) and (S.5). Then, we

prove that
=Op <51/2, [log (1/61/2)> (S.22)

;lue% H\/lﬁ /gpl (t,z) (Fn - F) (dt, dx)

for some 6 > 0. In view that (S.15), (S.16) and (S.19), a Cramér-Slutzky type argument
will then complete the proof of the lemma.
Since,

. 1&
Sh ((,01) = ﬁ Z #1 (i/z, Xi) 62’7(0) (}/z) exp (an + Ozn) ,

i=1

we have that,
. 1 «
n1/2/301 (t.2) (B~ F) (dt,dw) =2 |1 (%, X0) 87 (¥) — By (T, X)| (8.23)

1 n
== D (Y X0 6 () fexp (Bin + Cin) — 1]

In order to show that [|A,1 (p1)|z = Op (61/2 log (1/61/2>), we apply Theorem 3.1
of Giné and Koltchinskii (2006) (GK). Notice that, by (S.6), for all probability measure
Q

Ko
lOgN[] (55F7 ||H2,Q) S IOg <627Q> s

for 0 < e < || FJ, . - Also, note that u — H (u) = vlog (Vu), is a slowly varying function,
where V = K HF||2 .- Therefore, by GK’s Theorem 3.1, for n large,

Esup [ An (¢1)l| < ov/vlog (V/e)
we

where 02 = sup,, ¢ 7 E {gpf (Y, X) MO (X) 6] Hence, by (S.20), sup,, ¢ 7 E | An1 (¢1)]| <

/2, /vlog (V/e) which proves that

| Aus (1)l = O ( log (1/51/2)) (5.24)
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Now,

[An2 (p1)ll 7 < sup
p1EF

1 n
<= 2 lor (% X160 (1) 1B + sl exp (1Bua| + i) ‘ .

i=1
(S.25)

By (S.11),

Bl € iy < (5.26)

Stute (1995), page 436, shows that sup; <;<,, |Cni| = Op (1). Thus, the exponent in (S.25)
is an Op (1) uniformly in ¢ = 1,...,n. Therefore, it remains to bound

1 n
Ans (1) = 7= D lion (¥, X0)| 009 (V) [ Bl
i=1

1 n
Aua (1) = 7= lr (Vi X0) |67 (Y1) Ol
i=1

By (S.11) and (S.26),

1/2
1 — i FO (dt
s (o)l < |23 lor (X0l 0@ (v | [
i=1 0 [1 — Fy (t)}
F
- 1/2
n Yi- 70
S EZ‘I’(Yi,Xi)@’Y(O) (Y3) / %t)z
ni= 0 (1 - Fy (t)]

(1-Fy)/ (1 - Fy) (2) = Op (1) (see, e.g., Shorack and Wellner, 1986,
page 415). Thus, by a symmetry argument and applying Hoélder inequality

/Yl— F (dr) ]”QY
o [I-F ) '

_n—1 (0) ml/2 (1-0)1v,<viy
= o E{‘I’(Yth)(Sl’y (Yl) E <[1_FY(Y2)]2

- n . 1/2
_ nlE{<I>(Y1,X1)5W(O)(Y1)’(/0 m> }

1
_ " — {@ (Y1, X1) 6179 (v7) - §1/2 (Yl)}

since sup;_y

nin

E||An3 (01)llz <E {‘I’ (Y1, X1) 0179 (1) - E (

< / ® (t,2) - SY2 (1) F (dt, dx)

<e.
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by (S.21). Likewise,
1 n
An = T~ @ YiaXi % }/z ni
[ Ans (1)1l 7 \/ﬁ; ( ) 0y (Vi) |Chi

< / ® (t,2) - 52 () F (dt, de)
<g,

using the bounds to (2.11), (2.12) and (2.13) in Stute (1995). Also use the arguments
in Stute (1995) page 437 and 438 to show that the lemma also follows for discontinuous
Fy x. This completes the proof of (S.7) and (S.8).

Let & be the class of functions (¢, z,d) — (, (t,z,d). That is, £ = F-g + G1 + G2. By
lemma 9.25 (i) in Kosorok (2008), for any probability measure @ and 1 < r < oo,

Ny (6.8, 10) < Ny (26, F0. I g) - N (26,61 + 6o )

<N (2679 lg) - N1 (5:61Q) Ny (.G, 1)

v+2
(N
~ €

with K a constant independent of € and v. Therefore,

1 1
/0 \/Sgp N (5||‘I)||2,Qa]:7 ||'H2,Q)d5§/0 V1og (1/€)de < oo,

and & is Donsker, which proves (S.9).0

PRrOOF. (PROOF OF THEOREM 4.2) This proof extends Theorem 5.21 in van der Vaart
(1998) to the current circumstances, using the Kaplan-Meier empirical measure PP, rather
than standard empirical measure P,,.

The score function is

0 A ~
%Qn,t (0) = ine,t
with
1{y§t} — A(X/e)

AXO)[1 — A(x'8)]

Since A and X are Lipschitz continuous, and A € (0,1), the function (y,z) — g, (y, z)
satisfies that, for #; and 65 in a neighborhood of 6,

10,6 (8, %) = Pas,e ()| < K4 () 161 — O], (S.28)

where ) (z) = ||z|| and K is an universal constant. By assumption P || X||* < oo, Theorem
4.1, and by the dominated convergence theorem,

Yo (y,z) = Ax'0)x, (S.27)
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0
—P
(59' ww)e—eo(t) ( 89'¢9t> =60 (1)

—E {1 (X0 () [A (X0 () — 1iy<)]
—H (X0 (1)) A (X0 (£)) X X'}
50, (S.29)

with H = /A (1 —A) and h (u) = dH (u) /du.
For a fixed function f, we abbreviate /n (@n - P) f and v/n (P, — P) f to G,f and
G, f, respectively. Next, we show that

@n%n(t),t — Gntbg (). = op (1). (5.30)

Since by Lemma S1,

G, (1.0 = Cntaa(0r.6 = G (o, .0 = St + 02 (1)

it suffices to show that
G (Gt = G ) = 0 (1) (8:31)

First, we check that the map z — (y, , (2), z = (y, 2/, d)" satisfies a Lipschitz condition.
From (S.28),

[[Goo . (2) = Cpoye ()| < K¢y (2) - 161 = O], (5.32)
and PCEJ < 00 by Assumptions 4.2 and 4.3.

For a non-random sequence 0, (t), (S.31) is immediate since the mean of the ran-
dom variable on the left hand side of (S.31) has mean zero and variance bounded by

2
P chén(t),t - Con(t)#t < K-

0,, (t) is consistent. For random 6, (t), we first check that the bracketing numbers of the
class of functions z — (y, , (2) satisfy (S.6) and, hence, is Donsker. This is the case, since
the class € of functions (y,x,d) — (y,, (y, 7, d) satisfies (S.32) and, by VV’s Example

19.7,
N (= ei] g 8 M) = 1 (2422) < o 5.39)

for all @ such that Q{i < 00. And taking into account that, by (S.32) and the dominated

convergence theorem,

0, (1) — b (t)H PCi and, hence, converge to zero, since

—p 0,

2
P chén(t),t o Cw"o(t):t

we can apply VV’s Lemma 19.24 to prove (S.31), and hence (S.30).
The rest of the proof follows in the lines of VV’s Theorem 5.21. We provide the details
for completeness.
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By definition of 8, (t) and 6 (t),
Gntg, (1)1 = —VnPY;_ 1, +0p (1) (S.34)
=+/nP (1/100(t),t - 1/)(;"(0,15) +op (1)
= VP (Y00 = Vayars (3. 0-an0).e) + 0P (1)
= —VZo (t) (00 (6) = 6 (1) + V-0 (8 (8) ~ 60 (1))

where the last equality follows from (S.29) and using the differentiability of the map 6 —
Py at Oy (t), i.e.,

3]
P (oo t)+h,t — Voo (1)) = (pre’t)e o ~h+o(||h]]) as h — 0.
=bo

Then, by (S.30), (S.31), and (S.34),
—VATo (1) (8 (6) = 6 (8)) + V- or (Heo (t) — b, (t)H)

= Gutboy(y.e +op (1) (S.35)
= G'ﬂcweo(t),t +op (1)

by Lemma S1.
Because of the invertibility of Zy (t)

Vi 6.0 = 0 ]| < 175" @) v [Zo () (9 () = 80 1)) |
=0p (1) +op (V|60 () — 6 ()]])

This implies that the left side is bounded in probability and, hence, 0, (t) is /n-
consistent. Inserting this into (S.35), we obtain that +/nZy(¢) (én (t) — 6o (t)) =

Gn@,eowt + op (1). The theorem follows by multiplying by the inverse I(;l (t) on
both left and right hand sides. Because matrix multiplication is a continuous map, the
remainder term still converges to zero.

Therefore, applying the CLT and a Cramér-Wold device, given fixed times tq, ..., ¢,

[V (8u () 00 (1)) };":1 0 (T (1) 2 ()},

where {Z (t;)}]_, are p x 1 Gaussian random vectors with zero mean and covariance
matrix

BZ (t;) Z (te) = Q(5,0),

where Q (4,¢) = PC%O(tj)‘tj Cl/ﬂso(t[),t_e' a

PROOF. (PROOF OF COROLLARY 4.1) First notice that
A . o / . . _ /
Q. (j,m) = ]P’n@,%(tj),tj Chog (1.0, CSTIMates (j,m) = P(%O(tj))tj Chog (try.im

and
T, (t) = Poipo b, estimates Zo (t) = Py 40 -
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Let F and & be the classes of functions (y,z) — gy (y,2) and (y,z,d)
Cyo.. (Y, z,d), respectively. Then, by Theorem 9.23 and Lemma 9.25 (ii) in Kosorok
(2008) and VV’s Example 19.7, for any probability measure @ and 1 < r < oo, for any
e € (0,diam®),

N (26,.7:~.7:7 ||.H1,Q) < [N[] (5,]—‘7 H'”LQ)F <INEo. H||>]2 <K (diam@>2p .

and

Ny (208 £ o) < [N (28 0Hhe)] < V(@O < K (dm;ngfp -

Therefore, F - F and & - € satisfy (S.6) in Lemma S1, and

sup H(Pn —P) oy Gl H 0 with probability 1,
€O ' m

heo H (ﬁn N P) Vo.t, V6.1, H — 0 with probability 1,
)

which implies that
(P, — P) Gy, s Cu, wrr.e, > 0 with probability 1,

(Br = P) ¥4, .4, 1, — 0 With probability 1.

By (S.28) and (S.30), Theorem 4.1 and applying the dominated convergence theorem,

/ ! . e
HP (Qpén(,m),,m Cwén(tj)ytj = oy (1)t C%O(,/J_)Ytj )H — 0 with probability 1,

tm

HP (Yot Yyt = P06 Vb)) H — 0 with probability 1,

concluding the proof.0

PROOF. (PROOF OF THEOREM 4.3) First notice that

Vi (0.6 = 6, (0) =T (1) VAP;co,
= [Z; " (t) + o ()] VnP}Cy, .. With probability 1

by Corollary 4.1, where P}, =n~'>"" | V;dz,, and 4, is the Dirac measure. Then, using

the same arguments as in the proof of Stute et al. (1998)’s Theorem (under Hj), and

applying a Cramér-Wold device, with probability 1, {\/EP:‘LC% () } converges in
n(tj)tj ) j=1

distribution to {Z (tj)};.nz1 under the bootstrap law. O

PROOF. (PROOF OF THEOREM 4.4) We show that the bracketing numbers of the class
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S of score functions (y,z,d) — e (y,z,d) in (S.27) satisfy condition (S.6) in Lemma
S1, and hence

vn (@n - P) e converges in distribution to Gpie, in £°° (O x %)kﬂ . (S.36)

Write the class as S = S1-(Sa — S3)-b, where Sy is the class of functions (y, z) — H (2'6)
with H = A/[A(1—A)], Sz is the class of functions z +— A ('), Bs is the class of
indicator functions y — 1¢,<4, and b is the fixed function b (z) = z.

Since H is bounded and continuously differentiable, and © is compact, we have that
|H (2'61) — H (2'02)]| < K ||z||-|01 — 02|| for all §;,02 € O, where K is a generic constant.
Therefore, by VV’s Example 19.7, for any ¢ € (0, diam®), any probability measure @,
such that Q ||z]|* < oo,

Ny (162581 Ml ) < K (diam®/2)",

where K is independent of ¢ and p . Likewise, the S}s bracketing numbers are of the
same order. The indicator functions’ class Sz satisfies, NV (5,83, ||H2Q> < K (1/¢)? for

any Q. See VV’s Example 19.6.
Therefore, applying Kosorok (2008)’s Lemma 9.25, for any measure @,

N (41,028 I.0) < N0y (20bll20 281, 120) - Ny (2blla.g & (S2 = So) 1)
< N (2000508 S0 2) - Ny (bl 824120

Ny (16,08 St 120) - Ny (18l2,0.2: S5 1)
1 2p+2
()
9

@wﬂ/}Gt - Pnngt

Hence, by Lemma S1,

sup
0€O,teTy

and (5.36) holds from Chernozhukov et al. (2013)’s Theorem 5.2, since Assumptions
(4.2)-(4.4) are sufficient for Chernozhukov et al. (2013)’s Assumption DR. O

PROOF. (PROOF OF THEOREM 4.5) Define the weighted bootstrap empirical measure
P =n~"'>"  6x,V;. Since

n (t) = én (t) + Irjl (t) ]P):zgwén(t)tv
we must first show that

sup

teTo
This follows using the fact that the class of functions (y,z) = g() ¢ (y, ) wé(t),t (y, )
has bounded bracketing numbers, which is proved mimicking the arguments in Theorem
4.4 for the class of functions S. Therefore, this class of functions is Glivenko-Cantelli.
Then, (S.37) follows applying Theorem 2.4.1 in van der Vaart and Wellner (1996), as in
the proof of (S.2) in the proof of Theorem 4.1 above.

T (t) = To (t)]| > 0. (.37)
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With (S.37) on hands, we must show that {f]P’ Cys (t)t} converges in distribution

(under the bootstrap law) to {Bpreo(t)t} . in the space £ (76) for almost all sample
teTo

{Y},Xi75i}?:1 where Bp is the P-Brownian Motion, i.e., a centered Gaussian process
indexed by squared integrable (with respect to P) functions and with covariance function
EB,,B,, = Ppigs, for 1,02 € £ (Tp).

From Lemma S1 and the proof of Theorems 4.2 and 4.4, we have established that the
class By of functions (y,z,d) — Cpo, (£)1 (y,z,d) is Donsker; see also Stute et al. (2000)
for related results. Thus, from van der Vaart and Wellner (1996)’s Theorem 3.6.13, we
have that

sup
heBLy
where BL; is the class of functions h : £ (By) — R**1 such that |h(z1) — h(z2)| <
[|z1 — 22||B, for every z1,z2.The above display is necessary and sufficient for convergence
in distribution under the bootstrap law. O

E {h (\/ﬁPfleén(m)] ~E {h (IBBPC%W)} H — 0 with probability 1,

PRrROOF. (PROOF OF THEOREM 5.1) Note that, by adding and subtracting different
terms, we have that

V(i — 1) (t)

n

= 20 [pxidue)] Vi (B ) - 0 1)
0 (8) = 3 [ 0) — A (K800 (5.38)

i=1

[Bo () AM(X300(t))] — E [Bo () A(X’Ho(lﬁ))]> :

n

i=1
We analyze each of these terms separately.

From Theorem 4.4 and a standard Glivenko-Cantelli argument, we have that, uniformly
in t € 7o,

% i X 0)] Vi (Ba (1) = 5o ()

=ENX0(t)]-H-T; ' —= Zg, + 0, (1 (S.39)

where (;(t) is as defined in (4.2), with ¢ = g, Zp as defined in (4.1) and H = [Oxx1, Ix]
is the k x (k + 1) selection matrix for the slope coefficients.
Next, from the mean value theorem, we have that

n

% 3 A6, (1) A (Xio(0)]

n

%Z [ X 9 XI} v (é" - 00) (t), (5.40)

i=1
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with [|@ — 6o|| < [|0, — 6o]]. Given that A is a continuous function by Assumption 4.2,
0,.(-) is a uniformly consistent estimator for 6y(-), and the function A is bounded on
a neighborhood of 6y, from a Glivenko-Cantelli argument, we have that, uniformly in
t € 7o,

- Z [ X'} [A(x’oo(t))x'] +o,(1). (S.41)
Therefore, combining (S.40) and (S.41) with the uniform linear representation of v/7(0 —

00)(t) derived in the proof of Theorem 4.4 (see, also, Theorem 4.2), we have

o 1) =

n

M=

A1) A(Xgeoa))]

I
—

HE [)\ x’] Z Gt +o,(1 (S.42)

uniformly in ¢ € 7.
The third term of (S.38) can be rewritten as

n

NG (}1 S (8o (1) AX{60(6)] ~ E [0 (1) A(X’eoa))])

i=1
= % Zl Bo (t) (M(Xibo(t)) — E[MX/bo(£))]) - (S43)
Thus, from (S.38), (S.39), (S.42) and (S.43), we have that, uniformly in ¢ € 7o,
v (T, — ! Z i.apME(t) +op (1), (S.44)

where

Giapae(t) = Po (1) - (MXG0o (1)) — E [MX 00 (1))])
ENX0o(1)] - H - Ig " - Gi(t)

B0 (1) E [A(X6o(0) X'] - Ty - (o).

From Example 19.7 of van der Vaart (1998), Theorem 4.4, and Lemma 9.25 of Kosorok
(2008), see Lemma S1’s proof (page S17), it then follows that (y, z,d) = CapmEe: (¥, z, d)
forms a Donsker class of functions, completing the weak convergence proof. The validity
of the multiplier bootstrap now follows from van der Vaart and Wellner (1996)’s Theorem
3.6.13, completing the proof. O
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