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Abstract

Difference-in-differences (DiD) is arguably the most popular quasi-experimental research
design. Its canonical form, with two groups and two periods, is well-understood. However,
empirical practices can be ad hoc when researchers go beyond that simple case. This article
provides an organizing framework for discussing different types of DiD designs and their
associated DiD estimators. It discusses covariates, weights, handling multiple periods, and
staggered treatments. The organizational framework, however, applies to other extensions of
DiD methods as well.

1 Introduction

Dating to the 1840s, difference-in-differences (DiD) is now the most common research design for

1A basic DiD design requires two time periods,

estimating causal effects in the social sciences.
one before and one after some treatment begins, and two groups, one that receives a treatment
and one that does not. The DiD estimate equals the change in outcomes for the treated group
minus the change in outcomes for the untreated group: the difference of two differences. If the
average change in the outcomes would have been the same in the two groups had the treatment
not occurred, which is referred to as a “parallel trends” assumption, this comparison estimates the

average treatment effect among treated units.
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of empirical articles in five leading general-interest economics journals in 2018 mention DiD. The earliest DiD
applications we are aware of are from Ignaz Semmelweis from the 1840s (Semmelweis, 1983) and Snow (1855). For
a brief overview of the long history of DiD in economics, see Section 2 of Lechner (2011).



In practice, however, researchers apply DiD methods to situations that are more complicated
than the classic two-period and two-group (2 x 2) setup. Most datasets cover multiple periods, and
units may enter (or exit) treatment at different times. Treatment might also vary in its amount or
intensity. Other variables are often used to make treated and untreated units more comparable.
Today’s typical DiD study includes at least one of these deviations from the canonical 2 x 2 setup.

For many years, the common practice in applied research was to estimate complex DiD designs
using linear regressions with unit and time fixed effects (two-way fixed effects, henceforth TWFE).
Their identifying assumptions and interpretation were informally traced to the fact that, in the
2 x 2 case, a TWFE estimator gives the same estimate as a DiD estimator calculated directly
from sample means, and thus inherits a clear causal interpretation under a specific parallel trends
identification assumption. This appeared to justify the use of a single technique for any type
of design or specification. Recent research, however, has shown that simple regressions can fail
to estimate meaningful causal parameters when DiD designs are complex and treatment effects
vary, producing estimates that are not only misleading in their magnitudes but potentially of the
wrong sign. The significance of these findings is substantial; given the prevalence of DiD analysis
in modern applied econometrics work, common empirical practices have almost certainly yielded
misleading results in several concrete cases (Baker, Larcker and Wang, 2022).

So, what should applied researchers do instead? This paper proposes a unified framework
for discussing and conducting DiD studies that is rooted in the principles of causal inference in
the presence of treatment effect heterogeneity. The central conclusion of recent methodological
research is that even complex DiD studies can be understood as aggregations of 2 x 2 comparisons
between one set of units for which treatment changes and another set for which it does not.
This fact links a wide variety of DiD designs used in practice and guides methodological choices
about estimating them. Viewing DiD studies through the lens of 2 x 2 “building blocks” aids in
interpretability by clarifying that they yield causal quantities that aggregate the treatment effects
identified by each 2 x 2 component. It also means that identification comes from the simple parallel
trends assumptions required for each 2 x 2 building block. Practically, this framework suggests first
estimating each 2 x 2 building block and then aggregating them. As long as the effective sample
size is large, this approach allows for asymptotically valid inference using standard techniques.

This framework is a “forward-engineering” approach to DiD that embraces treatment effect
heterogeneity and constructs estimators that recover well-motivated causal parameters under ex-
plicitly stated assumptions. By fixing the goals of the study (the target parameters) and deriving
analytical techniques, forward engineering provides clear benefits over “reverse-engineering” ap-
proaches that begin with a familiar regression specification and derive the assumptions under
which it has some causal interpretation. The methods we describe in this paper combine familiar
techniques with some newer ones, but expressly avoid the difficulties of interpretation inherent
in common regression estimators (Goodman-Bacon, 2021; de Chaisemartin and D’Haultfoeuille,
2020; Sun and Abraham, 2021; Borusyak, Jaravel and Spiess, 2024). Moreover, the interpretation



of common regression estimators changes across specifications, which makes it hard to understand
the difference between non-robustness and a shifting target parameter. In contrast, our proposed
framework naturally leads to estimation procedures that target the same parameter under differ-
ent transparent identification assumptions. Thus, two estimates can be distinguished easily by
their identifying assumptions. Finally, the principles of the forward-engineering approach provide
guidance to good econometric practices even in settings without well-established methodological
findings.

This paper is not designed to be a comprehensive literature review; its goal is to provide
guidelines for practitioners who want to better understand DiD and its various forms. Because
of the tremendous variations in design, data, and specification that practitioners encounter, we
opt to focus on three of the most common aspects of modern DiD studies: the use of weights,
covariates, and staggered treatment timing. Table A1 includes a list of the acronyms that we, and
the econometrics literature on DiD, use to distinguish different methods. We apply techniques
to address these issues to a specific example: the causal effect of recent public health insurance
expansions in the US on county-level mortality. Our replication materials include data as well as R
and Stata code that can serve as a template for any DiD study using these methods. In an appendix,
we briefly discuss related DiD designs with different treatment variables (ones that turn on and off
or take many values), additional comparisons (i.e., triple-difference designs), distributional target
parameters, or different data structures (repeated cross-sections or unbalanced panels). Several
recent reviews follow the logic laid out here and cover additional DiD-related topics and technical
details: Roth, Sant’Anna, Bilinski and Poe (2023); de Chaisemartin and D’Haultfoeuille (2023b);
Callaway (2023).

The rest of the paper is structured as follows. Section 2 introduces the Medicaid example.
Section 3 discusses the canonical 2 x 2 DiD setups with and without weights, and Section 4 discusses
threats to the identification assumptions, how to assess them, and how to incorporate covariates.
Section 5 extends the 2 x 2 setup to multiple periods with potentially staggered treatment adoption.

Section 6 concludes and briefly discusses some extensions that involve more complex DiD designs.

2 Medicaid and mortality: The running example

To make our methodological discussion concrete, we revisit a timely and important causal question:
How did the expansion of public health insurance (Medicaid) under the Affordable Care Act (ACA)
affect mortality?

Medicaid expansion is a great example of a staggered treatment adoption. The ACA originally
mandated that in 2014 all states expand Medicaid eligibility to adults with incomes up to 138%
of the federal poverty threshold. In upholding the law’s constitutionality in a 2012 decision,
however, the Supreme Court made Medicaid expansion optional. As a result, many states expanded
Medicaid after 2014, but several have not done so as of 2024.



Columns 1 and 2 of Table 1 illustrate the variation in Medicaid expansion dates provided by
the Kaiser Family Foundation (2025).

Table 1: Medicaid Expansion under the Affordable Care Act

Expansion Year States Share of States Share of Counties Share of Adults (2013)
Pre-2014 DE, MA, NY, VT 0.08 0.03 0.09
2014 AR, AZ, CA, CO, CT, HI, IA| IL, KY, MD, 0.44 0.36 0.45

MI, MN, ND, NH, NJ, NM, NV, OH, OR,
RI, WA, WV

2015 AK, IN, PA 0.06 0.06 0.06
2016 LA, MT 0.04 0.04 0.02
2019 ME, VA 0.04 0.05 0.03
2020 ID, NE, UT 0.06 0.04 0.02
2021 MO, OK 0.04 0.06 0.03
2023 NC, SD 0.04 0.05 0.03
Non-Expansion AL, FL, GA, KS, MS, SC, TN, TX, WI, WY 0.20 0.31 0.26

The table shows which states adopted the ACA’s Medicaid expansion in each year as well as the share of all states, counties, and adults in each
expansion year.

States expanded Medicaid largely because of economic and political considerations (Sommers
and Epstein, 2013), which created observable differences between expansion and non-expansion
states. For instance, just four out of the 22 states that expanded Medicaid in 2014 are in the
southern Census region; conversely, seven out of 10 non-expansion states are in the South. This
suggests a potential role for covariates when analyzing Medicaid expansion.

Finally, mortality is measured in jurisdictions like states and counties, which are of very different
sizes. Choices about (population) weights determine not only how different estimation approaches
average the units within a given expansion group but also how a given estimation technique
averages estimated effects across those groups. California, for example, represented 4.5% of the
states that expanded Medicaid in 2014, 5.4% of the counties, but 27.7% of the adults ages 20-
64; its contribution to “the” average outcome for the 2014 expansion group is very different with
weights than without. The final three columns of Table 1 show that, in our data the entire 2014
expansion group contains 44% of the states, 36% of the counties, but 45% of all adults. Weighting
will therefore change how important the estimated treatment effects are for the 2014 group.

Several recent papers study the effect of ACA Medicaid expansion on mortality rates for lower-
income adults, who are most likely to gain insurance through Medicaid. Miller, Johnson and
Wherry (2021) and Wyse and Meyer (2024) use simple DiD methods to provide evidence that
Medicaid reduced adult mortality rates for targeted sub-populations. Unfortunately, their analyses
require restricted links between income and mortality data, which are important for overcoming
the low statistical power in studies using aggregate mortality data (Black, Hollingsworth, Nunes
and Simon, 2022). Our goal is to pursue a replicable and shareable example based on a related

analysis by Borgschulte and Vogler (2020). They use a sophisticated strategy to select and use
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covariates in a weighted TWFE regression using restricted access data, and find that Medicaid
expansion reduced aggregate county-level mortality rates. We use publicly available data, which
we include in a fully-reproducible replication package, and consider only a handful of intuitive
demographic and economic covariates sufficient to illustrate several practical challenges that can
arise with DiD.? This empirical exercise is meant solely to illustrate how to tackle several common
features of DiD designs. The results are pedagogical in spirit and do not represent the best possible
estimates of Medicaids effect on adult mortality.

Our outcome variable is the crude adult mortality rate, Y;,, for people ages 20-64 (measured
per 100,000) by county (i) from 2009 to 2019 released by the Centers for Disease Control and
Prevention (2024).> We denote county i’s adult population in 2013 by W; and its socioeconomic
covariates in year ¢ (discussed below) by X;;. The information in Table 1 defines the treatment
group variable G; that equals the year in which county 7’s state expanded Medicaid; G; = o for
the non-expansion states. Our final sample contains 2,604 counties in states with complete data
on mortality rates from 2009 to 2019 and covariates for 2013 and 2014.

Faced with a setup such as this, researchers need to make a range of tightly related choices.
Which treatment groups in Table 1 should be compared with each other and over what time
horizons? What must be true for those comparisons to identify causal effects, and how should one
empirically evaluate their plausibility? How can other information, such as covariates or pre-period
outcomes, be used to improve the credibility of the design? How do these methodological choices
affect the causal interpretation of a given analysis? The aim of this review is to demonstrate to
practitioners using DiD in realistic scenarios why and how to use state-of-the-art econometric tools

to answer these questions.

3 2x2 DiD designs

We begin our discussion by focusing on the canonical 2 x 2 DiD setup, which has two time periods—
one before and one after treatment—and two groups—one that remains untreated in both periods
and one that becomes treated in the second period. In our Medicaid example, we focus on com-
parisons in 2014 and 2013 between the 2014 expansion group (978 counties) and the group that
had not expanded by 2019 (1,222 counties). When we consider more complex designs, this kind of
comparison will still play a role: it will be one 2 x 2 “building block” among many.

Using these basic ingredients, we can now define a 2 x 2 DiD design, composed of a causal target

2These covariates include the percetnages of a county’s population that are female, white, or Hispanic from
Centers for Disease Control and Prevention (2024), the unemployment rate from U.S. Bureau of Labor Statistics
(2025), and county-level median income (in thousands of dollars) and the poverty rate from U.S. Census Bureau
(2025).

3Tt is common to adjust mortality rates by the county age distribution. Unfortunately, the CDC measurements
of age-specific deaths are restricted for counties with fewer than 10 annual deaths. We aim to use publicly available
and shareable data for pedagogical purposes; we follow Borgschulte and Vogler (2020) and use the crude mortality
rate.



parameter, a treatment variable, an assumption under which it is identified, and an estimation
approach, which will be the classic difference of two differences. This may be familiar territory
in the simple case, but it is a crucial framework for building up appropriate techniques in more
complex cases.

We first define a treatment group dummy D; that equals one for the treated units (expansion
states, G; = 2014) and zero for the untreated units (states that had not expanded by 2019,
G, > 2019). The treatment status dummy, D;; = D; x 1{t = 2014}, then equals one for counties in
2014 expansion states during post-expansion years. To highlight how weights enter different kinds
of DiD analyses, we use the following notation for expected values. For generic random variables
A and C, for a given set of non-negative weights w, define E,[A|C] = E[wA|C]/E[w|C] as the
w-weighted population expectation of A given C'. When w = 1 for all units in the population, we
simply write E,[A|C] = E[A|C]. Henceforth, unless otherwise noted, we assume that we have a

balanced panel data random sample of (Y1, ..., Y—r, G, X).

3.1 Causal effects and target parameters: The ATT

The first step of any causal analysis is to define the causal quantity of interest, also called the
target parameter. We use the potential outcomes framework of Rubin (1974) and Robins (1986)
to do so. Let Y;;(0,0) denote unit i’s potential outcome at time ¢ if it remained untreated in both
periods. Analogously, let Y;;(0,1) denote unit ’s potential outcome at time ¢ if untreated in the
first period but exposed to treatment by the second period. In our example, Y;;(0,0) is county i’s
mortality rate in period ¢ in a world in which Medicaid did not expand in its state, and Y; (0, 1) is
its mortality rate in a world in which Medicaid did expand in 2014.* To simplify notation, we will
write Y;,(0) = Y;.(0,0) and Y;+(1) = Y; (0, 1), as the potential outcomes are defined by treatment
exposure in period two (Medicaid expansion status by 2014). Nonetheless, it will be useful for
later discussions that these potential outcomes correspond to treatment sequences.

In practice, we never observe Y;;(1) and Y;;(0) for the the same unit. Instead, the data we
observe, Y;;, are treated outcomes Y;;(1) for treated units, and untreated outcomes Y;,(0) for

untreated units, as in the following equation:
Yi: = (1= D;)Y;:(0) + D;Y;.(1). (3.1)

We additionally assume that county mortality rates were not affected by the Medicaid expansion
before Medicaid expanded, which is crucial to the validity of the DiD estimator (see, e.g., Abbring
and van den Berg, 2003, Malani and Reif, 2015, and Roth et al., 2023). This standard “no

anticipation” assumption ensures that we observe untreated potential outcomes before Medicaid

4We have implicitly introduced the stable unit treatment value assumption, which holds if the only treatment
determining county #’s mortality rate is its own. In other words, Medicaid expansion in neighboring counties
must not affect deaths in county 4. If this fails, then there are effectively many different treatment variables and
counterfactuals. The potential outcomes notation and ensuing analysis would then need to account for this.



expansion takes effect: Y; o013 = Yi2013(0). It also helps us define effective treatment dates. For
instance, if the announcement of Medicaid expansion affected mortality before its actual expansion,
“treatment” would begin when the policy was announced rather than implemented. We formally

state this assumption for completeness and maintain it throughout the paper.

Assumption NA (No-Anticipation). For all treated units ¢ and all pre-treatment periods ¢,
Yia(1) = Yii(0).

The potential outcomes define a causal effect for every unit in every time period, Y; (1) —Y;.(0).
These describe what Medicaid expansion did to mortality rates in a specific treated county or what
it would have done in a specific untreated county. This framework allows for arbitrary heterogeneity
in the effects across units and time; that is, it allows the effect of Medicaid expansion to be different
in every county and year. But it is hard to learn about this degree of rich heterogeneity without
additional strong conditions holding. Instead, DiD analyses typically seek to estimate (weighted)
averages of heterogeneous treatment effects. In particular, most DiD designs target the average
treatment effect on the treated at time ¢, or ATT(t):

ATT(t) = Eu[Yi(1) = Yie(0)|D; = 1]
= E,[Yie|Di = 1] = E [Y5(0)|D; = 1]. (32)

Equation (3.2) shows that AT'T'(t) compares (weighted) average observed post-expansion mortality
rates among treated counties (E,[Y;¢|D; = 1]) with the (weighted) average untreated mortality
rates for the same treated counties (E,[Y;:(0)|D; = 1]). The second quantity is counterfactual be-
cause untreated outcomes are never observed for treated counties. Note that by the no-anticipation
assumption, ATT(t) = 0 for all pre-treatment periods; that is, AT'T(2013) = 0 in our two-period
Medicaid example. This ensures that cross-group outcome comparisons before treatment begins
reflect untreated potential outcome gaps, which is central to the logic of DiD. Note that we abuse
notation and omit the weight index when defining ATT’s; we do that to unclutter notation through-
out the paper.

Equation (3.2) shows that weighting enters the analysis early on, as part of the definition of
the causal parameter. In the Medicaid context, the unweighted ATT(2014) answers the question,
“What was the average causal effect of Medicaid expansion on 2014 mortality rates among the 2014
expansion state counties?” The weighted AT'T(2014) answers the question, “What was the average
causal effect of Medicaid expansion on 2014 mortality rates among adults in counties in states that
expanded Medicaid in 20147” This point interacts with other justifications for weighting, such as
improving precision. With heterogeneous treatment effects, adopting a weighting scheme designed
to improve precision in the presence of heteroskedasticity in a constant-coefficient regression model
will also change the target parameter, potentially by a lot when treatment effects are correlated
with the weights (Solon, Haider and Wooldridge, 2015). Comparing weighted and unweighted

estimates, therefore, does not show whether weighting matters for estimation or inference; these



reflect different target parameters. In our example, the population-weighted parameter is probably
more policy-relevant, but we conduct some of our empirical exercises both ways to show how
weighting can affect a given DiD result. Which parameter is “of interest” is an argument about
theoretical importance, policy relevance, and the use to which it will be put.

Other target parameters are also possible. Designs other than DiD identify different kinds
of average treatment effects, and some DiD methods use quantile regression (Athey and Imbens,
2006; Callaway and Li, 2019) or distribution regression (Ferndndez-Val, Meier, van Vuuren and
Vella, 2024a) approaches to target features of the marginal distributions of Y;;(1) and ¥;;(0) among
treated units. We focus on identification and estimation strategies that target ATT parameters
but emphasize that the 2 x 2 building block framework applies to DiD methods more broadly; see

our appendix for more discussions about distributional parameters.

3.2 Identifying assumptions: Parallel trends

A research design is a strategy—a set of assumptions—to identify and estimate specific target
parameters. Many different assumptions can identify the missing counterfactual for ATT(2014) in
the Medicaid example. For example, mean independence between Y; 2014(0) and D; implies that the
counterfactual equals average 2014 mortality rates in non-expansion counties (E,[Y;2014(0)|D; =
0]). Under this assumption, which essentially entails assuming that Medicaid expansion is as
good as random, the cross-sectional mortality gap in 2014 between expansion and non-expansion
counties is the ATT(2014). Similarly, time invariance of Y;;(0) among expansion counties (plus the
fact that we ruled out anticipatory behavior) implies that the counterfactual equals 2013 mortality
rates in expansion counties (E,[Y; 2013(0)|D; = 1]). Under this assumption, which essentially rules
out non-treatment-related changes in the outcome variable, the “time trend” in average mortality
in expansion counties is the ATT(2014).

DiD comes from an alternative assumption that identifies the relevant counterfactual even
when the average untreated potential outcome differs across treatment groups (which violates
mean independence) and changes over time (which violates time invariance). The parallel trends
assumption states that in the absence of treatment, the average outcome evolution is the same
among treated and comparison groups. For general assumptions and results, we denote time
periods by ¢ = 1,2, but continue to be explicit about which years are being used when we reference

the Medicaid example.

Assumption PT (2 x2 Parallel Trends). The (weighted) average change of Y; ;_5(0) from Y; ;_;(0)

is the same between treated and comparison groups; that is,

Eu[Yie2(0)|D; = 1] = Eu[Yiumr (0)|D; = 1] = By [Yieo(0)|D; = 0] — By [Yima(0)D; = 0], (3.3)

If the parallel trends assumption holds, then it is easy to construct E,[Y;:—2(0)|D; = 1] from



observable quantities—that is, to identify it:
Eu[Yii—2(0)|D; = 1] = E,[Vigo1|D; = 1] + (Eu[Yi—a|Di = 0] — Eu[Y;—1|D; = 0]). (3.4)

In the Medicaid example, assumption PT says that to calculate expansion counties’ average 2014
mortality rate in a counterfactual world without Medicaid expansion, start with their average 2013
mortality rate and add the observed change in average mortality rates in non-expansion counties.
Substituting (3.4) into the definition of AT'T'(2014) and replacing potential outcomes with observed
outcomes using (3.1) gives the 2 x 2 DiD estimand, an expression for the target parameter in terms
of four estimable population averages:

=Eu[Yi,zoi3(1)|Di=1] :Ew[Yi,ZO%(O”Di:H

By, [Yi2014|Ds = 1] — EEw[}/i,2013|Di = 1]+ (Eu[Yiz2014|Di = 0] — Ew[Yi 2013/ D = 0]))

= (Eu[Yi2014|Di = 1] = Eu[Yi2013|Di = 1]) — SEW[E,2014|D1 = 0] — Eu[Yi2013|D; = 0]2

~ v

ATT(2014)

(weighted) average change for D=1 (weighted) average change for D;—0
(3.5)

Equation (3.5) highlights what makes DiD so attractive. It is intuitive, it has very mild data
requirements (just four means), it answers ex post questions like “what did the treatment do?”,
and its identifying assumption can be stated precisely.

Parallel trends makes DiD distinct from causal designs that are based on statistical indepen-
dence between treatment and potential outcomes. In designs like randomized trials or instrumental
variables, the conditions—mean equalities across groups, for instance—that identify counterfac-
tuals are often a statistical consequence of the randomness induced externally (Heckman, 2000).
In contrast, parallel trends is just a restriction on untreated potential outcome trends. It does
not necessarily come from exogenous variation “outside the model.” In fact, because treatment
adoption is often chosen by economic actors or policymakers “inside the model,” parallel trends
need not hold. For this reason, DiD analyses (correctly) devote significant attention to evaluating
parallel trends.

We discuss how to generate empirical evidence about the plausibility of parallel trends below,
but new theoretical findings about treatment choice behaviors or selection mechanisms also inform
the plausibility of parallel trends.? These results explicitly connect DiD to behaviors, they provide
grounding for stories about why a given DiD analysis is internally valid (or not), and they discipline
empirical tests of parallel trends. A full review of this literature is outside the scope of this paper,
but some helpful broad themes emerge.® For instance, a trade-off exists between the information
the agents who choose treatment know and how they act on it, and the time-series properties of

untreated potential outcomes. At one extreme, consider someone who knows Y;;(0) before and

®In fact, some of the earliest economic research on DiD methods examined exactly these questions (Ashenfelter
and Card, 1985; Heckman and Robb, 1985).

SFor details on selection models and outcome models that are consistent with parallel trends, see Ghanem,
Sant’Anna and Wiithrich (2022) and Marx, Tamer and Tang (2024); Chabé-Ferret (2015) applies these arguments
to earnings dynamics.



after treatment and can opt into or out of treatment based on it. Parallel trends can only hold in
this case if, other than common shifts for every unit, ¥;;(0) is constant (Ghanem et al., 2022). In
our Medicaid example, neither of these conditions—that state legislatures in 2013 knew their 2014
untreated mortality rates or that untreated mortality rates would all have shifted in parallel—is
plausible. The opposite extreme is when treatment timing is random, in which case parallel trends
holds without any time-series restrictions. Yet, in this case, DiD is not necessary, and more efficient
estimators exist (Roth and Sant’Anna, 2023a). Against the political and economic backdrop of
the early 2010s, it is clear that Medicaid expansion decisions were not random.

Therefore, in realistic scenarios, parallel trends only holds if some restrictions on the way
untreated outcomes enter the treatment selection mechanism hold as well. As one example, imagine
that treatment selection depends on the permanent component of Y;;(0) (fixed effects) but not on
shorter-term fluctuations (“shocks”). For instance, if state legislatures knew and considered their
long-run mortality levels only when making their expansion decision, they would be following this
kind of selection mechanism. Expansion and non-expansion states might then have large differences
in the permanent part of untreated outcomes, which cancel in equation (3.3), and so parallel trends
would hold if shocks to Y;;(0) had a time invariant mean conditional on the fixed effects.” State
legislatures, however, may have also known whether their 2013 mortality rates were especially
high or low when considering expanding Medicaid. If the expansion choice is related to these 2013
mortality shocks as well, parallel trends would hold only if stronger time-series restrictions on
Y:+(0) hold. Ghanem et al. (2022) provide a fuller discussion of the selection/time-series trade-off
and theory-driven templates to assess parallel trends, while Marx et al. (2024) discuss economic
models that are and are not compatible with parallel trends.

Another implication of the fact that DiD does not rely on statistical independence between
Y;+(0) and treatment status is that there is no guarantee that parallel trends holds across different
transformations of Y;;(0). As stated, it is simply an assumption about averages for a particular
Y:+(0). Roth and Sant’Anna (2023b) show that parallel trends is insensitive to functional form if
and only if it holds between groups and across the distribution of Y;;(0). This can only be true
if Medicaid adoption is random, the mortality distribution is constant between 2013 and 2014, or
a combination of the two cases. As these conditions are arguably ex-ante implausible, our DiD
analysis may depend on our choices to measure Y;; in rates (deaths per 100,000) as opposed to
logs, for example. One approach to this measurement choice is to propose and evaluate a theory
that delivers it, though we recognize that this is not always possible. To assess whether cases where
parallel trends holding for one functional form come at the cost of ruling other transformations,
we recommend that researchers use the Roth and Sant’Anna’s (2023b) falsification tests for the

null that parallel trends are insensitive to functional form. In our application, we do not reject the

“Some researchers may find easier to understand these as “parallel changes” rather than “parallel trends.
However, the use of “parallel trends” is now firmly established in the literature, and other influential work has used
“changes-in-changes” to refer to an alternative estimator to classical DiD estimation (Athey and Imbens, 2006). To
avoid confusion, we use “parallel trends” throughout this paper.
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null that parallel trends is insensitive to functional form, with p-values above 0.80.

The interplay between treatment selection and the properties of the outcome variable char-
acterize the structural basis for a DiD analysis (see DiNardo and Lee, 2011) and engaging with
them is essential to any DiD application. While every study will have its own institutions, choices,
and outcomes to consider, a rigorous DiD analysis must provide a transparent discussion about
the reliability of the underlying identification assumptions. If parallel trends requires implausible

behavioral restrictions, one may be better off using an alternative research design.

3.3 Estimation and inference: Four means or one regression?

Mapping the DiD estimand in equation (3.5) to the canonical 2 x 2 DiD estimator follows imme-

diately from replacing population expectations with their sample analogs:

m(2014) = (Yop=11=2014 — Ywp=11=2013) — (Yw.D=01=2014 — Y w,D=01=2013)5 (3.6)
Z?:1 1{Di =g,t = t/}in;,t’

Yo wil{Di=g,t =t}
group ¢ in period t'. Equation (3.6) is the classic difference of two differences written in terms of

where ?M Degt=t! = is the w-weighted sample mean of Y for treatment

sample means. It is a direct recipe for actually estimating AT'T(t) and can be read directly from

the following table of average mortality rates in 2013 and 2014 by expansion group.

Table 2: Simple 2 x 2 DiD

Unweighted Averages Weighted Averages
Expansion No Expansion Gap/DiD Expansion No Expansion Gap/DiD
2013 419.2 474.0 -54.8 322.7 376.4 -53.7
2014 428.5 483.1 -54.7 326.5 382.7 -56.2
Trend/DiD 9.3 9.1 0.1 3.7 6.3 -2.6

This table reports average county-level mortality rates (deaths among adults aged 20-64 per 100,000 adults)
in 2013 (top row) and 2014 (middle row) in states that expanded adult Medicaid eligibility in 2014 (columns
1 and 4, 978 counties) and states that have not expanded by 2019 (columns 2 and 5, 1,222 counties). The
first three columns present unweighted averages and the second three columns present population-weighted
averages. Columns 1, 2, 4, and 5 in the third row show time trends in mortality between 2013 and 2014 for
each group of states. The first two rows of columns 3 and 6 show the cross-sectional gap in mortality between
expansion and non-expansion states in 2013 and 2014. The entries in red text in the bottom row show the
simple 2 x 2 difference-in-differences estimates without weights (column 3) and with them (column 6)

The two across-time changes in equation (3.6) are in the third row of the table. Without
weighting, average county-level mortality rates in expansion states rose by 9.3 deaths per 100,000
and 9.1 deaths in non-expansion states, so after rounding, the DiD estimate of ATT(2014) is 0.1
deaths per 100,000. This result implies that the average treatment effect of Medicaid expansion
on mortality in 2014 among counties that are part of an expansion state was an increase of 0.1

deaths per 100,000. In contrast, the DiD result using population weights suggests that Medicaid
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expansion caused a reduction of 2.6 deaths per 100,000 for the average adult in expansion states.®
The same result can be obtained as the (weighted) least squares estimate of 52*% in the following

linear regression specification (which only uses data from ¢ = 2013 and ¢ = 2014):
Yii = o+ 511{D; = 1} + Bo1{t = 2014} + BP2(1{D; = 1} x 1{t = 2014}) + it (3.7)

where 3’s are unknown coefficients and ¢;, is an idiosyncratic term uncorrelated with D;. To see
why, let’s focus on the unweighted case (w; = 1) and write each of the four means in ATT (2) in

terms of the estimated coefficients from (3.7):
— Sample average of Y;; in post-period for treatment group is 7D=17t:2014 = BAO +ﬁAl +B’\2 + BQXQ.

Sample average of Y;, in pre-period for treatment group is 7D217t:2013 = 30 + ﬁAl.

Sample average of Y;,; in post-period for comparison group is Y p_g 2014 = BAO + 5;

— Sample average of Y;; in pre-period for comparison group is Y p_g ;2013 = BAO.
Substituting these expressions into the definition of ATT (2) yields:
ATT(2014) = | (Bo + P1 + B2 + B2%) — (Bo + 51)] - [(ﬁo + B2) — 50] = B2

Table 3 demonstrates this equivalence for both unweighted (column 1) and weighted (column 4)
regressions. In fact, with balanced panel data, the estimate of 32?2 is numerically the same if the
regression instead contains fixed effects for each unit (columns 2 and 5) or if one regresses outcome
changes on a constant and the treatment group dummy D; (columns 3 and 6).° Provided that one
adopts the same notion of uncertainty, standard errors also coincide; such as when one clusters the
standard errors at the county level.

The equivalence between calculating a 2 x 2 DiD by hand or with a regression has appealing
features. Regressions are simple to run, and they do the averaging and differencing behind the
scenes. They also allow the use of statistical inference tools from ordinary least squares (OLS),
which are themselves the subject of a large econometrics literature that is particularly important
when it comes to standard error estimation (Wooldridge, 2003; Bertrand, Duflo and Mullainathan,
2004; Donald and Lang, 2007; Cameron, Gelbach and Miller, 2008; Conley and Taber, 2011; Abadie,
Athey, Imbens and Wooldridge, 2020, 2023).

Many inference procedures exist for DiD-type analyses, arising from a combination of choices
about the target parameter, details of the data structure and sampling process, and maintained
assumptions about the structure of outcomes. In practice, one needs to determine and discuss the

forms of uncertainty the standard errors are designed to capture—that is, what is (conceptually)

8Columns 3 and 6 show cross-group gaps in average mortality in each year. These can also be used to construct
the DiD estimate by rearranging equation (36) (YD:Lt:2014 — YD:O,t:2014) — (YDzl,tZQOIS — YD:O,t:2013)-

9When population weights vary over time, the equivalence between a by-hand DiD estimate and one that comes
from a regression with unit fixed effects no longer holds.
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Table 3: Regression 2 x 2 DiD

Unweighted Weighted
Crude Mortality Rate A Crude Mortality Rate A

(1) (2) (3) (4) (5) (6)
Constant 474.0%%* 9.1%**  376.4** 6.3

(4.3) (2.6) (7.6) (1.1)
Medicaid Expansion -54.8%** -53. 7%

(6.3) (11.5)
Post 9.1%** 6.3

(2.6) (1.1)
Medicaid Expansion x Post 0.1 0.1 0.1 -2.6% -2.6* -2.6%

(3.7) (3.7) (3.7) (1.5) (1.5) (1.5)
County fixed effects No Yes No No Yes No
Year fixed effects No Yes No No Yes No

This table reports the regression 2 x 2 DiD estimate comparing 978 counties in states that
expanded Medicaid in 2014 with 1,222 counties in states that did not expand Medicaid by
2019, using only data for the years 2013 and 2014. Columns 1-3 report unweighted regression
results, while columns 4-6 weight by county population aged 20-64 in 2013. Columns 1 and 4
report results from regressing the crude mortality rate for adults ages 20-64 on indicators for
expansion states (Treat) and post-expansion year (Post); the DiD estimate is the coefficient on
the interaction term. Columns 2 and 5 report the corresponding results for the interaction term
using county and year fixed effects. Finally, Columns 3 and 6 report the results of the long
difference in county mortality rates on a treatment indicator. Standard errors (in parentheses)
are clustered at the county level.

being resampled and what may or may not vary across those resamples. As discussed in Abadie
et al. (2020), these details come from the nature of the parameter of interest—whether the focus
is on sample-specific average treatment effects or population-level average treatment effects—and
the stochastic elements of the model that make the estimator random. Heuristically, this involves
a thought experiment (or stochastic process) hypothesized to generate the random components
of the model (or the data-generating process). Different inferential frameworks highlight different
sources of uncertainty by resampling distinct model components and treating other components
as fixed (non-random).

Inferential frameworks on two extremes help cement these concepts. Design-based frameworks
treat potential outcomes and covariates as non-random, focus on finite-population parameters
(e.g., sample average treatment effects), and consider the allocation of treatment as the only
source of the randomness in the model (Imbens and Rubin, 2015).!1° The only thing that is
random and thus varies across the hypothetical resamples from this point of view is the treatment
allocation. On the other hand, a traditional sampling-based approach to inference presumes that
we independently sample units from a superpopulation. In this case, it is customary to focus
on population parameters (like ATT(2)), treat all variables in the model as random variables,

and compute standard errors by clustering at the level in which the (hypothesized) sampling

10Traditionally, design-based inference procedures are justified when treatment assignment is fully random,
which is a much stronger requirement than parallel trends. See Rambachan and Roth (2024) for a discussion on
design-based inference for quasi-experimental designs, including a discussion of the Medicaid expansion.
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was conducted. In this framework, every variable in the analysis—outcomes, covariates, and
treatment—is randomly redrawn across the hypothetical resamples. A drawback of the sampling
approach is that sometimes, it is unnatural to think of the data as a random sample from a
well-defined population.

A third popular approach to inference—the model-based approach—is more structural and
involves taking a stand on the structure of the error component of the model (e.g., imposing a
putative model for how shocks affect outcomes and their relationship with treatment and other
variables in the model). The uncertainty reflected in this model-based setting entails a thought
experiment in which different values of these shocks and the other random variables in the model are
drawn from their joint distribution (Abadie et al., 2023). This model-based approach is common in
econometrics, and it almost always takes the linear regression specification (or model, in this case)
as the starting point of the analysis. Although this is often convenient, it is important to note that
imposing model restrictions on the error component of the model necessarily imposes restrictions
on treatment effect heterogeneity and on the relationship between potential outcomes; see Section
5 and Appendix A of Roth et al. (2023) for a discussion. Another challenge with the model-based
approach is that it is hard to use this framework when adopting estimation strategies other than
linear regressions—for example, inverse probability weighting or doubly robust procedures—which
we will discuss in Session 4.4.

Ultimately, as the discussion above highlights, each approach has pros and cons, and discussions
about the best way to compute standard errors are complex and intrinsically context-specific. A
detailed treatment of the topic is outside the scope of this paper. It requires information about
the sampling process, the research design and target parameters, what is treated as fixed and
random, and the structure of the error components of their models (e.g., presence of spatial or
serial correlation), among other factors. We refer interested readers to Abadie et al. (2020, 2023)
and Section 5 of Roth et al. (2023) for discussions on these topics, though we also emphasize that
further methodological research in this area is warranted. For the remainder of this article, we
adopt a sampling perspective for uncertainty and cluster our standard errors at the county level.
In our context, this is compatible with treating all variables as random, including treatment groups
and potential outcomes. It also allows us to avoid (a) making time-series dependence restrictions
on potential (and realized) outcomes—as we are in a short-panel framework with a large number
of units and a fixed number of time periods—and (b) taking an explicit stand on the structure
of error components of the model, which is particularly appealing as the starting point of our
analysis is potential outcomes rather than regression models. It is also worth mentioning that
as our treatment in the empirical example is assigned at the state level, clustering at the county
level would also be compatible with treating state-specific shocks as fixed (or conditioned on) and
assessing if they lead to violations of parallel trends (Roth et al., 2023, Section 5.1). Clustering
at the state level would be justified if we were using a design-based perspective (Rambachan and

Roth, 2024), though that would require us to treat potential outcomes as fixed (which we do not do
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in this paper). Our choice of inference procedure is not without controversies, and other inferential
approaches may also be rationalized.

We conclude this section by stressing that the appeal of using regressions like (3.7) to estimate
ATT in DiD designs comes from the fact that their numerical equivalence to the “by-hand” DiD
estimator (3.6), which was explicitly derived from the ATT'(t) and the parallel trends assumption.
This ensures that the regression specification respects the underlying identifying assumptions and
estimates the desired target parameter. Unfortunately, the tight connection between (TWFE)
regressions and DiD designs breaks under more complex setups that are ubiquitous in practice.
We now turn to some of these issues and how approaching them from the point of view of 2 x 2

building blocks can guide good econometric practices.

4 Incorporating covariates into 2x2 DiD

So far, we have focused on 2 x 2 DiD designs that do not leverage any information about covariates,
but researchers frequently incorporate them into DiD analyses in one of three ways: checking
for balance in variables thought to influence Y;;(0), controlling for those variables in the main
estimates, and estimating treatment effect heterogeneity. For example, in the absence of Medicaid
expansion, mortality rates likely would have evolved differently in poorer and richer counties;
they certainly did before 2014 (Currie and Schwandt, 2016). Therefore, parallel trends may fail
if poverty rates differ between expansion and non-expansion counties. If they do, then one may
want to “control for” poverty rates when estimating ATT parameters. Finally, because Medicaid
expansion reached more people in higher-poverty counties, its average effects on overall mortality
may be larger there. This heterogeneity may be of interest in its own right or may be used to
assess the plausibility of the overall DiD design.

This section discusses how to use auxiliary information on covariates to evaluate parallel trends,
identify ATT parameters under potentially weaker assumptions, and study heterogeneity. These
approaches stem from viewing a DiD with covariates in terms of 2 x 2 building blocks that them-
selves condition on those variables, which creates a clear link to the assumptions, estimators, and
interpretation of unconditional 2 x 2 designs. We also discuss how regression estimators that

control for covariates impose extra assumptions and can fail to identify ATT parameters.

4.1 Covariate balance: Is unconditional parallel trends plausible?

Assumption PT is fundamentally untestable, as it contains an unobserved counterfactual compo-
nent. Therefore, “tests” of these assumptions are necessarily indirect and rely on other observed
variables thought to be related to untreated potential outcome trends. For example, during the
2010s, demographics and economic conditions were strongly correlated with mortality levels and

trends. If these relationships would have held in the absence of Medicaid expansion, and if expan-
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sion and non-expansion counties differ in those demographic and economic characteristics, then
the parallel trends assumption (3.3) may fail to hold. Checking balance in observable determinants
of changes in Y;;(0) is thus a common and sensible way to evaluate parallel trends.

Most DiD analyses check for balance across groups in baseline covariate levels (E, [X;;-1|D; =
1] — E,[X;:=1|D; = 0]) or covariate trends before and after treatment (E,[AX;;—s|D; = 1] —
E,[AX;—2|D; = 0], where AX; -0 = X, ;-0 — X;+—1). We consider the following variables, X ;:
the percentages of a county’s population that are female, white, or Hispanic; the unemployment
rate; the poverty rate; and county-level median income (in thousands of dollars).!! The top
panel of Table 4 reports averages of these variables by group in 2013 with and without population
weights. We also report a measure of imbalance that is comparable across variables: the normalized

difference in means between the treatment and comparison groups (Imbens and Rubin, 2015,
Chapter 14),

Yo.z,T - Yw,c’
V(820 +S20)/2

where X, 7 and X, ¢ are the sample weighted or unweighted averages for the treatment and com-

Norm. Diff, =

parison groups, respectively, and SiT and 55,0 are the sample weighted or unweighted variances
of the covariates for the treatment and comparison group. As a general rule of thumb, values
of the normalized difference in excess of 0.25 in absolute value indicate a potentially problematic
imbalance between the two groups (Imbens and Rubin, 2015, page 277).'2

We find meaningful imbalance in several baseline measures. Expansion counties in 2013 were
whiter and had higher unemployment rates despite lower poverty and higher median income than
non-expansion counties. Because DiD uses changes in outcomes, researchers sometimes argue that
the effect of pre-treatment variables is differenced out. This logic does not hold, though, if baseline
covariates are related to untreated potential outcome trends themselves. The imbalance in the top
panel of Table 4 will lead to violations of parallel trends to the extent that counties with different
racial composition or income distributions would have had different mortality changes even without
Medicaid expansion.

Nevertheless, checks of balance in covariate changes can be informative about parallel trends
as well. The bottom panel of Table 4 reports average changes by group between 2013 and 2014 as

well as normalized differences. Many of the imbalances evident in baseline levels change, or even

HWe focus on these variables for convenience. Borgschulte and Vogler (2020) use a LASSO procedure that
selects more and different covariates to include in their analysis. We replicate their findings when we follow their
methodology but diverge here for the sake of brevity.

12 As discussed in Austin (2009, Section 3.2), the normalized difference was initially proposed in the psychological
literature and is sometimes referred to as Cohens effect size index. In this context, normalized differences of 0.2,
0.5, and 0.8 are sometimes used to represent small, medium, and large imbalances; however, normalized differences
as small as 0.1 are sometimes considered worrisome, depending on how important the covariate in question is.
Ultimately, there is no universally accepted threshold for what value indicates important imbalances. See Ho, Imai,
King and Stuart (2007) and Austin (2009) for additional discussions.
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Table 4: Covariate Balance Statistics

Unweighted Weighted
Variable Non-Adopt Adopt Norm. Diff. Non-Adopt Adopt Norm. Diff.
2013 Covariate Levels
% Female 49.43 49.33 -0.03 50.48 50.07 -0.24
% White 81.64 90.48 0.59 77.91 79.54 0.11
% Hispanic 9.64 8.23 -0.10 17.01 18.86 0.11
Unemployment Rate 7.61 8.01 0.16 7.00 8.01 0.50
Poverty Rate 19.28 16.53 -0.42 17.24 15.29 -0.37
Median Income 43.04 4797 0.43 49.31 57.86 0.68
2014 - 2013 Covariate Differences
% Female -0.02 -0.02 0.00 0.02 0.01 -0.09
% White -0.21 -0.21 0.01 -0.32 -0.33 -0.04
% Hispanic 0.20 0.21 0.04 0.25 0.33 0.29
Unemployment Rate -1.16 -1.30 -0.21 -1.08 -1.36 -0.55
Poverty Rate -0.55 -0.28 0.14 -0.41 -0.35 0.05
Median Income 0.98 1.11 0.06 1.10 1.74 0.32

This table reports the covariate balance between 978 counties in states that expanded Medicaid in 2014 and
1,222 counties in states that did not expand by 2019. In the top panel, we report the averages and standardized
differences of each variable, measured in 2013, by adoption status. All variables are measured in percentage val-
ues, except for median household income, which is measured in thousands of U.S. dollars. In the bottom panel
we report the average and standardized differences of the county-level long differences between 2014 and 2013 of
each variable. We report both weighted and unweighted measures of the averages to correspond to the different
estimation methods of including covariates in a 2 x 2 setting.

flip signs, when measured in changes. Unemployment, for example, was higher in expansion states
in 2013 but fell faster. To the extent that these changes are important determinants of AY;,;(0),
then these results could suggest that Assumption PT is violated.

Why do we say “could”? A major challenge in interpreting cross-group gaps in AX,; involves
deciding which variables are truly covariates and which are mechanisms/outcomes. If an element
of X;; cannot be affected by the treatment, it is a (strictly exogenous) covariate, and differential
changes in exogenous covariates may indicate a PT violation. Since the treatment cannot have
caused X, ; to change (by assumption), something else that differs across groups and over time must
have. Since little research suggests an effect of Medicaid expansion on unemployment, this may be
a good assumption. On the other hand, if Medicaid expansion can change the demographic and
economic composition of its counties, then differential changes in these variables may actually be a
consequence of the expansion itself.!® If so, then differential post-treatment changes in them would
not necessarily indicate a parallel trends violation; they could partially reflect a causal effect. As

with the plausibility of Assumption PT itself, whether something is a covariate or a mechanism is

131n fact, comparing mean covariate changes in expansion and non-expansion is the same as using X;; as the
outcome in a 2 x 2 DiD estimator.
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not a data question per se. It requires context-specific knowledge about how the treatment works.

4.2 DiD with covariates: Identification under conditional parallel

trends

Having detected covariate imbalance that casts doubt on Assumption PT, how should we proceed
to estimate ATT(2)? Because the imbalance documented in Table 4 suggested that unconditional
parallel trends may not hold, our goal is to develop a DiD identification strategy based on an
assumption that accounts for this imbalance. Working from a conditional parallel trends assump-
tion shows how to construct AT'T'(2) from 2 x 2 comparisons that are each conditioned on specific
covariate values, thus addressing the imbalance problem.

Let X; be a vector of observed determinants of changes in Y;;(0). Here, we purposefully
omit the time subscript on X; because the covariates in this section can be time-invariant, such
as fixed variations or baseline values (X;;—1), or time-varying in the sense of including values
from the second period, X;;—». The empirical content of a “new” identification assumption that

incorporates X;, henceforth conditional parallel trends (CPT) assumption, is formalized as follows.

Assumption CPT (2 x2 Conditional Parallel Trends). The (weighted) average change of Y; ;—2(0)
from Y;;—1(0) is the same between treated and comparison units that share the same covariate

values,
E,|Yii—2(0) = Y;,21(0)| X;, D; = 1] = E,[Y;1—2(0) — Y;,-1(0)| X5, D; = 0]. (4.1)

Assumption CPT has the same structure as Assumption PT but states that PT holds within
each covariate-specific stratum rather than across the whole population. With respect to the
baseline covariates in Table 4, this amounts to assuming parallel trends in Y;;(0) between expansion
and non-expansion counties that in 2013 had the same female, white, and Hispanic shares, as well
as the same unemployment and poverty rates and median income. This does not restrict how Y; +(0)
changes in different covariate strata, nor is not necessary to estimate these trends. Assumption
CPT only requires that covariate-specific trends are common between expansion and non-expansion
counties.

For both expectations in Assumption CPT to be well-defined for all values of X, there must be
both untreated and treated units in the population at each covariate value. If, for some covariate
values, there are only treated units, for example, then the right-hand side of (4.1) is undefined. A

formal statement of this assumption, called “common support” or “strong overlap,” is as follows.*

Assumption SO (Strong overlap). The conditional (weighted) probability of belonging to the

treatment group, given observed covariates X;, which are determinants of untreated potential

M ATT(2) is still identified under conditional parallel trends if some values of X; have only untreated observations.
We require P, [D; = 1|X;] to be bounded away from zero and one to avoid irregular inference procedures; see Khan
and Tamer (2010) for additional details.
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outcome growth, is uniformly bounded away from zero and one. That is, for some € > 0, € <

Under assumptions CPT and SO the ATT(2) is identified:

ATT(2) = E,[Yii—2(1)|D; = 1] — E,[Y;=2(0)|D; = 1]
Yigea| Dy = 1] = Bu| EulYiema (0)1 X, Di = 1| D = 1

Yiga Dy = 1] = Bu| BulYi1 (0)1X;, Di = 1] + Bu[AY;-2(0)|X;, D; = 0] i = 1]

H B & H

ol
ol
ol
ol

AYioma| Dy = 1| = Bu| BL[AY; -2 X, Dy = 0]| D = 1]. (42)

The first line restates the definition of ATT(2), and the second line uses the law of iterated
expectations to write the counterfactual mean for the whole treatment group as an average of
counterfactual means conditional on X;. These quantities are exactly the ones that appear in the
conditional parallel trends assumption (and the overlap condition). Therefore, as in section 3, the
third line uses Assumption CPT to rewrite the conditional counterfactuals in terms of observable
population quantities under no anticipation (Assumption NA). Equation (4.2) then uses the law
of iterated expectations again to group terms and express ATT(2) in terms of observed variables
(Yiiza, Yiee1, Giy X;); that is, it establishes that AT'T(2) is nonparametrically identified under our
assumptions. This expression has a clear intuition: the ATT(2) is equal to the path of outcomes
experienced by the treated group (the term on the left) minus the average path of outcomes in the
comparison group for each value of the covariates, averaged over the treated group’s distribution

of covariates (the term on the right).

4.3 DiD estimation with covariates: TWFE

Moving from the population identification result in equation (4.2) to sample analogs is a challenge
unless the covariates are discrete and the conditional expectations themselves are easily calculable.
This difficulty does not arise in an unconditonal DiD. With continuous covariates, or many discrete
ones, it may not be feasible to construct E,[AY;;—2|X;, D; = 0]. Conditional DiD estimation,
therefore, uses additional econometric techniques to bridge this gap. We begin, however, by
discussing how regression DiD estimators that include covariates relate to the assumptions used
for identification in (4.2).

Because the TWFE specification in (3.7) recovers the ATT'(2) in 2 x 2 DiD setups without
covariates, it is natural to extend this logic to regressions with covariates. Indeed, this is by far the
most popular approach adopted by practitioners, arguably because it is both easy and familiar. A

typical regression specification is
Y;l,t = gt + i + BtreatDi,t + X@‘/7t500vs + ei,t- (43)

where the unit and time fixed effects, treatment status, and covariates have already been defined,
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ei¢ is an error term, and fBj.q is interpreted as the parameter of interest. A related specification
explicitly controls for baseline covariates by replacing X, with interactions of the pre-treatment

covariates X;;—; and a post-treatment dummy,
}/i,t = et + i + ﬁtreatﬂDi,t + (1{t = Q}Xi,t=1)/800vs,2 + €it, (44)

In Table 5, we report the OLS and weighted least squares estimates of the unconditional 2 x 2
DiD estimate, Seops from (4.4), Beops2 from (4.3), and their cluster-robust standard errors, using

the covariates from Table 4.

Table 5: Regression 2 x 2 DiD with Covariates

Unweighted Weighted
No Covs X’Lﬁt:ZOIS X’L,t No Covs Xi,t:2013 Xi,i
(1) (2) (3) (4) (5) (6)
Medicaid Expansion 0.12 -2.35 -0.49 -2.56* -2.56 -1.37
(3.75) (4.29) (3.83) (1.49) (1.78) (1.62)

This table reports the regression 2 x 2 DiD estimate comparing 978 counties that expanded
Medicaid in 2014 with 1,222 counties that did not expand Medicaid by 2019, adjusting for
covariates (percent female, percent white, percent hispanic, the unemployment rate, the poverty
rate, and median household income). Columns 1-3 report unweighted regression results, while
columns 4-6 weight by county population aged 20-64 in 2013. Columns 1 and 4 report results
for expansion states without covariates, columns 2 and 5 adjust for the baseline levels of the
covariates in 2013, and columns 3 and 6 control for the time-varying covariate values in 2014

and 2013. Standard errors (in parentheses) are clustered at the county level.

Although only one covariate-adjusted estimate in Table 5 is (marginally) statistically significant,
the point estimates differ noticeably. In the unweighted case, adjusting for the 2013 levels of the
covariates decreases the estimated effect of Medicaid expansion on short-run mortality rates from
a point estimate of roughly 0.12 to -2.35. However, if we include their time-varying values instead,
we estimate an effect of -0.49, a large difference. We find a similar result when using weighted
regressions; while the coefficient remains constant (-2.56) when using 2013 values of the covariates,
it attenuates to -1.37 if we use (4.3).

The jump from the conditional DiD identification result in (4.2) to the TWFE estimators in
(4.3) and (4.4) skips a crucial question about Bjeqr O Bireat,2: do they equal the target parameter
ATT(2) under the conditional parallel trends assumption? It turns out that the close relationship
between regression DiD, ATT(2), and parallel trends in a design without covariates does not
hold with covariates. The issues come from exactly what kinds of covariates are effectively being
“controlled for” in these specifications and how the regression estimator combines outcome trends
for covariate sub-groups.

Note that in our two-period setup, (4.3) and (4.4) are respectively equivalent to (with some
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abuse of notation),

A}/i,t:2 =a+ ﬁtrezztDi + AXl{,t:26covs + Aei,t:27
A}/7;15:2 =+ ﬁtreat,ZDi + Xi/,tzlﬂcovsﬂ + Aei,t:2-

The first thing that is clear from these representations is that because time-invariant variables drop
out of equation (4.3), a TWFE specification can account for differential trends related to baseline
covariate levels only if they enter as interactions with the post-treatment dummy as in equation
(4.4). The exact regression specification, therefore, determines the implied conditional paral-
lel trends assumption. Controlling for annual poverty rates really means controlling for poverty
changes, and areas that are poor are not the same as areas that are becoming poor.

Another limitation evident in (4.3) relates to “bad controls.” Whenever X;;_, is affected by
the treatment, then conditioning on it (in any way) can bias estimates of the ATT'(2). If Medicaid
expansion lowered poverty rates, for example, then including 2014 poverty rates or the 2013-2014
change in poverty rates as a covariate is problematic. This echoes our discussion about testing
balance in AX,; in the sense that time-varying covariates must be unaffected by treatment in
order to interpret imbalance in their trends as a source of bias, and to be able to control for them
to address that bias. See Caetano, Callaway, Payne and Rodrigues (2022) for a discussion.

Suppose we have decided on which variables to include in a conditional parallel trends assump-
tion and whether to measure them in levels or changes. If Assumptions CPT and SO hold with
respect to this set of covariates, does Sy eq; recover the ATT(2)? In the DiD context, Caetano and
Callaway (2024) tackle exactly this question. They show that 5. equals a weighted average of
conditional average treatment effects, defined as ATTy, (2) = E, [}/;‘,tzg(]_) —Yi:2(0)|D; = 1, X; =
xk], with weights that may not be convex, plus three bias terms reflecting misspecification either
in the set of control variables or the fact that they are included linearly. These conclusions relate
to recent findings about the properties of regression estimators in the presence of heterogeneity in
other contexts, including instrumental variables (Mogstad and Torgovitsky, 2024), cross-sectional
designs (Angrist, 1998; Aronow and Samii, 2015; Sloczynski, 2022; Goldsmith-Pinkham, Hull and
Kolesar, 2024), and panel data (Goodman-Bacon, 2021; de Chaisemartin and D’Haultfoeuille, 2020;
Sun and Abraham, 2021; Poirier and Sloczynski, 2024).

The weighting results suggest that even when the covariates are correctly selected, measured,
and added with the correct functional form, S;..q: could be negative even when AT T, (2) is positive
for all values of covariates. Short of this extreme sign-reversal case, [;.cqt’s weighting scheme gen-
erally does not yield the ATT(2) target parameter and instead puts too much weight on AT T, (2)
for X;’s that are relatively uncommon among the treated group relative to the untreated group
and puts too little weight on ATTx,(2) for X;’s that are relatively common among the treated
group relative to the untreated group (Sloczynski, 2022; Caetano and Callaway, 2024).

Taken together, these results imply that Si.e.; identifies AT'T(2) under the additional assump-

tion that treatment effects across covariate strata are constant. To see why, write the conditional
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ATT in period two given AX; ;o as

ATTAx;,.,(2) = Eu[Yii=2(1) — Yiy=2(0)|D; = 1, AX o],

it=2
and note that, under Assumptions CPT and SO, it is identified by

ATTax;,-,(2) = Bu[AY=2|Di = 1, AX; o] — B [AY] 10| D; = 0, AX; -]
If we take (4.3) to be a correctly specified regression, then

ATTAXMZQ(Z) = (ﬁtreat + AX1(7t:2ﬁcovs) - (AXz{,t:2ﬁcovs) = ﬂtreat-

In other words, (4.3) implicitly rules out that treatment effects can vary across covariate-strata,
which makes the weighting issues identified by Caetano and Callaway (2024) irrelevant to the
interpretation of f;...;. Research on the Medicaid expansion using data on mortality rates by
income, however, shows clear evidence of heterogeneous effects (Miller et al., 2021; Wyse and
Meyer, 2024).

One way to avoid these limitations would be to make (4.4) (or (4.3)) more flexible by includ-
ing interactions of the covariates with treatment group, time, and treatment-group-by-time. An
alternative possibility is to adopt a “forward-engineering” perspective (Mogstad and Torgovitsky,
2024) and derive an estimator for AT'T(2) that directly leverages Assumptions NA, CPT and SO.
In some situations, the forward-engineering approach will also use regressions. Still, the target
parameter and the identifying assumptions will guide the specification we should use (and not the

other way around).

4.4 DiD estimators with covariates that target the ATT(2)

Fortunately, TWFE is not the only way to bring covariates into DiD estimation. We now discuss

alternative ways to use covariates in a DiD analysis that start from the identification result in
(4.2):

ATT(2) = E,[AY;,_o|D; = 1] — Ew[Ew [AY;,_0|X;, Di = 0]‘Di - 1].

This equation provides an intuitive recipe for estimating ATT(2). The first term in ATT(2) is the

same as in an unconditional 2 x 2 design and can be replaced by its sample analog as in equation

(3.6): (Ya,pet4=2 — Y pot14=1)-

One way to obtain the second term is to first estimate the inner conditional expectation,
E,[AY; 2| X;, D; = 0]. This object is just an (unknown) function that relates average outcome
trends for untreated units to their covariates. The most common way to proceed, especially
in cases where X; contains many variables or continuous ones, is to specify a working model,
fw.n,p=0(X;), with parameters that are simple to estimate. A natural and empirically friendly
choice is a linear model, u,a p—o(X;) = X/Gp—o, whose parameters come from a (weighted)

regression of AY; ;o on X, in the sample of untreated units. The results of this regression describe
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untreated outcome trends as a function of X;. The fitted model then generates predicted values,
fw.ap—o(X;) = X{BD:O, for all units in the sample, including treated units. With these fitted
values we can estimate Ew[Ew [AY; 10| Xi, D; = 0]‘Di = 1] using the plug-in principle; that is,

by replacing E,[AY; 2| X;, D; = 0] with its fitted value fi, A p—o(X;), and replacing population

Y1 Dy wi fiw,A,p=0(X3)
i1 Di wi :

Putting the pieces together gives the following estimator for ATT(2):

e YD wi (AY 0 — [ —o(X;
ATT,0(2) — 2=t (A% = flvspoo(Xi)) (4.5)
2iic1 Di wi
This strategy is often referred to as the regression-adjustment (RA) or outcome regression approach
to DiD; see, for example, Heckman, Ichimura and Todd (1997a).

We apply this strategy in our application using only the baseline covariates from Table 4, and

(weighted) expectations with their sample analogs:

report the parameters Bp_g of our working model in columns (1) and (3) of Table 6. In practice,
mortality changes in non-expansion states are only weakly related to our baseline covariates. Mul-
tiplying the weighted coefficients in Table 6 times the weighted treatment group 2013 means in
Table 4 gives a predicted change in untreated mortality rates for the average treated county of
7.2 deaths per 100,000, the second term in equation (4.5), compared to the observed (weighted)
change among untreated counties of 6.3 deaths. The observed weighted trend in mortality for
expansion counties from Table 2 is 3.7 deaths. Together, these results imply that this approach,
based only on assumptions CPT, SO, NA, the choice of baseline covariates, and a linear model for
E,[AY; 2| X;, D; = 0], yields an estimated ATT(2014) of -3.5. This matches the formal RA DiD
estimate we report in column 4 of Table 7 (labeled as “Regression”). Column 1, however, gives an

unweighted estimate from the same procedure of -1.62.
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Table 6: Outcome Regression and Propensity Score Models

Unweighted Weighted
Regression Propensity Score Regression Propensity Score
M) 2) 3) )
OLS Logit OLS Logit
Constant -20.91 -10.00%** -4.62 -8 17
(69.85) (1.35) (44.98) (0.01)
% Female 0.04 -0.04** -0.09 -0.19%**
(0.82) (0.02) (0.68) (0.00)
% White 0.15 0.06™** 0.20* 0.04%**
(0.22) (0.00) (0.11) (0.00)
% Hispanic -0.08 -0.02%** -0.08 -0.02%**
(0.20) (0.00) (0.08) (0.00)
Unemployment Rate 1.14 0.32%** 0.88 0.68***
(1.56) (0.03) (0.99) (0.00)
Poverty Rate 0.21 0.03* -0.13 0.11%**
(0.98) (0.02) (0.53) (0.00)
Median Income 0.09 0.08*** -0.05 0.15%**
(0.52) (0.01) (0.24) (0.00)

This table reports the outcome regression propensity score models that enter into the estimator
from Sant’Anna and Zhao (2020) and Callaway and Sant’Anna (2021). The first two columns
report the results for unweighted regressions and the second two report results from weighted
regression models. The regression model predicts changes in the outcome variable (mortality
rates) as a function of 2013 covariate values for the 1,222 counties that do not expand Medicaid
in 2014. The propensity score model uses data on all 2,200 counties for 2013 and estimates a
logit model of an expansion indicator variable on the 2013 covariate levels. Standard errors (in

parentheses) are clustered at the county level.

To compute standard errors, we need to account for the fact that (4.5) is a two-step estimation
procedure and take into account the uncertainty associated with estimating the working model
tw.ap=0(X;). This is standard, though, and most statistical software automates this process; see,
for example, Sant’Anna and Zhao (2020) and Callaway and Sant’Anna (2021).

Table 7: DiD Estimates with Covariates

Unweighted Weighted
Regression IPW  Doubly Robust Regression IPW  Doubly Robust
Medicaid Expansion -1.62 -0.86 -1.23 -3.46 -3.84 -3.76
(4.73) (4.76) (4.61) (2.29) (3.22) (3.59)

This table reports the 2 x 2 DiD estimate comparing 978 counties in states that expand Medicaid in 2014 to 1,222
counties in states that did not expand Medicaid by 2019, adjusting for 2013 covariate values using the methodologies
discussed in Sant’Anna and Zhao (2020) and Callaway and Sant’Anna (2021). The first column reports results us-
ing regression adjustment, the second column uses inverse probability weighting based on a propensity score model
using the included covariates, and the third column uses the doubly robust combination of the two approaches.
Standard errors (in parentheses) are clustered at the county level.
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A linear working model for E,[AY;;5|X;, D; = 0] is a familiar choice, but not the only one.
More flexible, or even fully nonparametric, working models are possible, and the procedure is
the same: estimate the model on untreated units, get its fitted values for the covariate values
of the treated units, and then estimate the ATT(2) using (4.5). An important consideration
when choosing the working models is sample size. Large samples permit more flexible estimators
that do not sacrifice too much precision. In smaller samples, a parametric linear model may be
more appealing. Ultimately, the reliability of DiD RA estimators for ATT(2) depends on how
well fi, A p=o(X;) approximates E,[AY;;_o|X;, D; = 0]. If the working model is misspecified—for
example by omitting relevant nonlinear terms—the resulting DiD RA estimator will be biased.

Table 6 showed that our covariates did not strongly predict untreated mortality trends and thus
do little to change our potential biased unconditional DiD estimates. However, ATT(2) can be
estimated conditional on covariates in a different way without needing to specify which variables
determine outcome trends. Instead, one can improve the comparability of the comparison group
directly by selecting a model for the conditional probability of being treated and applying an
inverse probability weighted (IPW) DiD procedure (Abadie, 2005). The logic of IPW builds on
the balance checks we conducted in Table 4: if imbalance in covariates is the source of parallel
trends violations, then adjusting the comparison group to be balanced on covariates can address
that bias. The adjustment takes the form of re-weighting the observed changes in adult mortality
rates for non-expansion counties to ensure that the expansion and non-expansion counties are
similar on covariates, thus addressing the compositional source of bias.

To implement the IPW DiD procedure and construct these “balancing weights,” we need to
model p,(X;) = P,(D; = 1]X;), the (weighted) conditional probability of belonging to the treat-
ment group, known as the “propensity score.” IPW weights are a function of p,(X;), and for
estimating AT'T'(2), they take a form that forces the underlying weighted distribution of covariates
for comparison units to match the distribution for treatment units (Rosenbaum and Rubin, 1983).
Intuitively, these weights are formed so that if we find some units that were likely to be observed
in the treatment groups (based on their covariate values) but ended up in the comparison group,
we give these untreated observations “extra” weight.

Formally, we can show that, under Assumptions CPT and SO, when panel data are available,

ATT(2) =K [(w%[):l(Di) - ww,D=0(Di7Xi>>AY;,t=2] ) (46)
where
Wy, p=1(D) = Dw/]E[wD], and wy, p—o(D, X) = w(ll:ij?;(gX)/]E [W(ll:?w)?;}())()] ; (4.7)

see, for example, Abadie (2005) and Sant’Anna and Zhao (2020). The structure of the weights
in equation (4.7) and the way they enter equation (4.6) highlight several intuitive features of how
the IPW estimator works. First, w, p—1(D) is only non-zero for treated units, and w, p—o(D, X)

is only non-zero for untreated units, which means the estimator subtracts a particular mean of

25



outcome trends for untreated units from a particular mean of outcome trends for treated units.
Second, the w,, p—1(D) weights do not involve X; and simply lead simply to a (w-weighted) mean
for the treatment group. Third, the w,, p—o(D, X) weights are functions of X; that, as (4.7) shows,
give increasingly more weight to untreated units with high propensity scores. This specific IPW
weighting function builds a comparison group whose covariate distribution matches the treatment
group. Fourth, equation (4.7) clarifies that two types of weights both enter an IPW analysis. We
already discussed how the w weights shape the parameter of interest, parallel trends assumptions,
and estimation. These simply multiply the IPW weights which act to address imbalance (and their
product is rescaled to integrate to one within group). Finally, the appeal of (4.6) is that if we have
a better sense of how units sort into treatment than of the factors that shape outcome trends, we
may be more comfortable modeling p,,(X;) than E, [AY;,—0|X;, D; = 0].

To leverage the characterization of the ATT'(2) in (4.6) for estimation and inference purposes,
we need a working model for the true propensity score p,(X;). When X’s are all discrete and
low dimensional, this is simple and does not involve functional form restrictions: create covariate-
specific strata and then, within each strata, compute the proportion of treated units, and call these
estimates 7(xy), zx being a strata-indicator. When X’s have continuous components, or when there
are too many strata relative to the available sample size, one can adopt a flexible working model,
7,(X;), for the propensity score. A common choice for 7, (X;) is a (weighted) logistic model whose
parameters can be estimated using maximum likelihood—or an alternative estimation procedure
such as inverse probability tilting (Graham, Pinto and Egel, 2012). We follow this strategy in our
Medicaid application and report in columns (2) and (4) of Table 6 the unweighted and weighted
maximum likelihood logit coefficients from our propensity score model. Our covariates appear to
explain expansion decisions better than untreated outcome trends, suggesting that an estimation
approach based on propensity scores may change our AT7T(2014) estimate more than the RA
approach did. We then use these logit coefficients to get the fitted values for all observations,
T.(Xi), that will serve as our estimates of p,(X;).

From these fitted values, we can estimate ATT(2) by

—_ ]. " ~ A~
ATTp(2) = - Z (ww,D:1<Di) — ww,D:O(Dsz'))AYi,t:Q, (4.8)
i-1

where

i=1 i)

We report the ATT(2014) estimates and their standard errors using this IPW DiD procedure in
Table 7 (labeled as “IPW?”) using both unweighted and population-weighted procedures, where we
use a logistic regression that is linear in covariates as our propensity score working model. We use
the delta method to account for the estimation uncertainty inherited in this two-step estimation

procedure when computing standard errors. The IPW DiD estimates are generally similar to the
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RA DiD estimates in that we obtain negative estimates that are larger in magnitude when using
population weights. However, despite neither being statistically significant, the unweighted IPW
estimate is less than half the size of the RA estimate. This is consistent with the broad conclusion
from Table 6 that our covariates explain Medicaid expansion better than mortality trends.

IPW estimators for ATT(2) tend to be noisy when fitted propensity score estimates are too
close to 1 among untreated units, a condition related to the Assumption SO. The reason for this is
simple: when 7,(X;) is close to one among units with D; = 0, the (estimated) inverse probability
weights W, p—o(D, X) become more volatile, as one is essentially dividing by zero. A good practice
when using IPW estimators is to check the plausibility of strong overlap using estimated propensity
scores. Figure 1 plots the propensity scores that come from the logit models in Table 6 for the two
groups of counties. Few untreated units have very high estimated propensity scores, so extreme
weighting is not a significant concern.!® In addition, propensity scores of non-expansion counties
seem to lie within the support of the expansion counties’ propensity scores, supporting strong
overlap. Trimming high- or low-propensity score observations from the sample may be warranted
when overlap is weak; for a discussion, see, for example, Crump, Hotz, Imbens and Mitnik (2009),

Sasaki and Ura (2022), and Ma, Sant’Anna, Sasaki and Ura (2023).

Figure 1: Distribution of Propensity Scores

Unweighted Weighted
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Propensity Score
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Notes: This figure shows the distribution of propensity scores using both the weighted and unweighted logit propensity score estimates
in our 2 x 2 Medicaid example.

The reliability of these two approaches to estimating conditional DiD designs centers on se-
lecting good models for two different functions: the conditional expectation of untreated outcome
changes and the true, unknown propensity score p,(X;). So which approach should one pick? In
practice, there are major advantages to combining both in a way that leads to estimators for the
ATT(2) that are more robust against model misspecification (Sant’Anna and Zhao, 2020). This

5By default, the did and DRDID R packages from Callaway and Sant’Anna (2021) and Sant’Anna and Zhao
(2018) trim untreated units with propensity scores in excess of 0.995.
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is the so-called doubly robust (DR) approach, sometimes referred to as the augmented inverse
probability weighting approach; see, for instance, Sant’Anna and Zhao (2020) and Chang (2020).
The key idea of the DR DiD approach is to express the ATT(2) in terms of both p(X;) and
E,[AY;-2|X;, D; = 0] in a way that it gives provides some “protection” in case the working models
for these functions, 7(X;) and fia ¢—o(X;), are wrong. The resulting DR estimator for the ATT'(2)
is consistent when either of these nuisance working models is correctly specified. If one is exactly
right, it does not matter if the other is wrong. Furthermore, if both working models are only
slightly wrong, their errors will multiply, and DR will perform (asymptotically) better than either
one alone.'® Following the steps in Sant’Anna and Zhao (2020), we can express the ATT(2) as

ATT(2) = E | (wo0-1(D) = wpo(Dy X)) (AYigea = Bu[AY,mal Xo. D, = 0]) |, (4.10)

with the weights as defined in (4.7). Notice that when we omit the E,[AY;:—2|X;, D; = 0] term
from (4.10), we are back to the IPW estimand (4.6). When we omit the w,, p—o(D;, X;) term from
(4.10), we are back to the regression adjustment estimand (4.2).

Constructing a DR DiD estimator for the ATT(2) based on (4.6) is straightforward. Choose
a flexible working model for the propensity score and compute its fitted values, 7, (X;). Then, a
flexible working model for the outcome evolution of untreated units and compute its fitted values

for all treated and untreated units, fi, A p-o(X;), and then use the plug-in principle to estimate
the ATT(2) by

n

mdr(Q) = = Z <@w,D=1(Dz‘) — Wy, p=o(Di, Xz)) (AY;,t=2 — ﬂw,A,D=0(Xi)>, (4.11)

n i=1

with the estimated weights as defined in (4.9).

We report the ATT(2014) estimates and standard errors using the DR DiD procedure with
a linear in covariates working model for g, A p—o(X;) and (weighted) logistic regression work-
ing model that is also linear in covariates for p,(X;) in Table 7 (labeled as “Doubly Robust”).
Population-weighted results are fairly similar across our methods, but the unweighted DR DiD
estimates are about halfway between the RA and IPW results. However, an advantage of the DR
DiD procedures is that model misspecifications are arguably less of a concern.

Overall, in this section, we discussed different “forward-engineered” estimators for the AT'T(2)
that respect conditional parallel trends, correctly incorporate covariates, and do not restrict treat-
ment effect heterogeneity. Between RA, IPW, and DR DiD estimators, we recommend practitioners
favor the doubly robust one compared with the RA and IPW appraoches on their own, as this pro-
cedure adds additional “protection.” When strong overlap fails, though, RA DiD estimators can

still work because they extrapolate the outcome model to obtain predicted counterfactual outcome

16We usually arrive at such estimands by deriving the efficient influence function; see, for example, Sant’Anna
and Zhao (2020) for a discussion in DiD setups. See also Seaman and Vansteelandt (2018) for an overview. When
we adopt nonparametric or machine-learning-based estimators for the nuisance functions, we get a different type of
double robustness, “rate double robustness,” where we can trade-off precision between the different working models.
For more details, see, Kennedy, Ma, McHugh and Small (2017) and Smucler, Rotnitzky and Robins (2019).
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changes even for treated units with covariate values not observed in the comparison group. The
credibility of this extrapolation, however, rests on the accuracy of the working model outside the
support of X; in the untreated group. If this extrapolation is not reliable, one can make the DR
approach more robust against weak overlap by trimming “extreme” propensity scores and per-
forming a bias correction to ensure that the target parameter (the ATT(2) in our case) remains
the same. See Ma et al. (2023) for details.

4.5 Heterogeneity analysis

A different motivation for using covariates is to estimate heterogeneous treatment effects by the
values of Xj;;. The identification result in equation (4.2) can be altered slightly to show that
ATT(2) is simply an aggregation of covariate-specific 2 x 2 DiD estimands:

ATT(2) = By [ Bu[AY o] X, Di = 1] = Bu[AY o] X, Di = 0] D = 1],
Thus, Assumptions CPT and SO also imply that we can identify conditional ATT parameters:
ATTXz(z) = Ew[}/i,t:2(1> - )/i,t:2(0)|Dz‘ =1, Xz]
= EW[AY;,t=2|Xi7 Dz = 1] - Ew[A}/i,t=2|Xi, Dz = O]

This not only demonstrates the building block structure of conditional designs, but also connects
the strategies we discussed for estimating ATT'(2) itself to the underlying treatment effect hetero-
geneity by covariate values. When this heterogeneity is of interest in its own right it can also be
targeted, identified, and estimated (at least under some additional conditions).

When all covariates are discrete, estimating ATTx,(2) parameters is fairly straightforward.
One can form saturated partitions xz,, k = 1,..., K, and then subset the data to contain only
information from the units from the specified partition k. At this stage, the analysis is analogous
to the unconditional DiD setup (except that you need to repeat this step from all partitions of
interest), as each ATT,,(2) is identified by a (conditional on a discrete-variable) comparison of

means’ that is,
ATT,, (2) = B, [AY;0|D; = 1, X; = a5 — E,[AYi 40| D; = 0, X; = 3]

One can estimate these ATT,, (2)’s using their sample analogs or using two-way fixed effects
regression specifications analogous to (3.7). Inference is also standard, provided that each partition
is sufficiently large. This type of exercise is commonly used to conduct heterogeneity analysis. For
example, suppose one wants to see if the effect of Medicaid expansion on adult mortality rate
varies across US census regions. Then, one would partition the data into US regions and run one
(unconditional) DiD analysis for each region, provided we have treated and untreated units in each
region.

When some covariates are continuous or there are so many partitions that each one contains

few observations, one can still identify the ATTY,(2)’s, though they are hard to estimate unless
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auxiliary assumptions hold. In such cases, it is customary to identify and estimate a more aggre-
gated conditional ATT parameter than ATTx,(2). For instance, one may want to assess if the
effect of Medicaid expansion on adult mortality rates is higher (or lower) in counties with an un-
employment rate above the median than it is in those below. Similar partitions could be made for
any other covariates. To formalize this notion of “partition specific” ATT, let PART(X;) be some
user-specified partition of the covariate space such that PART(X;) € {1,2,..., K}, and define

ATT(2) = E, [Yis—o(1) — Y;425(0)|D; = 1, PART (X;) = k].
Under Assumptions CPT and SO, it follows that
ATT,(2) = E,|AY;4o0|D; = 1, PART(X;) = k]
. Ew[Ew [AY;|Di = 0, X;, PART(X;) = k]‘Di — 1, PART(X;) = k]

which implies that
K
ATT(2 Z (PART(X;) = k|D; = 1)ATT(2).

Thus, for heterogeneity analysis with covariates, one can partition the data with a user-specified
partition map PART(X;) and then, within each of these partitions, use arguments like the ones
we used to establish (4.2) to guarantee that each partition-specific ATT is identified (which is
precisely what we did to get ATT,(2) above). Regarding estimation and inference, one can use
regression adjustment, inverse probability weighting, or doubly robust estimators as in Section 4.4;
the difference is that these are implemented “locally” on each partition.

Obtaining the overall ATT(2) is just a matter of aggregating these partition-specific ATTs
using weights equal to the relative partition size among treated units. All these parameters have
clear causal interpretations, can be used to answer different policy questions, and are identified
under the same identification assumptions already discussed. Other types of heterogeneity analysis
are also possible and even attractive. For instance, Abadie (2005) discusses how one can highlight
how the ATT varies across a subset of the covariates required for conditional parallel trends to
hold. For example, this would entail checking if the average effect of Medicaid expansion among
expansion counties varies with the 2013 poverty rate and/or median income. One can also get
the best linear approximation of these conditional ATT curves, which involves estimating fewer
parameters. These heterogeneity analyses are generally more granular than the partition-based
ones discussed above and do not require discretizing the data. They complement each other well.

We close this section with a remark on the choice of partition and the type of heterogeneity
analysis to conduct. Heterogeneity analysis has the potential to offer policymakers and researchers
novel insights about the treatment of interest and its mechanisms, opening the door for more
informed policy recommendations and targeted expansions. But how should one define the sub-
groups in which to estimate heterogeneous effects? If researchers knew the relevant partition that

policymakers care about, they could aim to estimate these particular partition-specific ATTs. But
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this is rarely the case. Taking no stand about heterogeneity implies reporting unit-level effects,
which requires incredibly strong assumptions and could also lead to noisy estimates. On the other
hand, taking a too-coarse partition may mask important types of treatment effect heterogeneity.
So, it seems that a balance between these extremes is important for a policy-relevant heterogeneity
analysis. Estimating conditional ATTs across one or two covariate dimensions is useful, but it may
mix some other interactive effects. Another potential avenue is to go beyond averages and adapt
the sorted-effects procedure proposed by Chernozhukov, Ferndndez-Val and Luo (2018) to DiD
designs. It would also be interesting and practically relevant to extend the heterogeneity tools for
experimental data discussed in Chernozhukov, Demirer, Duflo and Ferndandez-Val (2023) to DiD
setups. In our view, this is an area in which applied econometrics practice would benefit from

more thorough methodological guidance.

5 DiD designs with multiple time periods

The previous sections focused on fundamental identification issues and estimation approaches for
2 x 2 building blocks, but generally did not build them into anything because they targeted the
only feasible ATT'(t), ATT(2). DiD designs with multiple periods are notably different. They can
target ATTs in each period after treatment to trace out dynamics, and they can produce cross-
group outcome trends from before treatment starts to evaluate the plausibility of parallel trends.
Multiple periods also admit the possibility of more complex treatment variation. We will focus on
staggered-timing designs in which treatment “turns on” at different times for different units and
stays on, as the Medicaid expansion did. It is possible, however, to use DiD methods to study
treatments that “turn off” or occur more than once, though some modifications are warranted;
see, for example, de Chaisemartin and D Haultfoeuille (2020, 2023a).

We need to expand the notation to define the relevant concepts with multiple periods. When
treatment can happen only at one point in time (so we still have only two treatment groups with
D; equal to one or zero), the only changes we need to make are to acknowledge that time runs

fromt=1,2,...,T, and that the map between potential outcomes and observed outcomes is
Yii = D;iYi (1) + (1 — D;)Y;.(0).

By Assumption NA, we have that Y;; = Y;;(0) for all pre-treatment periods, and that, in post-
treatment periods, we observe Y;,(0) if the group remains untreated by ¢ = 7', and Y;,(1) for

groups treated at the unique treatment date, t = g.

5.1 Simple event studies (2 x T)

The term “event study” refers to estimating and reporting effects across a range of time periods

before and after treatment. A design with one treatment timing group and multiple time periods
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(2 x T') is the simplest case in which to discuss event studies. We thus expand our analysis of the
2014 Medicaid expansion group to include data from 2009 to 2019. We report population-weighted
results for brevity. Figure 2 plots the time series of the weighted mortality rates for the 2014 and
post-2019 expansion counties. It is the analog of Table 2 in the sense that it presents the raw data
elements necessary to construct event study estimates. The treatment year 2014 naturally divides
the x-axis into two windows: post-treatment (2014-2019) and pre-treatment (2009-2013). An event

study constructs DiD-type estimates in both windows, but they have different interpretations.

Figure 2: County Mortality Trends by Expansion Decision
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Notes: This figure shows county population-weighted average mortality rates for adults ages 20-64 for 978 counties that expanded
Medicaid in 2014 and 1,222 counties that did not expand Medicaid by 2019 from 2009 to 2019.

5.1.1 Event study estimates in the post-treatment periods

The target parameters in a simple event study are the ATT(t)’s with the same definition as in
(3.5); there are just more of them to identify, estimate, and interpret than in a 2 x 2 design. The
ATT(t)s in the post-treatment period, ¢t > g, reflect treatment effect dynamics. For example,
economic models that view health as a stock imply that ATT'(t) may grow if Medicaid stimulates
health investments. Furthermore, people and institutions may take time to adjust their behavior
after Medicaid expands, suggesting a dynamic treatment effect. Event study parameters answer
these kinds of subtle questions.

Identification of each ATT(t) follows from the same arguments outlined in section 3. Note,
however, that an event study analysis requires parallel trends in every post-period, as in the

following assumption.

Assumption PT-ES (2 x T Parallel Trends). The average change of Y;;(0) from Y;,_, 1(0) is
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the same between treated and comparison units for all post-treatment periods t > g; that is,
Eu[Yit(0) = Yigeg-1(0)[D; = 1] = By [Yi4(0) = Yiu—g1(0)[ D; = 0] Vi = g. (5.1)

Assumption PT-ES suggests that learning about long-run effects requires stronger assumptions
than learning about short-run effects. That is, to identify the average effect of Medicaid expansion
in 2019 among expansion counties, Assumption PT-ES requires parallel trends to hold in every
year from 2014 to 2019. On the other hand, if we are interested in learning only about short-run
effects—say effects up until 2015—we would require it to hold from 2014 and 2015 only.

If Assumption PT-ES holds (as well as no-anticipation), then each ATT(t) is identified by a
DiD comparison between period g — 1 and ¢, as in (3.5), and the AT'T(t)s can be estimated by the

familiar comparison of four sample averages:

m@) = (Yw,D:Lt - 7u),D:I,t:g—l) - (?w,D:O,t - ?w,D:O,t:g—l)- (52)

Figure 3 plots (weighted) event study estimates for the 2014 Medicaid expansion group.
m(t)’s lie to the right of the vertical dashed line. The estimate for event-time O (that is,
t = g = 2014) equals the 2 x 2 results from Table 2 (—2.6). The other estimates have the same
DiD form: comparisons of cross-group changes in different post-2014 years (t) but always relative
t0 2013 (¢9—1). The point estimates do not suggest large mortality effects from Medicaid expansion

among expansion counties.

Figure 3: 2 x T Event Study

Estimate (t O {0, 5}) = -0.70
Std. Error = 1.95
Conf. Int = [-4.53, 3.12]
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Notes: This figure shows the population-weighted event study estimates in the 2 x T case, comparing 978 counties in states that
expanded in 2014 to 1,222 counties in states that had not yet expanded by 2019. It uses the unconditional estimator from Callaway
and Sant’Anna (2021). The outcome variable is the crude mortality rate for adults ages 20-64, and the standard errors are clustered at
the county level. The point estimate is reported by the circles, and both point-wise (black) and simultaneous (red) confidence intervals
are reported with the vertical lines (see section 5.1.3).

5.1.2 Event study estimates in the pre-periods

Multiple time periods also allow for falsification/placebo tests based on DiD-type comparisons

between pre-treatment periods. The no-anticipation assumption implies that all ATT(t)’s before
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time g are equal to zero, which means that a 2 x 2 estimand between periodst = g—k and t = g—1,
k > 1, equals a difference in weighted average untreated potential outcome trends (as they are all

from pre-treatment periods):

T—k = Ew[Yi,t=g—k(0) - Y;,t=g—1(0>|Di = 1] —E, [Yi7t=g—k(0) - Y;,t=g—1(0)|Di = 0]
= Ew[Y;',t=g—k - Y;,t=g—1|Di = 1] - EW[Y;,t:g—k: - Y;,t=g—1|Di = 0]

The 7_j terms are usually called “differential trends” or “pre-trends,” and they appear to the left
of the vertical dashed line in Figure 3. The credibility of event study analyses rests in large part on
finding small estimates of 7_j, but Figure 3 illustrates how challenging it can be to draw conclusions
from informally looking at these pre-trends. No individual 7_ is statistically significant, so we
fail to reject the null hypothesis that the pre-trend estimates equal zero (individually or jointly).
This kind of result is often interpreted to mean that parallel trends holds. But the 7_;’s also tend
to be positive with a mean of about 2.3, which is larger in magnitude than all post-period point
estimates except one. Sometimes, this kind of result is used to argue that parallel trends fails. Do
these results support or refute parallel trends?

Recent methodological work suggests three practical lessons about using pre-trend estimates to
assess parallel trends; examples include Bilinski and Hatfield (2018), Manski and Pepper (2018),
Kahn-Lang and Lang (2020), Roth (2022), Rambachan and Roth (2023), Dette and Schumann
(2024), and Freyaldenhoven, Hansen, Pérez-Pérez and Shapiro (2024). The most fundamental,
which will tend to shape language more than practice, is that Assumption PT-ES is not testable,
as it only makes restrictions on untreated potential outcomes in post-treatment periods, ¢ > g.
Under no-anticipation, pre-trends do measure differences in untreated outcome trends between
treated and untreated units, but they necessarily measure them in the “wrong” periods t < g.
This does not mean parallel pre-trends are not informative; it just means they are not the same
as the parallel trends assumption in Assumption PT-ES.

When specifically are observed pre-trends uninformative about the parallel trends assumptions
required for identification? One case is when pre-trends are measured too far before treatment
starts. The conditions or shocks that jointly shape treatment decisions and untreated outcomes
may differ many periods before treatment, but this need not imply that they generate bias in
the periods after treatment. A second case, discussed in Section 3.2, is when units select into
treatment based on time-varying pre-treatment unobservables. As treatment selection depends on
pre-treatment unobservables, non-parallel pre-trends may appear as a consequence of the selection
mechanism, though parallel trends may still be plausible. Ghanem et al. (2022) show that in this
case, a necessary condition for parallel trends is that the untreated potential outcomes satisfy a
martingale property. When this martingale property does not hold, parallel trends cannot hold
either, regardless of the shape of pre-trends. In such situations, it is worthwhile to assess the
potential bias components of the DiD estimator using the “selection-aware” benchmarking tools

presented in Ghanem et al. (2022), as well as to resort to their theory-based templates for justifying
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parallel trends based on selection mechanisms. Ultimately, how informative pre-trends are for the
plausibility of Assumption PT-ES is case-specific, though we would of course always prefer to have
parallel pre-trends.

When Assumption PT-ES holds in all periods (pre- and post-treatment), it is worth noting
that one can construct estimators for the ATT(¢) that are more precise than those in (5.2); see,
e.g., Borusyak et al. (2024), Gardner (2021), Harmon (2024), Marcus and Sant’Anna (2021),
Wooldridge (2021), and Chen, Sant’Anna and Xie (2024). In such cases, though, one would
require parallel trends to hold pre-treatment periods, parallel pre-trends becomes directly testable
(as the model is overidentified), and 7_; could be used to assess its plausibility directly. Other
types of overidentification tests could also be used in this case to assess the validity of the DiD
model directly; see Marcus and Sant’Anna (2021) and Chen et al. (2024) for a discussion.

The second lesson is that statistical precision shapes the usefulness of pre-trend estimates. The
hypothesis tests for parallel pre-trends in Figure 3 are low-powered to detect practically important
violations (Roth, 2022, and Freyaldenhoven et al., 2024). The 7_; estimates fail to rule out flat
pre-trends, but as we shall see below, they also fail to rule out large pre-trends that would indicate
serious bias in the m(t)’s. They simply do not say very much.!” Roth (2022) discusses how
conditioning the analysis on these kinds of low-powered tests can exacerbate biases and should be
interpreted with care.

The third lesson is that researchers can make better use of pre-trend estimates by taking a
stand on the size of plausible and/or problematic parallel trends violations. For example, Bilinski
and Hatfield (2018) propose selecting a value for differential trends that would fully explain the
estimated treatment effects and then using it instead of zero as the null hypothesis when conducting
statistical tests of the estimated pre-trends; see also Dette and Schumann (2024). Rambachan
and Roth (2023) develop inference methods for an approach that bounds the ATT(t)’s under
assumptions about the maximum size of parallel trends violations based on pre-treatment periods
(see also Manski and Pepper, 2018). One can either select a magnitude using contextual knowledge
or set it equal to a multiple of the largest period-to-period pre-trend estimate. One then constructs
an identified set that contains AT'T(t) not under parallel trends but under the weaker assumption
that parallel trends is not violated by more than this pre-determined maximum in each post-period.
Importantly, Rambachan and Roth (2023) also show how to use the estimated covariance matrix of

t.1% Given the existence

the event study estimates to construct confidence intervals around the se
of these methods, which are theoretically grounded in how to consider violations of pre-trends,

we caution producers (and consumers) of DiD work against the common practice of using only a

17 Another possibility is that very precisely estimated pre-trends are distinguishable from zero yet also rule out
even small violations. The magnitude of the violations also matters: a precisely estimated but small violation of
parallel trends in pre-treatment periods is “better” than an imprecisely potentially large estimated pre-trend that
does not rule out zero.

18Tn cases where a measured variable accounts for the pre-trends, Freyaldenhoven, Hansen and Shapiro (2019)
develop two-stage-least-squares estimators that recover ATT(t) parameters by extrapolating the pre-period rela-
tionship between outcomes and the covariate into the post-period.
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simple “eye-test” for whether pre-trends differ substantially from zero.

In our application, Rambachan and Roth (2023)’s method underscores how little information
the pre-trend estimates convey. The largest one-period pre-trend in Figure 3 is between event-time
-5 and -4, when outcomes fall by roughly four deaths more in the expansion group versus the non-
expansion group. If we assume that parallel trend violations are no bigger than this, the identified
set for ATT(2014) is —2.6 + 4 = [—6.6, 1.4], and given the size of the pre-period standard errors,
we obtain a robust confidence interval of [—11.1,5.1], which spans implausibly large effects in both
directions. Assuming smaller parallel trend violations would shrink this interval, but applying the
method to subsequent event-times widens it. In general, Rambachan and Roth (2023) provide a
flexible method to use information about potential parallel trends violations drawn either from
external knowledge or the 7_; estimates, as well as the precision of the pre-trend estimates, to
gauge (statistically) the robustness of the m(t)’s.

When pre-trends suggest that Assumption PT-ES fails, a way forward is to assume that it holds
only after conditioning on covariates and proceeding similarly to Section 4.4; we discuss this path
in detail in Section 5.1.4. Alternatively, one can attempt to parametrically model the violations
of parallel trends. Usually this is done by including unit-specific linear trends; see, e.g., Mora and
Reggio (2019), Wooldridge (2021, Section 7), Lee and Wooldridge (2023), and Freyaldenhoven et
al. (2024). We note, however, that the practice of using unit-specific linear trends deviates from the
standard DiD procedures: it relies on alternative identification assumptions involving an explicit
parametric model for unit-specific trends. We also note that sensitivity analysis procedures that
do not rely on such models are available—Rambachan and Roth (2023) is one example—and we

encourage practitioners to consider them.

5.1.3 Estimation and aggregating across time in event-studies

The link between a 2 x T event study and a series of 2 x 2 DiD building blocks makes estimation
simple. The point estimates in Figure 3 are the ATT(t) estimates based on (5.2).1° An equivalent
way to obtain all the ATT (t)’s in one step is to run a TWFE regression with time fixed effects, 6;,
unit fixed effects, n;, and a set of interactions between the treatment group dummy and the time
dummies. Omitting the treatment interaction for ¢ = g — 1 avoids multicollinearity and fixes g — 1
as the baseline period for all §; estimates, which matches Assumption PT-ES. This generalizes the
TWFE regression equation for a single ATT(¢) in (3.7) to

g—2 T
Yie =6 +m+ ) B (H{Gi = g} - 1{t = k}) + ) B (L{Gi = g} Lt = k}) + i (5.3)
This regression produces identical estimates to those obtained “by hand” via (5.2): Bt =
ATT (t). It also generates (point-wise) confidence intervals based on clustered standard errors, as

discussed in Section 3.3. An additional issue in event study inference, however, involves the fact

19We estimate these with the did R package from Callaway and Sant’Anna (2021).
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that we are now estimating many treatment effect parameters. Thus, when we compare across event
study estimates, we are conducting many hypothesis tests, and the usual normal critical values used
to construct confidence intervals do not account for these. Asymptotically correct inferences about
the entire event study curve require “inflating” critical values to perform a multiple hypothesis test
adjustment. In Figure 3, the thick black bars represent the standard pointwise confidence intervals
from clustered standard errors at the county level, while the red line shows uniform confidence
bands that cover the 95% confidence interval for the entire treatment path of the event study
coefficients after accounting for multiple testing. These are produced by default in the Callaway
and Sant’Anna (2021) statistical packages, using a multiplier bootstrap procedure to compute
critical values of the sup-t test statistic. Alternatively, one can construct these using the estimated
variance-covariate matrix of all §,’s paired with the Montiel Olea and Plagborg-Moller (2018)
simulation procedure. Alternative bootstrap procedures, such as the nonparametric bootstrap,
the multiplier bootstrap, and the weighted /Bayesian bootstrap, can also be used to compute the
sup-t critical values that account for multiple testing.?’

A final estimation issue arises when targeting aggregations of the ATT(t)’s. For example, the
average treatment effect in the post-period, ATT,,, = ﬁ ZtT: g ATT(t), is a convenient scalar
measure that improves statistical precision, especially when ATT(t) is relatively constant. The
easiest way to get an estimate of ATT avg 1S just to construct it from the 2 x 2 ATT (t) building
block estimates. Standard post-estimation commands achieve this if the event study estimates
come from a regression, and newer DiD packages report this parameter automatically. A common
shortcut, however, is to run a second regression that replaces the event study dummies with the
treatment status dummy. D;; = 1{D; = 1} x 1{t > g}:

Yie =0 +n + 50L5Di,t + €t (5.4)

Unfortunately, the (weighted) least squares estimator BOLS does not generally equal the mavg.
The reason is that BOLS is equivalent to first collapsing the multiple-periods data to averages in
the post- and pre-periods and then estimating a 2 x 2 DiD on the resulting means. This, in turn,
is the same as subtracting the average pre-period 7_j estimate (including the zero at time g — 1)
from the average post-period ATT (t) estimate. This implies that interpreting both ;s from (5.3)
and [9L% from (5.4) requires Assumption PT-ES to hold in every time period, not just in the

post-treatment periods.?! To the extent that the gap in mean outcomes over the whole pre-period

20The sup-t critical value governs the width of the uniform confidence band that yields simultaneous coverage
probabilities for a given confidence level (Montiel Olea and Plagborg-Moller, 2018). In our context, its main idea
is constructing asymptotically valid critical values for the entire event-study trajectory based on the maximum of
all t-statics (one for each event-time considered). This procedure avoids the conservativeness of multiple-testing
corrections such as Bonferroni’s. See Montiel Olea and Plagborg-Moller (2018) for a general discussion.

21The decision to estimate each ATT (t) relative to period t = g — 1 comes directly from the choice to define
PT that way. If parallel trends holds in every period, one can typically form more efficient estimators than those
discussed above. See Marcus and Sant’Anna (2021) for a discussion
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differs from the gap in outcomes in period ¢ = g — 1, the two summary parameters will not be
equal. In Figure 3, the two summary parameters are quite different: ATT ave €quals -0.70 while
BOLS equals -2.53.22

5.1.4 Covariates in event studies

Another advantage of seeing event studies as collections of 2 x 2 building blocks is that all the
tools for incorporating covariates from Section 4 immediately apply to each event study estimate.
In fact, the only difference is that instead of using “short-differences,” AY;,_o, one would now use
“long-differences,” Y; ; —Y; 1—4—1. This would imply that using the regression-adjustment procedure
would require estimating a working model for E,[Y;; — Yi;—,—1|D; = 0, X;] for each time ¢. The
propensity score working model used to construct the IPW DiD estimate (4.6), on the other hand,
is exactly the same as in a 2 x 2 analysis of the same groups. Since the DR DiD estimation
procedure builds on both RA and IPW procedures, it would involve estimating different outcome-
regression working models for each time ¢. We also note that the potential pitfalls of controlling
for covariates in a TWFE specification still apply with multiple periods and actually become more
complex (Caetano and Callaway, 2024).
For completeness and ease of access, we list the RA, IPW, and DR estimands for ATT'(¢):

ATToa(t) = BulYis — Yigg 1| D: = 1] = B EulViy — Yimg a|Xe, D; = 0)|Di = 1],
AT T (t) = B | (w0,01(D1) = we,po( Dy, Xi) ) (Vi = Yigmg 1)

ATTr(t) = E | (w0.0-1(D2) = wep-0(Ds, X)) (Vi = Yimgo1 = BulYis = Yiamg1|Xe, Di = 0) |,
where w,, p=1(D;) and w,, p—o(D;, X;) are as defined in (4.7).

Figure 4 shows weighted event study estimates using our three preferred covariate strategies:
regression adjustment, inverse propensity weighting, or doubly-robust estimation. In our case,
covariates do little to change the unadjusted estimates. Note, however, that Borgschulte and
Vogler (2020) use an IPW estimator with different covariates selected by a lasso procedure and
obtain notably stronger evidence of mortality reductions. Evidently, the exact set of covariates one
conditions on matters a great deal in this analysis, and, as we have discussed earlier, one should
attempt to include in X; all the determinants of the change in untreated potential outcome or of

the treatment assignment.

5.2 Staggered treatment adoption (G4 x T)

Viewing 2 x T" event studies as a collection of 2 x 2 DiD building blocks makes the jump to staggered

timing designs straightforward. The key distinction is that with staggered timing, each treatment

ZInterestingly, this quantity is almost identical to our estimate of AT'T(2014), but rather than representing
anything reassuring, it comes from the offsetting effects of positive pre-period estimates and small post-period ones.

38



Figure 4: 2 x T Event Study with Covariates
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Notes: This figure shows event study estimates that include covariates. The outcome variable is the crude mortality rate for adults
ages 20-64, and the covariates include 2013 values of the percentage of the county population that is female, the percentage of the
county population that is white, the percentage of the county population that is Hispanic, the unemployment rate, the poverty rate,
and county-level median income. The sample includes 2,200 counties (978 in states that expanded Medicaid by 2014 and 1,222 in states
that did not expand Medicaid by 2019). The point estimate is reported by the circles, and both point-wise (black) and simultaneous
(red) confidence intervals are reported with the vertical lines. All procedures use population weights.

date defines a distinct treatment group, and each of these has its own set of simple event study
parameters. New choices arise about the comparison units used to identify and estimate these
group-specific event studies, as well as about how to aggregate the estimates across timing groups.
The 2 x 2 structure, as well as all the tools we have developed to evaluate parallel trends (covariate
balance and pre-trends) and to estimate (with or without weights and covariates), carry over.

When treatment start dates can vary across units, we need to allow the potential outcomes, and
thus the target parameters and identifying assumptions, to reflect this richer notion of treatment.
We therefore index potential outcomes by the time treatment begins, ¢: Y;;(g); and use Y;;(o0) to
denote never-treated potential outcomes.”® We use G; to denote each unit’s treatment date, and
with some abuse of terminology, we call units not exposed to treatment by period T' the “never-
treated” group.? Finally, we use G to represent the set of all treatment times (rows of Table 1
in our example). With these modifications, we can map potential outcomes to observed outcomes
using a generalization of (3.1):

Yie = Y Yia(9)1{Gi = g}.

9eg

2Let 0, and 1, be s-dimensional vectors of zeros and ones, respectively, and denote the potential outcome
for unit ¢ at time ¢ if first exposed to the treatment at time g by Y; +(04—1,17_4+1), and denote by Y; ,(07) the
outcome if untreated by time t = 7. We discussed the two-period treatment this way in section 3.1 when we defined
potential outcomes as a function of the period one and period two treatment. These treatment paths define the
potential outcomes we work with: Y; ;(¢9) = Y;4(0g—1,17_¢g11) and Y; ;(0) = Y; ;(07). Writing potential outcomes
as functions of treatment paths helps with transparency regarding causal parameters of interest and the DiD design
we are in. When treatment can turn on and off, writing potential outcomes in terms of the entire path becomes
crucial to avoid “hidden” assumptions that rule out treatment effect heterogeneity and dynamics. Because of space
constraints, we do not cover these cases in this article.

24In practice, “never-treated” really means “not observed to be treated by t = 7”7 Given more data, units
untreated at T' could, in many cases, take up the treatment. In fact, this is the case with the Medicaid expansion.
We use data through 2019 but include states that expanded Medicaid in 2020, 2021, and 2023 as “never treated,”
alongside states that have not expanded as of 2024.
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With multiple treatment groups, we also need to extend our notion of no-anticipation (though

its empirical content is exactly the same).

Assumption NA-S (No-Anticipation with staggered treatment timing). For all units ¢ that are
eventually treated and all pre-treatment periods ¢, Y;:(g) = Y; +(0).

Like Assumption NA, Assumption NA-S imposes that treatment effects are zero in all pre-
treatment periods as a consequence of units not acting on the potential knowledge of future
treatment dates before they are actually exposed to treatment. We maintain this assumption
throughout this section.

Finally, we assume that a “never-treated” group always exists in our staggered DiD setup. If all
units are eventually treated, we drop all the data from when the last cohort is treated, so the last-
treated cohort becomes the “never-treated” cohort, and T here denotes the number of available
periods in the subset of the data that we will use in our analysis. This is essentially without
loss of generality, because under standard DiD assumptions, we cannot identify any ATT for
periods where all units are treated. We also dropped data from units treated in the first available
period, G; = 1, as such treatment group does not have any pre-treatment data, preventing us from
conducting a DiD analysis.

Figure 5 plots average weighted mortality data by the year of Medicaid expansion (G;) and
time. As in Table 2 and Figure 2, these are all the means necessary to calculate a staggered DiD

estimate.

5.2.1 Building block parameters with staggered adoption

Staggered treatment timing affects the structure of a DiD analysis because it changes the definition
of treatment. Until now, we have used counties in the 2014 expansion states as the only treatment
group represented with a single treatment dummy, D;. But Table 1 shows that as of 2019, there
were four different groups of expansion states defined by whether they expanded Medicaid in
2014, 2015, 2016, or 2019. Therefore, D; is not rich enough to capture the relevant definition of
treatment groups in staggered setups, because there are many treatment groups, not just two.
Fortunately, we can use the treatment timing notation, G;, to define ATT parameters, parallel
trends assumptions, and estimators, just as we have done so far.

A simple 2 x 2 DiD design had one target parameter (ATT(2)), and a 2x 7T DiD design had T'—1
of them: T'— (g — 1) post-treatment parameters, ATT(t),t > g, and g — 2 pre-trend parameters.
In staggered DiD designs, each treatment group (sometimes referred to as a cohort), defined by
its treatment date g, has its own set of T' — 1 event study parameters. We call these group-time

average treatment effects:

ATT(g,1) = Bu[Yii(g) — Yie(o0)|Gi = g].
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Figure 5: County Mortality Trends by Expansion Decision with Staggered Timing
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Notes: This figure shows county population-weighted average mortality rates for adults ages 20-64 from 2009 to 2019. There are 978
counties in states in the 2014 expansion group, 171 counties in the 2015 expansion group, 93 counties in the 2016 expansion group, 140
counties in the 2019 expansion group, and 1,222 counties that did not expand Medicaid by 2019.

Each ATT(g,t) is the average treatment effect of starting treatment at period g relative to never-
starting it, at time period ¢, among units that actually started treatment in period g. It is simply
a set of event study parameters for treatment timing group ¢g. The unobserved counterfactuals are

now untreated potential outcome means for each treatment group in each period, E,[Y; +(0)|G; =

g]-

5.2.2 Identification with staggered designs

Identifying the ATT(g,t)’s works exactly as in the previous sections because they are just group-
specific event studies. Under no anticipation, a set of parallel trends assumptions for ¢t > ¢ identifies
the causal post-treatment parameters. DiD comparisons for ¢ < g represent differential pre-trends
in untreated potential outcomes.

The most important way that staggered DiD changes this approach is that having access to
multiple treatment groups with different treatment starting dates allows one to use alternative sets
of comparison groups. For example, our Medicaid analysis so far has used counties in states that
did not expand Medicaid by 2019 as the comparison group. For estimating, say, the ATT for the
2014 expansion group in 2015, counties in states that did not expand until 2016, 2017, or 2018
could also serve as comparison units. Choosing which comparison groups to use to identify an

ATT(g,t) is directly tied to which form(s) of parallel trends hold. Relative to simple event-studies
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and especially 2 x 2 setups, staggered timing creates many potential parallel trends assumptions.
Here, we discuss three types of staggered parallel trends. The first two use either the never-treated
units or any not-yet-treated groups as the comparisons for all eventually-treated groups (Callaway
and Sant’Anna, 2021), and the third option assumes that parallel trends holds in all periods
and in all groups, which is something that several DiD methods require; see de Chaisemartin
and D’Haultfoeuille (2020); Sun and Abraham (2021); Wooldridge (2021); Borusyak et al. (2024);
Harmon (2024).%

Assumption PT-GT-Nev (Parallel Trends based on never-treated groups). For every eventually

treated group g and post-treatment time period ¢t > g,
E,[Yii(0) = Vi 1(0)|Gi = g] = Ey[Yii(0) — Yi-1(0)|Gi = ).

Assumption PT-GT-NYT (Parallel Trends based on not-yet-treated groups). For every even-
tually treated group g, not-yet-treated group ¢’ and time periods ¢ such that ¢t > g and ¢’ > t,

Eu[Yie(0) = Yipa(0)|Gi = g] = Bu[Yia(0) = Yiea(e0)|Gi = g'].

Assumption PT-GT-all (Parallel Trends for every period and group). For every treatment

groups ¢g and ¢’ and time periods t,

Eu[Yie(0) = Yip1(0)|Gi = g] = Bu[Yia(0) = Yipa(0)|Gi = g'].

Assumption PT-GT-Nev is the analog of the PT assumptions we used in the 2 x T design. It
uses the never-treated units as the relevant comparison group for all eventually-treated units, and
it imposes parallel trends in post-treatment periods only. In our Medicaid application, this would
entail using the non-expansion counties as the comparison group for the 2014, 2015, 2016, and 2019
expansion groups. In addition, since Assumption PT-GT-Nev imposes parallel trends only for the
future, the farthest we can go into pre-treatment periods is ¢ = g — 1, which will serve as the only
(justifiable) baseline period. More formally, under Assumption PT-GT-Nev, it is straightforward

to show that for post-treatment periods,
ATT(g,t) = E, [Yz‘,t - Yz‘,t:g—1|Gz‘ =g]— Ew[Y;,t - Y;,t=g—1’Gi = o0, (5.5)

which shows that ATT(g,t) is identified (Callaway and Sant’Anna, 2021; Sun and Abraham, 2021).
Note that (5.5) highlights that we are essentially back to a 2 x 2 design when it comes to learning
about ATT(g,t): it leverages data from only two periods, ¢ (post) and g — 1 (pre), and two

treatment groups, G; = g (treated) and G; = oo (comparison).

25While these three types of parallel trends are fairly intuitive choices, others are possible. For instance, Cengiz,
Dube, Lindner and Zipperer (2019) use a comparison group of units treated at least 6 + 1 periods after time g.
Thus, their parallel trends is tailored to this particular choice. As a result, all of their ATT(g,t) estimates from
time g to time g + § use the same comparison group. Marcus and Sant’Anna (2021) also discuss other alternative
parallel trends assumptions.
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Under assumption PT-GT-NY'T, one can use not only the never-treated units but any group
of units that are not-yet-treated by time ¢. In our Medicaid example, we could now use non-
expansion counties and 2016 and 2019 expansion counties as comparison groups when estimating
ATT(2014,2015). Using Assumption PT-GT-NYT, Callaway and Sant’Anna (2021) has shown
that we can identify the ATT(g,t) for post-treatment periods ¢t > g by*®

ATT(.Q? t) = Ew [Y;,t - Y;,t:gfl‘Gi = g] - Ew[Yvi,t - Yvi,t:gflyGi > HlaX{g7 t}] (56>

Like equation (5.5), this follows a 2 x 2 set up: it leverages data from only two periods, ¢ (post)
and g — 1 (pre), and two treatment groups, G; = g (treated), and G; > t (comparison).?”

Finally, under assumption PT-GT-all, one can use of any not-yet-treated units as a comparison
group, as well as any pre-treatment period as a baseline period. For instance, to identify the
ATT for 2015 expansion counties, we can now use the never-treated group and the 2016 and
2019 expansion groups, and use any or all of the years from 2009 to 2014 as a baseline. Using
Assumption PT-GT-all, it is easy to show that, for any pre-treatment period t,,. < ¢ and any
not-yet-treated group ¢’ > t, we can identify the ATT(g,t) for group ¢’s post-treatment periods

t>g by
ATT(ga t) = Ew D/i,t - )/z

Gi=g] - E,[Yi; =Y

Gi=4d1], (5.7)

stpre stpre

which again maps back to the 2 x 2 DiD setup, as it leverages two periods, ¢ (post) and ¢, (pre),
and two groups, G; = g (treated) and G; = ¢’ (comparison). This representation makes it clear
that, in practice, one can use various pre-treatment periods and not-yet-treated comparison groups
to characterize the ATT(g,t) under Assumption PT-GT-all. We can also combine several of these
to form an ATT(g,t) estimand that uses more data (Wooldridge, 2021; Gardner, 2021; Liu, Wang
and Xu, 2024; Borusyak et al., 2024; Chen et al., 2024). An intuitive estimand that naturally

extends (5.6) and allows us to use more pre-treatment data is given by

ATT(Q, t) = Ew[yi,t - Yi,t<9—1|Gi = 9] - Ew[Y;,t - Yi,t<g—1|Gi > max{g, t}]7 (5-8>

where Vi,tgg,l = Zg: Yis / (g—1) is the time average of group g pre-treatment periods for each unit
i; see, for example, Callaway (2023, Section 3.2), Lee and Wooldridge (2023), and the discussion
in de Chaisemartin and D’Haultfoeuille (2023b, Section 3.2.4). Although the estimand does look

different from the previous one, it too resembles a 2 x 2 design: it effectively leverages two periods,

26de Chaisemartin and D’Haultfoeuille (2020) have derived the same results but restrict attention to instanta-
neous treatment effects—that is, ATT(g,g)’s. They do allow for treatment turning on and off, but also impose
that being exposed to a treatment today does not affect outcomes tomorrow (a no-carryover assumption). See
de Chaisemartin and D’Haultfoeuille (2023a) for some extensions.

2TWe note that more general results are also possible. In fact, for any not-yet-treated group ¢’ > t, it is easy
to show that under Assumption PT-GT-NYT, for t > g, ATT(g,t) = Eu[Yi¢ — Yii—g—1|Gi = g] — Eo[Yis —
Yii—g—1|Gi = ¢']. One can then flexibly combine the different comparison groups by leveraging user-specified or
efficiency-oriented weights. Chen et al. (2024) discuss how to efficiently explore all the information implied by the
identification assumptions to form semiparametrically efficient DiD estimators—that is, estimators that asymptoti-
cally enjoy the shortest possible (theoretically justified) confidence intervals without making strong functional form
or model-based assumptions related to error terms such as homoskedasticity and restrictions on serial dependence.
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t (post) and the average of all period ¢ < g (pre), and two groups, G; = ¢ (treated) and G; > t
(comparison). In practice, however, there is no general econometrics guarantee that estimators
based on (5.8) will be more precise than estimators based on (5.6); see, for instance, Harmon
(2024). This arises because it is not always optimal to weigh all pre-treatment periods equally
when forming estimators for ATT(g,t). In fact, as discussed in Chen et al. (2024), the optimal way
(or, more formally, the semiparametric efficient way) to aggregate information across pre-treatment
periods and comparison groups under Assumption PT-GT-all depends on the correlation structure
of how the outcome changes over time across different comparison groups. And an effective way
to leverage this information consists of constructing DiD estimators for ATT(g,t)’s that efficiently
weigh several 2 x 2 DiD estimators for the ATT(g,t) that use different comparison groups and
different baseline periods. These efficiency weights do not depend on additional hard-to-motivate
assumptions (e.g., homoskedasticity or restriction on the serial correlation), arise as a consequence
of the information content of the identification assumptions, and can be transparently visualized
using the tools provided Chen et al. (2024). What is perhaps most important here is that even
these more complex DiD estimators closely resemble the approach we took in the 2 x 2 design.

In the end, a natural question arises: Which parallel trends assumption should one use? This
context-specific question is hard to answer, as each assumption has pros and cons. For instance,
Assumption PT-GT-all leads to more precise ATT(g,t) estimators because it uses data from
multiple pre-treatment periods and multiple comparison groups. Given that power is important
when conducting causal inference, this is appealing. On the other hand, it imposes parallel pre-
trends, an assumption that is not required for identification of ATT(g,t) and that we have not
imposed in 2 x T DiD designs (see our discussion of equation (5.3)). If pre-trends are not parallel,
then estimates of ATT(g,t) based on Assumption PT-GT-all can be biased.

The other extreme is to make Assumption PT-GT-Nev and use only comparison groups made
up of never-treated units. This avoids compositional changes in the comparison group over time,
does not restrict pre-trends, and identifies all the AT'T(g,t)’s.?® It also avoids using as a comparison
group units that may have chosen to begin treatment in a given period because of pre-treatment
outcomes, which potentially violates parallel trends. For instance, states that expanded Medicaid
in 2016 may have done so on the basis of county mortality rates from previous years, likely violating
the parallel trends assumption for this group. On the other hand, never-treated units may have
remained untreated for reasons related to trends in Y;;(0). Non-expansion counties may be too
different from expansion counties for them to reflect the relevant counterfactual. This could be,
in part, justified after examining the differences in covariate levels and trends between treatment
and control groups, as we saw in the discussion of Table 4. Also, depending on how widespread

treatment is, there may be too few never-treated units to obtain precise estimates.

Z8Without never-treated units, we cannot estimate ATT(g,t) for the last observed treatment date, which shapes
the feasible target parameters. For example, in our Medicaid expansion example, without the presence of never-
treated (by 2019) counties, we would not be able to estimate the treatment effects in 2019 (i.e., ATT (g = 2015,t =
2019).
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We view Assumption PT-GT-NYT as a middle step that uses all not-yet-treated units as
a comparison group without restricting all pre-treatment trends to be parallel. It uses more
information than Assumption PT-GT-Nev, which can lead to gains in precision and helps to
incorporate covariates. While it uses less information than Assumption PT-GT-all, it is also less
susceptible to bias from violations of parallel pre-trends. For our Medicaid application, we favor
Assumption PT-GT-NYT, as we prefer not to impose parallel pre-trends from 2009 to 2014 or to
rely exclusively on comparisons to the set of states that have not expanded Medicaid as of 2024.
On the other hand, if parallel trends are not plausible for a particular group of eventually-treated
units, perhaps owing to selection based on time-varying unobservables (Ghanem et al., 2022), it is
important to remove these units from the DiD analysis to retain interpretability. Ultimately, the
plausibility of each parallel trends assumption may vary across different contexts. At the very least,
we strongly recommend that researchers clearly state the specific parallel trends assumption they
are actually imposing in their analysis to allow readers to discuss its plausibility in a scientifically

grounded manner.

5.2.3 Estimators for staggered designs without covariates

The identification results for ATT(g,t) discussed in Section 5.2.2 suggest very simple and intuitive
estimators for the ATT(g,t). Given the estimand that comes from the chosen parallel trends as-
sumption, the estimators replace the population (weighted) expectations with their sample analogs.
The principle is the same as in the 2 x 2 setup of Section 3.3.

For example, under Assumption PT-GT-NYT, we can leverage (5.6) and form plug-in estima-
tors for ATT(g,t) using

ATT Y HGi = ghwi(Yiy = Yipeg1) 20y H{Gi > thwi(Yig — Yige——1)
ATTH 1) = = n : : - = n : : . .
yt(g ) Zi=1 1{Gz‘ = g}wi Zi:l 1{Gi > t}wi (5 9>

This simple estimator is what Callaway and Sant’Anna (2021) propose when one uses the not-yet-

treated group as the comparison group.?’
When Assumption PT-GT-Nev holds, it is straightforward to build on (5.5) and estimate
ATT(g,t) by
AT Ten(g.1) — i1 1{G§1= gwi(Yie = Yigg—1) 2y I{Gin: wjwi(Yie — Yigi-—1) (5.10)
2im1 H{Gi = glwi e HGi = ojw;
This estimator was proposed by Callaway and Sant’Anna (2021) and Sun and Abraham (2021)

when using never-treated units as a comparison group, though Sun and Abraham (2021) arrive at

SA
g€

this using a fully saturated regression specification and estimating the regression coefficients

PRecently, Dube, Girardi, Jorda and Taylor (2024) show that one can also get ATT(g,t) estimates that are
equivalent to ATT nyt (g, t) by using local projections. One can also get similar estimators using a “stacked DiD”
procedure akin to what Fadlon and Nielsen (2021), Deshpande and Li (2019), and Cengiz et al. (2019) have
implemented.
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with (weighted) least squares,
Yie =0 +n + Z 2 55,?1{(;7; = g}1{G; + e =1t} + €. (5.11)

g#0 e#—1
It is straightforward to show that gs;x — ATT never(g, g + €), emphasizing that (5.11) is just a way
to contrast sample means across groups and periods that respect Assumption PT-GT-Nev.

When Assumption PT-GT-all holds instead, one can construct plug-in estimators for (5.8):

mavg(g’ t) = Yo UG = gjwi(Yiy — ?i,tsg—l) _ iy UG > thwi(Yie — Yi,tggfl)‘

2o HGi = ghws 2 UG > thw
Alternatively, Wooldridge (2021) proposed constructing estimators for ATT'(g,t) based on As-

sumption PT-GT-all, using following “extended” TWFE specification:

T
Yie =00 +m; + Z Z BonL{Gi = g}1{s =t} + €y, (5.12)
g#0 s=g
where the ()%’s are estimated using (weighted) least squares. Wooldridge (2021) shows that A;fé
consistently estimate ATT(g,t) under Assumption PT-GT-all, though we do not know the exact
way that EKQ combines pre-treatment periods and not-yet-treated units, which is to say that we
do not know the statistical estimand associated with 5%. Wooldridge (2021) also shows that ;f/t
is numerically the same as the “imputation” estimators proposed by Gardner (2021), Liu et al.
(2024), and Borusyak et al. (2024) with balanced panel data (and these specifications do not have
covariates).?

Overall, these different ATT'(g,t) estimators highlight that we can leverage our DiD expertise
built in the 2 x 2 setup to estimate heterogeneous AT7T(g,t) parameters. The exact estimator
we can use is shaped by which parallel trends assumption holds. In our Medicaid application, we
report in Figure 6 our ATT(g,t) estimates based on Assumption PT-GT-NYT and (5.9). As we
have four sets of counties defined by their Medicaid expansion timing, we report four sets of event
studies, one for each expansion group. For the 2014, 2016, and 2019 expansion groups, we find
that Medicaid did not lead to significant changes in adult mortality rates. For the 2015 expansion
group, adult mortality rates rose after expansion. Regarding pre-trends, Figure 6 suggests that
there may be some non-negligible pre-trends for the 2016 expansion group, though these are not
statistically different from zero.

In Section 4, we highlighted that unconditional assumptiosn such as Assumption PT-GT-

3%Tmputation procedures work in two-steps. The first step uses all untreated observations to run the re-
gressions Y;; = 0; + n; + €; using only data from the (i,¢) pairs that satisfy this criterion, and get the fit-
ted values Y;.(0) = 6, + 7; for all eventually-treated observations. The second step estimates ATT(g,t) by

ZT\Timp(g,t) = Z?:ll{chffﬂ}{gi;}ym(o)). See Gardner (2021), Liu et al. (2024), and Borusyak et al. (2024) for
details. Note that the sﬁ)eciﬁcation in (5.12) is similar to the Sun and Abraham (2021)’s specification (5.11), but
it omits the pre-treatment event-time dummies. This is justified because (5.12) imposes parallel pre-trends (As-
sumption PT-GT-all) while (5.11) does not (it effectively relies on Assumption PT-GT-Nev). Thus, in general, one

should not expect Bgflt to be equal to 57;54_ g
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NYT may fail in our Medicaid context. One reason is that important determinants of changes
in untreated adult mortality rates are imbalanced across treatment and comparison groups. In
such cases, one should interpret the results in Figure 6 with great care. In addition, it is also
important to highlight that, as indicated in Table 1, the 2015, 2016, and 2019 expansion groups
are relatively small and represent only 6%, 2%, and 3% of the US population, respectively. Thus,
analyzing these groups separately may be “too noisy” and not representative of the overall effect
for the US population. This does not mean that these ATT(g,t)’s are not useful. They are
actually an essential part of our DiD analysis, but we may want to aggregate the cohorts to get
more informative target parameters for the overall treated population. We now turn to how to

aggregate the ATT(g,t)’s and then discuss how to incorporate covariates.
Figure 6: ATT(g,t)s for Each Expansion Group
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Notes: This figure shows the group-time ATT estimates (ATT(g,t)) in calendar time for the four groups of counties that expanded
Medicaid before 2019. Each panel uses 1,222 not-yet-treated counties as the comparison group and shows their uniform confidence
intervals at the 95% significance level. There are 978 counties in states in the 2014 expansion group, 171 counties in the 2015 expansion
group, 93 counties in the 2016 expansion group, 140 counties in the 2019 expansion group. The outcome variable is the crude mortality
rate for adults ages 20-64, and standard errors are clustered at the county level. The vertical line represents the year before Medicaid
expansion (i.e., g - 1) for the timing group. All results use population weights.

5.2.4 Aggregating group-time average treatment effects

The previous section highlighted that, in many applications, estimating all AT'T(g,t)’s precisely
and attaching policy-relevant interpretations to them may be challenging. Aggregating them into
a summary treatment effect measure therefore has clear benefits: it improves precision, reduces
the number of results, and yields a parameter that averages over all treated units like the ATT(2)

identified in 2 x 2 designs.
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Aggregation in staggered designs involves a notion of time (either calendar time ¢ or event-time
e =1 —g), a length of time (how many periods to aggregate across), and group weights (so larger
treatment groups can “matter more” than smaller ones). Given some set of weights, it is simple
to average the ATT(g,t) building blocks into many kinds of summary parameters:

AT T, g0 = > W0 g ATT (g, 1),
g,t
where w,, ,; is a “generic” (w-weighted) group and time-specific (non-negative) weight that sums
up to one. Specific choices for the w,, 4+ weights map to different ways to aggregate and present
interpretable causal effects in this kind of complex setting.

As highlighted in Section 5.1, an appealing feature of having access to data from multiple
periods is that we can assess how average treatment effects evolve with the time since treatment,
or event-time e = t — g. Figure 6 displays event studies for each expansion group, and the
aggregation question is how to combine them into a single summary event study.

A basic observation about weighting is that we can give positive weights only to the ATT(g,t)’s
that we actually identified and estimated. Earlier treated groups have ATT(g,t) estimates for
later event-times by definition (and later treated groups have estimates for earlier pre-trends), so
it will not be possible to include every group in an aggregated event-study parameter at every
event-time. To see which ATT(g,t)’s will contribute to our event study, Figure 7 recenters our
ATT(g,t) estimates in event time instead of calendar time. That is, we plot ATT(g, g + e) against

e for each expansion group.

Figure 7: ATT(g, t) in Event Time
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Notes: This figure shows the group-time ATT estimates (ATT(g,t)) in relative event time for the four treatment timing groups of
counties that expanded Medicaid before 2019, using not-yet-treated units as the comparison group. The outcome variable is the crude
mortality rate for adults ages 20-64. All estimates use population weights.
We will take “vertical” weighted averages of each available ATT (g, g + e) for each event time
e based on Figure 7. For instance, to estimate an aggregate event study in event time 0 (a
measure of instantaneous treatment effects), we would average estimates of ATT(2014,2014),

ATT(2015,2015), ATT(2016,2016) and ATT(2019,2019). When we are interested in event time
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1, we would now average AT'T(2014,2015), ATT(2015,2016), ATT(2016,2017). The same logic
applies to other event times.

When constructing timing-group weights at a given event-time, it is also important to account
for group sizes so that the resulting parameters equal sensible averages of treated units. Table
1 contains all the information necessary for this. The 2014 expansion group accounts for 80% of
treated adults in the groups we consider, while the 2016 expansion group accounts for 3.5%. If we
would like our aggregate event study to be a representative summary of the dynamic effects among
treated counties, we should choose weights that are proportional to the treatment group size.

Putting these pieces together, we can formally state the exact summarized causal parameter

that highlights treatment effect dynamics in terms of event time:

ATT.(e) = E, [ATT(G, G+e)

G+ee [1,T],G<T]

Z wi, ATT (g, 9 +e), (5.13)

g<on
where each weight wg’, gives the share of a group G = g among treated units that have been
exposed to treatment for exactly e periods (the groups that we have data for event time e in

Figure 7), and is formally defined as
wge = Hg+e<TIP,(G=g|G+e<T,G<T)

Note that AT'T(e) gives the average treatment effect among the units that have been exposed to
treatment for exactly e periods, conditional on being observed having participated in the treatment
for that number of periods (the condition that G + e € [1,7]) and ever-participating in the
treatment by period T' (G < T'). One can also take a simple average of all available post-treatment
event times, ATT(e),e = 0, and report an overall ATT measure. See Callaway and Sant’Anna
(2021) for a discussion of alternative aggregations based on calendar time and groups.

Estimating ATT,(e) is straightforward and, once again, relies on the plug-in principle: we
need to replace ATT(g,g + e) with its sample analogs (which we already computed in Figure 6),
and use the relative adult population share of expansion group g among eventually-treated units
as estimates of the event study weights. Figure 8 reports our population-weighted estimates of
the event-study aggregation from event times -5 to 5, which respectively correspond to 5 years
before the Medicaid expansion and 5 years after the Medicaid expansion. We also report pointwise
and simultaneous confidence intervals at the 95% significance level. Overall, the results suggest
that Medicaid expansion has no effect on adult mortality rates among counties that eventually
experience a Medicaid expansion. The pre-trends are also fairly close to zero, suggesting that our
parallel trends assumption may be reasonable.

We conclude this section by stressing that the way we have constructed the event study param-
eters in Figure 8 uses all available information from Figure 6. A potential drawback of this strategy

is that we do not always use the same set of groups across all event times. Practitioners usually
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Figure 8: G x T Event Study without Covariates
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Notes: This figure shows the event study estimates with staggered treatment timing using the doubly-robust estimation method from
Callaway and Sant’Anna (2021), using 1,222 not-yet-treated units as the comparison group. The sample sizes used to estimate ATT
parameters for each timing group are 2,200 for the 2014 group, 1,393 for the 2015 group, 1,315 for the 2016 group, and 1,362 for the
2019 group. The outcome variable is the crude mortality rate for adults ages 20-64. The point estimate is reported by the circles,
and both 95% point-wise (black) and simultaneous (red) confidence intervals are reported with the vertical lines. We also report the
simple average of all non-negative event times as a summary of the overall ATT (together with their standard errors and 95% confidence
interval). All results use population weights.

refer to this as “imbalance in event time.” For instance, the 2019 expansion group contributes only
to event time e = 0, not e = 1 or later event times. When compositional changes are a concern,

one can impose balance in event time and estimate a balanced event study aggregation:

ATTes,bal,[g,E](e> = E[ATT(G, G+ 6)

G+ee|l,T],G+ee [1,T],G<T]

= 2 wes[’:%l]ATT(g, g+e), (5.14)

g? =7
gthreat

s,bal

where balanced event-time weights w; [e.c] A€ given by

es,bal
g,[e.€]
that was kept in the balanced data. We can interpret AT, es,bal’[g,g](e) as the average group-time

Although intimidating, w just measures the relative size of a particular treatment group
average treatment effect among units whose event time is equal to e and is observed to participate
in the treatment for at least € periods, and have at least e available pre-treatment periods (if e is

negative).3!

5.2.5 Estimators for staggered designs with covariates

As the discussions in Section 5.2.2 made it clear, we can view the staggered DiD setups as a
collection of simpler 2 x 2 DiD building blocks. A benefit of this interpretation is that, if parallel

trends holds only after conditioning on the covariates that determine untreated potential outcome

31This discussion assumes that there are no “holes” in event-times for each treatment group. It is straightforward
to adjust the interpretation to those more complicated cases, as the same logic can be applied.
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changes, we can easily leverage all the results discussed in Section 4 to identify, estimate and
make inference about the ATT(g,t)’s, using regression adjustment, inverse probability weighting,
or doubly robust methods.

Of course, to proceed in this manner, we would need to adopt conditioned on covariates versions
of Assumption PT-GT-Nev, PT-GT-NYT or PT-GT-all, as well as impose an overlap condition.
Given that all these are fairly similar to each other, here we state only an extension of Assumption

PT-GT-NYT and a strong overlap condition that can be used for all three cases.

Assumption CPT-GT-NYT (Conditional Parallel Trends based on not-yet-treated groups).
For every eventually treated group g, not-yet-treated group ¢’, time periods ¢ such that ¢ > g and

g > t, and every covariate value X,
E, [Yi(0) = Yi;1(0)|Gi = g, Xi] = Ey[Yi(0) — Yii1(0)|Gi = g, Xil.

Assumption SO-GT (Strong overlap with staggered adoption). For every group g € G, the
conditional (weighted) probability of belonging to a treatment group g, given observed covariates
X; that are determinants of untreated potential outcome growth, is uniformly bounded away from

zero and one. That is, for some € > 0 and for every group g € G, e < P,[G; = g|X;] <1 —e.

Using these identifying assumptions and building on the results in Sections 4 and 5.2.2, we
can follow the arguments in Callaway and Sant’Anna (2021) and establish that the post-treatment
ATT(g,t)’s are identified by the regression-adjusted, inverse-probability-weighted, and doubly-

robust estimands given by?>?
ATT(g,t) = EulYie — Yieeg1|Gi = g] — Ew[Ewai,t —Yii—g1|Xi, Gi > t]‘Gi - g],
AT T (9.1) = B | (1.6-4(G2) = 000u(Gi, X0) ) (Vi = Yiamg-1) |
ATT(,1) = B | (wi.09(G1) = 0 G, X)) (Vi = Viamg 1 = BulYi = Yiamg 11X, G > 1]} ]
where (wy,g—4(G;) and wy, 4 =+(G;, X;) are the analogs of the weights in (4.7) and are defined as
Wy(G) = wU{G = g} [E[w1{G = g},

wH{G > t}1{G # g}pug+(X) E lwl{G > t}1{G # g}pw,gvt(X)]
1= puge(X) 1= puge(X) ’

and p,4+(X) = E,[1{G; = ¢}| X, 1{G; = g} + 1{G, > t} = 1] denote the (weighted) probability of
belonging to the group ¢ given covariates X and that the unit belongs to either to group g—the

ww,g,t(G7 X) =

treated group for the AT'T(g,t) of interest—or the not-yet-treated group G; > t— the comparison
group.

32Wooldridge (2021) propose alternative estimators for the ATT(g,t) that incorporate covariates and their
interactions with group and time dummies into (5.12). Although Borusyak et al. (2024) and de Chaisemartin and
D’Haultfoeuille (2020) also allow for covariates in their estimation procedure, they affect the outcome levels and
not their changes over time. Thus, to some extent, these procedures do not build on conditional parallel trends like
Assumption CPT-GT-NYT.
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Estimating the ATT(g,t)’s follows exactly as in Section 4, and event study aggregations follow
from the arguments in Section 5.2.4. Figure 9 reports event study summary estimates incorporating
covariates into the Medicaid analysis. Like Figure 8, it suggests that Medicaid expansion had
no effect on adult mortality among counties that expanded Medicaid by 2019. Given the point
estimates and uniform confidence interval, we can be reasonably confident that the treatment
effects are not greater than 6 or less than 11 deaths per 100,000 adults for the 6 year period

following Medicaid expansion.

Figure 9: G x T Event Study with Covariates
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Notes: This figure shows the event-study estimates with staggered treatment timing, using the doubly-robust estimation method from
Callaway and Sant’Anna (2021). The outcome variable is the crude mortality rate for adults ages 20-64, and the covariates include the
percentage of the county population that is female, the percentage of the county population that is white, the percentage of the county
population that is Hispanic, the unemployment rate, the poverty rate, and county-level median income. The point estimate is reported
by the circles, and both 95% point-wise (black) and simultaneous (red) confidence intervals are reported with the vertical lines. We also
report the simple average of all non-negative event times as a summary of the overall ATT (together with their standard errors and
95% confidence interval). All results use population weights.

5.3 Limitations of TWFE regressions

Our framework emphasizes building an estimator from 2 x 2 components, each of which targets
a well-defined ATT parameter under a specific parallel trends assumption. The most common
estimator for staggered designs, a TWFE regression, comes instead from extending convenient
estimation tools that work well in the 2 x 2 case. A TWFE specification that estimates a summary

treatment effect parameter is:
in,t = et + m; + 5twfeDi7t + €it- (515)

In this section, we abstract from weights.

A major breakthrough in recent DiD research has been to demonstrate two potentially large
problems with 5%/¢ (de Chaisemartin and D’Haultfoeuille, 2020; Goodman-Bacon, 2021; Sun and
Abraham, 2021; Borusyak et al., 2024). The primary issue comes from the fact that TWFE

implicitly uses already-treated comparison groups. Even if PT holds for all groups and all periods,
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the resulting estimand can actually put negative weight on certain ATT(g,t) parameters. The only
way TWFE avoids the problem is if treatment effects do not change over time, a strong additional
assumption.

To isolate this issue, consider a setting with two time periods and three groups: a group that
enters treatment in the first period (G; = 1), a group that becomes treated in the second time
period (G; = 2), and a never treated group (G; = o). This is a staggered design because group
1 and group 2 are treated at different times, but because there are only two time periods, we can

re-write the TWFE specification as
AY;Q = A@t + BtwfeADz"Q + A@iyg.

Because AD, - takes only two values—1 for units whose treatment status increases (G; = 2), and
0 for units whose treatment status does not change (G; = 1 and G; = w0)—the TWFE estimand
is the following simple comparison of means:
giwie = E[AY;|AD;s = 1] — E[AY;2|AD; 5 = 0]
- (E[Am\ai — 2] — E[AY;,|G; = oo]) (1—w)+ (E[Amwi — 2] — E[AY;4|G; = 1]>w1, (5.16)

where wy = —f— and p, = P(G = g) is group g¢’s share of units. The TWFE coefficient, in

this case, is a weighted average of two DiD terms that use the already-treated units or the never-
treated units as comparisons. We have already discussed how under PT between group G; = 2 and
never-treated units, the first term in the 3*°f¢ decomposition, E[AY;»|G; = 2] — E[AY;5|G; = ],
equals AT'T(2,2). But what about the second term with the already treated comparison group?
It turns out that under parallel trends and no-anticipation, if we add and subtract different terms,
this type of estimand generally equals a combination of treatment effects for both groups:
E[AY5|Gi = 2] — E[AY;|Gi = 1] = E[Yi2|Gi =2] —E[Yi1|Gi = 2]
~(ElY2lG: = 1] - E[Y1/G, = 1])
= E[Yi2(2) = Yi2(0)|Gi = 2] + E[Y; 2(0) — Yi1(0)|Gi = 2]
~(ElYi2(1) = Yia()|Gs = 1] = E[Yia (1) = Vi ()]G = 1])
—E[Yiz2(0) = Yi1(0)|Gi = 1]
— ATT(2,2) — (ATT(1,2) —ATT(1, 1))
+E[Yi2(0) = Yi1(0)|Gi = 2] — E[Y;2(0) = Yi1(0)|Gi = 1]
— ATT(2,2) — (ATT(1,2) —ATT(1, 1)),
where the first equality follows from the linearity of expectations; in the second, we add and
subtract averages of untreated potential outcomes and explore no-anticipation, and the observation
rules that Y;;(g) is observed for units with G; = g¢; in the third equality we rearrange terms; and
the last equality follows from a parallel trends for units in group G =1 and G = 2.

The DiD estimand with an already treated comparison group thus equals:

piwle = ATT(2,2) + ATT(1,1)w; — ATT(1,2)w. (5.17)
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The ATT(1,2) building block receives negative weight in the overall TWFE estimand unless there
are no treatment effect dynamics (ATT(1,1) = ATT(1,2)). In this example, the problem is easy
to fix: drop the always-treated units and target ATT(2,2). With multiple periods, however, the
problem is more complex.

There are two primary results regarding TWFE for general staggered timing designs. One is a
decomposition of the TWFE estimator. Goodman-Bacon (2021) expresses the TWFE estimator as
a weighted average of all possible 2 x 2 DiD comparisons between pairs of groups and time periods
during which one group enters treatment and the other does not. The terms in his decomposition
are not two-period ATT(g,t)-type estimators; they aggregate over the relevant pre- and post-
periods just as 3919 from (5.4) does. They include many comparisons to already-treated units
like (5.16). This mechanical decomposition always has strictly positive weights that are larger for
larger groups and for groups treated closer to the middle of the panel, which have a larger variance
of D;, conditional on the fixed effects. This result shows how TWFE estimators actually function
and creates a clear link to the estimation approaches we outlined above for summary parameters.
Both are averages of 2 x 2 DiD terms, but they differ in which comparisons they use and how they
aggregate.

The second result is a decomposition of the TWFE estimand, which clarifies why the TWFE
estimator is not guaranteed to identify a desirable parameter in staggered designs, even if par-
allel trends holds. The reason is their use of already-treated comparisons like the ones in (5.17)
(Goodman-Bacon, 2021; de Chaisemartin and D’Haultfoeuille, 2020; Borusyak et al., 2024; Imai
and Kim, 2021; Strezhnev, 2018; Sun and Abraham, 2021). This will tend to bias /¢ away from
the sign of ATT,s, and 37/ can even have the opposite sign of ATT,,, (Baker et al., 2022). It
may appear that a more flexible regression specification could solve this problem, but Sun and
Abraham (2021) show that a TWFE event study specification suffers from a similar bias when the
dynamics of the ATT(g,t)’s differ across cohorts. Moreover, the “variance-weighting” feature of
OLS means that 3%/¢ has non-intuitive weights even when ATT(g,t) = ATT(g).

While TWFE remains common, it has well-understood, potentially serious, and easily remedied
problems, and we do not recommend using it. In many cases, especially those with many untreated
units or minimal treatment effect dynamics, TWFE estimates may be similar to those derived from
the theoretically grounded estimators discussed above. The only way to be sure, however, is to
estimate both. In that case, it is unclear why a researcher would not report the estimates from a

procedure motivated by a desirable target parameter and a credible PT assumption.

6 Conclusion

The starting point of this paper was a 2 x 2 DiD design that researchers have been using for almost
200 years. The end point was a design with five treatment groups, 11 years of data, six covariates,

three types of parallel trends assumptions, and four estimation techniques. Our fundamental
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message is that without understanding how complex designs are built up from simpler ones, it is

exceedingly difficult to navigate all the empirical tools now available for DiD designs. This lesson

applies not only to the design details we considered here—weighting, covariates, and staggered

designs—but to any DiD design.

The forward-engineering philosophy we followed in this paper suggests a set of steps that

researchers can follow in any DiD study:

Step 1.

Step 2.

Step 3.

Step 4.

Step 5.

Step 6.

Define target parameters. Adopt a potential outcomes notation that fits the study’s specific
setting and use it to define causal target parameters that answer the study’s motivating
question. Building block causal parameters usually aggregate across units using (conditional)
weighted averages, and summary target parameters aggregate across the building blocks.
This step fixes the study’s goals in terms of causal quantities and facilitates comparisons

with related studies.

State (formally) the identification assumptions. DiD studies leverage parallel trends assump-
tions, but they also rely on no-anticipation and, in some cases, overlap conditions, or more.
Be explicit about which form of these assumptions is required for identification in the study.
Engage with the theoretical arguments necessary for them to hold and generate appropriate
empirical evidence, such as pre-treatment differential trends, that can falsify or (indirectly)

support their plausibility.

Determine the appropriate estimation method. In some DiD designs, estimation is as simple
as replacing population expectations with sample means. In others, such as conditional DiD
designs, estimation involves choosing econometric techniques (e.g., a regression adjustment,
inverse probability weighting, or doubly robust procedure) to map theoretical quantities to
estimable sample quantities. Each of these strategies relies on additional modeling restric-

tions that should be stated clearly.

Discuss sources of uncertainty. Statistical inference procedures for DiD designs stem from
basic assumptions about where randomness comes from in a given design. Some researchers
may adopt a sampling approach to inference, whereas others may be more comfortable
with a design-based perspective. It is important to discuss what variables of the model are
being treated as fixed and what variables are considered random, as well as to use inference

techniques that are compatible with the model structure and assumptions.

Estimate. Steps 1-4 provide a specific structure for using data to estimate the causal param-

eters of interest.

Conduct sensitivity analysis. A clear statement of the identification and estimation assump-
tions also facilitates a clear statement of what violations of those assumptions might mean.

No study is robust to all the ways its assumptions may fail, but a good study should be
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robust against likely violations of plausible magnitudes. Combine context-specific knowledge
about how the assumptions from Step 2 might be violated, and by how much, with the
structure of the estimator from Step 3 to evaluate how much the DiD estimates vary if the

key identification assumptions are not exactly true.

Step 7. Conduct heterogeneity analysis. Sometimes aggregate parameters defined in Step 1 mask
important heterogeneity, in which case the forward-engineering approach simply suggests
targeting sub-group parameters as well. This can include variation in parameters over time,
between groups of units with different characteristics, or across different sources of treatment
variation. Be clear about which types of heterogeneous effects are relevant and how they are

identified and estimated.

Step 8. Keep learning. DiD is not the only or the best research design in all settings; it is just
one of many causal inference techniques. If the assumptions required for a DiD analysis
appear implausible ex-ante or are refuted by evidence or non-robustness in practice, then
explore different designs. If existing DiD methods do not provide enough guidance, then use

a forward engineering approach to deduce what advances would help.

Some researchers may still prefer to use standard regression tools to conduct DiD studies.
The properties and pitfalls of some popular regression specifications are now well understood, and
one can easily explain how this choice fits with (and perhaps satisfies) the steps above. But using
simple regressions in any DiD-type setting is an implicit choice to reverse-engineer a research design
from the statistical method, rather than forward-engineer a reliable estimator from a substantive
question and transparent assumptions. Ultimately, important questions and credible identification
strategies should guide DiD analyses (regression-based or not), not the other way around.

Although this paper is by no means an exhaustive guide to DiD practice, the eight steps above
are a rigorous framework for tackling all the DiD topics that we did not cover. The Appendix briefly
discusses DiD methods for (a) treatments that turn on and off over time, (b) continuous and multi-
valued treatments, (c) triple differences, (d) distributional parameters, and (e) repeated cross-
section or unbalanced panel data. While each of these designs differs from what we covered in the
main text, a forward-engineering approach that moves from defining parameters and assumptions,
to settling on estimation and inference techniques, to probing robustness, applies equally to all
of them. Wohile the specifics of any given DiD analysis may change across research questions,
treatment variables, econometric techniques, and data structures, the principles by which one can

conduct reliable and transparent causal inference stay the same.3

33There are other DiD topics of interest that we do not cover, including fuzzy DiD and instrumented DiD designs
(de Chaisemartin and D’Haultfoeuille, 2018; Miyaji, 2024), nonlinear DiD models (Wooldridge, 2023; Tchetgen Tch-
etgen, Park and Richardson, 2024), issues related to few clusters (Roth et al., 2023, Section 5), and situations with
multiple treatments (de Chaisemartin and D’Haultfoeuille, 2023a; Yanagi, 2023). We also do not cover some meth-
ods that address violations of parallel trends (Freyaldenhoven et al., 2019; Arkhangelsky, Athey, Hirshberg, Imbens
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Table Al: List of Acronyms

Acronym Definition

2 x 2 Two-Group Two-Time-Periods DiD

2 x T Two-Group T-Time-Periods DiD

ACA Affordable Care Act

ATT Average Treatment Effect on the Treated

CPT Conditional Parallel Trends

CPT-GT-NYT Conditional Parallel Trends Based on Not-Yet-Treated Groups
DiD Difference-in-Differences

DR Doubly Robust

ETWFE Extended Two-Way Fixed Effects

IPW Inverse Probability Weighted

NA No Anticipation

NA-S No Anticipation with Staggered Treatment Timing
OLS Ordinary Least Squares

PT Parallel Trends

PT-ES Parallel Trends Event Study

PT-GT-all Parallel Trends for Every Period and Group

PT-GT-Nev Parallel Trends Based on Never-Treated Groups
PT-GT-NYT  Parallel Trends Based on Not-Yet-Treated Groups

RA Regression Adjustment

SO Strong Overlap

SO-GT Strong Overlap With Staggered Adoption
TWFE Two-Way Fixed Effects

and Wager, 2021; Callaway and Karami, 2023; Imbens, Kallus and Mao, 2021), nor do we examine setups that
impose as-good-as-random treatment timing (Athey and Imbens, 2022; Roth and Sant’Anna, 2023a; Arkhangelsky,
Imbens, Lei and Luo, 2024).
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A Some additional DiD-related procedures

This section discusses some important DiD-related topics that we did not cover in our main text.
These discussions are short by design, and we focus on providing the main ideas related to chal-
lenges and solutions specific to the problem. We abstract from weights and use E[:|-] to denote

(conditional) expectations.

A.1 Setups with treatment turning on and off

Our main text focuses on setups where treatment remains in place from the period it begins until
the end of the sample period, but in practice, some treatments turn on and off over time. This is
the setting tackled by de Chaisemartin and D’Haultfoeuille (2020, 2023a), Imai, Kim and Wang
(2023), and Liu et al. (2024).

To tackle this problem from first principles, we need to augment the potential outcomes to
reflect the richer notion of treatment sequences. Following Robins (1986), let Y;;(d) denote the
potential outcome for unit ¢ at time ¢ if this unit received the T-dimensional treatment sequence
d € {0,1}7. For simplicity, let’s say that 7' = 3 and that no unit is treated in the first period. In
this case, we have four treatment sequences (or histories), which define four potential outcomes for
each unit: Y;,(0,0,0),Y;,(0,0,1),Y;:(0,1,0) and Y;,(0,1,1). We then define treatment groups by
treatment sequences: G = dg = (0,0,0) (never-treated), G = d; = (0,0,1) (treated in the third
period), G = dy = (0,1,1) (treated in the second and third period), and G = d3 = (0,1,0)
(treated only in the second period). In general, we would have as many groups as we have
different (realized) treatment sequences. Recall that in a staggered timing design with an absorbing
treatment, treatment timing fully characterizes a treatment sequence.

Once potential outcomes and groups are well-defined, one can move to parameters of interest.
We proceed similarly to the staggered treatment setup in Section 5.2 and consider group-and-time
specific ATTs as building blocks, except that groups are now based on more complex treatment
sequences. Let 0 denote a T-dimensional vector of zeros. One intuitive building block parameter

on which to base a DiD analysis is
ATT(d, t) = E[Yi(d) - Yi(0)|G = d],

the average treatment effect at time period t of being exposed to treatment sequence d instead of
never being exposed to treatment, among units that received treatment sequence d.3*

Next, one needs to establish identification for the parameters, and propose appropriate estima-
tors and inference procedures. Following similar arguments to those in Section 5.2, a DiD approach
to this problem would involve imposing a parallel trends assumption (potentially conditional on

covariates) and a no-anticipation assumption to establish that the ATT(d,t)’s are identified. If

340One could also adopt alternative building blocks not discussed here, such as the average effect of treatment
lasting one period longer or a treatment spell of a given length beginning one period later.
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each treatment group is sufficiently large, one could proceed in a similar fashion as the staggered
setup, comparing average outcome paths for a given sequence with the average outcome path for
never-treated (or not-yet-treated) units. One can also aggregate these different ATT'(d,t) to form
different summary parameters.

In practice, however, it is often the case that the number of treatment groups is large and each
group is small. This essentially creates a “curse of dimensionality” problem: there are too many
building block parameters defined for too-small groups to be estimated reliably. In such cases,
additional assumptions that limit treatment effect dynamics (or how past treatments affect future
outcomes) are often imposed, and different aggregated summary parameters are usually targeted.
We provide a brief overview of several different solutions that have been proposed to address this
issue.

de Chaisemartin and D’Haultfoeuille (2020) impose a “no-carryover” assumption that implies
that past treatments do not affect future outcomes; which is to say that treatment effects in a given
period last only during that period. With such an assumption (in addition to parallel trends and a
no-anticipation assumption), they propose DiD estimators for an instantaneous average treatment
effects parameter by comparing currently treated units with untreated units. Imai et al. (2023)
adopt a similar approach, though they impose a limited-carryover assumption where treatments
may last for ¢ periods (with ¢ specified by the researcher). They then propose estimators for an
average treatment effect of switching into treatment in period ¢ among units that experience the
policy change in period ¢, and share the same treatment history over the previous k periods; see Liu
et al. (2024) for a related procedure. Finally, de Chaisemartin and D’Haultfoeuille (2023a) avoid
making assumptions related to carryover effects and extend the DiD framework in de Chaisemartin
and D’Haultfoeuille (2020) to allow for treatment effect dynamics. The way they proceed is to
first “staggerize” treatment sequences according to first-time of treatment exposure, compute a
staggered DiD procedure for this “intention-to-treat” type parameter, and normalize them by a DiD
estimate based on the number of treated periods. A potential challenge with de Chaisemartin and
D’Haultfoeuille’s (2023a) approach is the interpretability of their proposed summary parameter,
though we should acknowledge that this is a complex setup.

One important takeaway is that comparing these DiD procedures for treatments to turn on
and off may be challenging, as they target different causal parameters of interest, and practitioners
should be aware of the different assumptions and limitations. We refer the reader to de Chaise-
martin and D’Haultfoeuille (2023b) and Liu et al. (2024) for additional discussions on these types

of DiD estimators.

A.2 DiD setups with continuous or multi-valued treatments

Our paper focuses on binary treatments, but many treatments take multiple values or are even

continuous. A number of recent papers have studied this particular type of treatment de-
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sign. These include Callaway, Goodman-Bacon and Sant’Anna (2021, 2024); de Chaisemartin,
D’Haultfoeuille, Pasquier and Vazquez-Bare (2024a); and de Chaisemartin, D’Haultfuille and
Vazquez-Bare (2024b). Here we focus on a two-period setting in which no unit is treated in
period one and some units receive a treatment with varying intensities (or doses) in period two.
Most of the key results that distinguish multi-valued from binary treatments are evident with two
periods (Callaway et al., 2024).

We now need to define potential outcomes that reflect varying treatment intensity. We denote
Y:+(0,d) as potential outcomes for unit ¢ in period ¢ if they are untreated in period one and receive
treatment dosage d in period two. As we focus on setups where all units are untreated in period
one, we simplify notation and index potential outcomes by treatment intensity in period two; that
is, Yii(d) = Yi+(0,d). An important feature is that d is not restricted to {0,1} and can take on
richer treatment intensities instead. We denote the treatment dosage for unit i as D; in period
two and stress that in this context, our notion of the treatment group is tied to units’ treatment
dosage: groups are defined by their treatment dosage in period 2.

A multi-valued treatment defines several different types of causal parameters that may be of

interest. For instance, dose-specific average treatment effect parameters such as
ATT(d|d) = E[Y;—»(d) — Yi-2(0)|D = d'] and ATE(d) = E[Y;—2(d) — Y;=2(0)],

reflect the average effect of dose d relative to no treatment. Here AT'T(d|d’) is the average treatment
effect for units that experienced dose d’; when d’ = d, it is the ATT among units that received
dose d. On the right side, AT E(d) is defined analogously, except that it is the effect on the overall
population. Of course, one can also aggregate these dose-specific parameters to form more precisely
estimable summary quantities; see, e.g., Callaway et al. (2021).

The two treatment effect parameters above provide average treatment effects in levels, and so
one reason why they vary could be because d itself varies. To account for the differences in d, one
may be interested in “per-dosage” effects:

ATT(d|d") ATE(d)
d d

One can also aggregate these parameters across dosages to analyze E[ATT,q(D|D)|D > 0], an av-

ATTpd(d|d/) = and ATEpd(d) =

erage treatment effect among treated (or, more generally, among switchers). One can also consider
weighted averages of these to learn about E[ATT(D|D)|D > 0]/E[D|D > 0]; see de Chaisemartin
et al. (2024a) for a general discussion about such target parameters.

Finally, researchers are often interested in the causal effect of a marginal increment in the dose.
This notion is the average causal response (ACR), similar to Angrist and Imbens (1995), defined

as follows (when the dose is absolutely continuous):

ACRT(d|d) = SATTUD) | _ FENi=(ID = d]

PATE(d)  E[Yioa(d)]
A - - .
a |y al _ and ACR(d) ad od

Here ACRT(d|d) equals the derivative of the average potential outcome in period two for units
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that received dose d evaluated at d—this is equivalent to the derivative of ATT(l|d) with respect
to [, evaluated at [ = d. We can interpret AC'R(d) analogously.*

The relevant questions pertain to (a) what assumptions are needed to impose to identify these
parameters, (b) how to estimate and make inferences about these parameters of interest once
identification is established, (c¢) how to summarize treatment effect heterogeneity across doses
to generate interpretable aggregated causal parameters, and (d) whether traditional regression
specifications based on TWFE recover a sensible and easy-to-understand causal parameter of
interest. These questions are addressed in detail by Callaway et al. (2021) and de Chaisemartin et
al. (2024a).

Callaway et al. (2021) highlight how, when no units are treated in period one, identification
and estimation of ATT(d|d)’s (or their functionals) follows the binary case. They propose flexible
nonparametric estimators for the ATT(d|d) curve—the relationship between outcome changes
(minus the average change for untreated units) and the dose d, making it possible to visualize and
make inference about treatment effect heterogeneity across dosages. They also propose estimators
that aggregate across dosage values and can be more precisely estimated. The identification
of causal response parameters or ATE-type parameters, however, requires a stronger version of
parallel trends that holds for potential outcomes at non-zero treatment doses. Under these strong
parallel trends and no anticipation assumptions, they discuss estimation and inference procedures
for the ACR curves and their summary measures.>°

de Chaisemartin et al. (2024a) consider the setup where units are already exposed to different
levels of treatment in period one. They discuss how one can identify causal quantities that gen-
eralize ATT,q(d|d') to this more complex setup when (a) a sizable number of units do not change
treatment dosage over time (stayers), and (ii) there is no-carryover from past treatment to future
outcomes. They propose estimation and inference procedures for aggregated parameters akin to
E[ATT,q(D|D)|D > 0] and E[ATT(D|D)|D > 0]/E[D|D > 0].

Lastly, these papers target different causal parameters, put more emphasis on different DiD
designs, and, therefore, should be viewed as complements rather than substitutes. In our view, DiD
with continuous treatment is another area in which more methodological research is warranted.
See Callaway et al. (2021) and de Chaisemartin et al. (2024a) for a more thorough discussion of

many other cases.

35For discrete treatments, ACR’s are defined in a similar way but with a slightly different notation to accom-
modate the discreteness of d: ACRT(d;|dr) = E[Yi=2(d;) — Yiea(d;—1)|D = di], and ACR(d;) = E[Yi—2(d;) —
Yiea(dj-1)]-

36Interestingly, they also show that commonly used TWFE regression specifications are too rigid to lead to easy-
to-interpret causal parameters of interest. In fact, they show that one can provide several different decompositions
of the TWFE treatment coefficient depending on the specific causal parameter being used as a building block for the
analysis, though every decomposition considered by them has some issues related to negative-weighting, additional
“bias” terms, or non-interpretable weights that can distort inference. They emphasize that all this can be easily
resolved by adopting the forward-engineering approach.
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A.3 Triple differences

The causal interpretation of DiD estimates depends on the plausibility of their identification as-
sumptions, which involve a no-anticipation and a parallel trends condition. In some applications,
however, these assumptions may not hold—for example, when the trends of average untreated out-
comes among men and women vary across treatment groups. In these cases, a common empirical
practice is to attempt to model these violations of parallel trends directly or to conduct sensitivity
analysis (Freyaldenhoven et al., 2024; Rambachan and Roth, 2023). In some specific treatment de-
signs in which treatment is rolled out to different units or groups (e.g., states), but is targeted to a
specific subset (partition) of the population (e.g., women), it is possible to relax DiD-type parallel
trends so that partition-specific and group-specific violations of parallel trends are allowed. Such
setups are often referred to as “triple differences” (DDD). Since its introduction by Gruber (1994),
DDD has become very popular among empirical researchers—see Olden and Mgen (2022) for doc-
umentation. In this section, we provide a brief overview of the target parameters and identifying
assumptions in DDD. We also highlight that, contrary to conventional wisdom, DDD procedures
cannot generally be expressed as the difference between two DiD, especially when parallel trends
assumptions only hold after conditioning on covariates or when treatment adoption is staggered.
This discussion borrows heavily from Ortiz-Villavicencio and Sant’Anna (2025).

We start our analysis by discussing potential outcomes and treatment design. As we focus
on binary treatments (with potential staggered adoption), the potential outcome is the same as
discussed in the main text, with Y;:(g) denoting the potential outcome for unit ¢ in time ¢ if first
exposed to treatment in period ¢g. In DDD setups, a unit ¢ is exposed to treatment in period t if
(i) it belongs to a group (e.g., state) that enabled treatment in period g and ¢ is a post-treatment
period, t > g, and (ii) it belongs to the subset of the population that qualifies (or is eligible) for
treatment (e.g., women). Let S € § € {2,...,T} u {0} denote the time each group (e.g., state)
enables the policy/treatment, with the notion that S = oo if the policy is not enabled in the
observed time frame. We also denote the partition of the population that (eventually) qualifies
for the treatment by @ with @; = 1 if unit ¢ is (eventually) eligible for treatment and @; = 0
otherwise. With these notations, we can define the treatment groups G; according to the first time
a unit i is ezposed to treatment; that is, G; = S; if Q; = 1 and G; = oo if Q; = 0.%7

Similar to standard DiD designs, DDD is interested in the ATT (g, t)-type parameters discussed
in Section 5.2.1. Given the particular structure of the DDD problem, we can write ATT(g,t)’s as

ATT(g,t) = E[Yii(g9) — Yiu(0)|Gi = g] = E[Yi(9) — Yii(0)|S; = g,Qs = 1],

to stress that it measures the average treatment effect at time period t of first being exposed
to treatment in period g versus not being exposed to treatment, among units that are actually

exposed to treatment in period g, i.e., units that are in groups that the policy was first enabled

3"Note that when all units are eligible for treatment, we have G; = S;, which gets us back to a (staggered) DiD
setup.
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in period g and that qualify for treatment. One can also analyze aggregations of these ATT(g,t)
parameters to form causal summary parameters that can be more precisely estimated and highlight
treatment effect heterogeneity in some specific directions. This would follow the exact same steps
as we discussed in Section 5.2.4, once again highlighting the importance of our forward-engineering
approach.

Identifying these causal parameters involves a no-anticipation assumption and a (conditional)
parallel trends assumption. Assumption NA-S can be recycled here, as DDD has the same empirical
content as DiD when it comes to no-anticipation. The parallel trends assumption, though, needs
to be adjusted as an empirical appeal of DDD is that it can identify ATT parameters even when
Assumption PT-GT-all or the other PT variations discussed in Section 5.2 do not hold. Here, we
consider a variation of Assumption PT-GT-all that holds only after conditioning on covariates and

allows for some partition-specific and group-specific non-parallel trends.

Assumption DDD-PT-GT-all (DDD-Parallel Trends for every period and group). For every

group s and s’ and time periods ¢, with probability one,

E[Y,(0) - Yia(0)|S = 5,Q = L,X] — E[¥i(20) ~ Yiy(0)|S = 5,Q = 0, X]

E[V,(0) — Y1 (0)[S =5, Q =1,X] — E[Vy(00) - Yi1(0)|S =5,Q =0,X].

When there are only two periods, ¢ = 1,2, and two groups, S € {2,000}, and covariates play
no role in terms of identification—that is, Assumption DDD-PT-GT-all holds without X (or,
equivalently, with X = 1 for all units)—Olden and Mgen (2022) show that one can identify
ATT(2,2) as the difference of two DiD estimands:

ATT(2,2) = E[Yimi —Yia|S =2,Q = 1] - E[[Yie) — Yoy |S = 2,Q = 0]
—(E[Yie1 = Yima|S = 0,Q = 1] = E[[Yie1 — Yia|S = 0,Q = 0]).

Estimation and inference would be straightforward, as one could use the analogy principle or a
two-way fixed effects regression with triple interactions—see Olden and Mgen (2022) for details.
Ortiz-Villavicencio and Sant’Anna (2025) show that DDD estimands cannot be written as the
difference of two DiD estimands when covariates are important for identification, or when treatment
adoption is staggered over time and one wants to use not-yet-treated units as a comparison group
(as is commonly done in DiD setups). They show how ignoring these considerations and proceeding
as if DDD were indeed just a difference of two DiDs can lead to severely biased estimates for the
ATT(g,t)’s. Ortiz-Villavicencio and Sant’Anna (2025) also show how one can avoid these issues by
adopting a forward-engineering approach to the DDD problem. They propose regression-adjusted,
inverse probability weighting, and doubly robust estimators for DDD setups that can reliably
recover ATT(g,t) and their associated summary parameters under mild assumptions. The paper

discusses using multiple comparison groups to generate more precise estimates than simply using
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a single comparison group. Relatedly, Strezhnev (2023) discusses several limitations of common
two-way fixed effects regression specifications commonly used for DDD analysis.

Sometimes researchers use the term “triple differences” to mean different things and often use
different identification assumptions to estimate these different quantities. Caron (2025) discusses
using a triple difference strategy to estimate treatment effect heterogeneity. We recommend that
practitioners be transparent about target parameters, research designs, and identification assump-
tions to allow the research community to understand the goals and the differences between DDD

procedures.

A.4 Distributional DiD procedures

Our paper focuses on learning about average treatment effects in various DiD setups. However,
approaches that embrace heterogeneity can also target quantities that describe heterogeneity other
than average treatment effect parameters. In some settings, researchers may want more information
about the distributional impacts of treatment participation. For instance, if a policymaker faces
two different labor market programs with very similar average effects on earnings, they may prefer
the one that potentially has a higher impact on the lower tail of the income distribution. Difference-
in-Differences-type strategies can also be used to identify, estimate, and make inferences about
various distributional features of the outcome of interest. This area has received a substantial
amount of methodological consideration by econometricians in recent years; see Athey and Imbens
(2006), Bonhomme and Sauder (2011), Callaway, Li and Oka (2018), Callaway and Li (2019), Roth
and Sant’Anna (2023b), Ghanem, Kédagni and Mourifié (2023), Ferndndez-Val, Meier, van Vuuren
and Vella (2024b), and references therein. For some empirical literature using distributional DiD
procedures, see Meyer, Viscusi and Durbin (1995), Finkelstein and McKnight (2008), and Cengiz
et al. (2019), among many others.

An analysis of distributional quantities does not require different potential outcomes notation
from Section 5.2; it just targets functionals of the potential outcome distributions other than their
means. The first thing to notice is that there are several types of distributional causal parameters
in the treated group that one may care about. The unique feature of them is that they are all
functionals of Fy,(g)a—g(y) = P(Yi(9) < y|G = g) and Fy,(o0)jc—¢(y) = P(Yi(0) < y|G = g).
Examples of such functionals include distributional treatment effects in time period ¢t among units

first treated in period g (denominated in probability units),

DTT(ylg,t) = Fy,(g)ic=g(¥) — Fy,(c0)|c=g(¥)

quantile treatment effects in time period ¢ among units first treated in period g (denominated in

outcome units),

QTT(7|g,t) = F_( G= g( T) — F_(oo)|G g( ),
where Fy !

violc=g(T) = inf{y : Fy,gie=¢(y) = 7} denotes the T-quantile of Y;(g) among units in
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group G = g, and Iy, %Oo)‘G:g(T) is defined analogously. Other functionals related to inequality
measures can also be obtained; see Firpo and Pinto (2016) for a discussion on this topic.

To make inferences about these different causal parameters, one needs to identify Fy,oo)c—g(y)
and Fy,(g)jc—¢(y). Identification of Fy,(4)a—4(y) is usually non-controversial, as we can use data
from units in group G = ¢ to learn about the distribution of Y;(g). The main challenge is related
to how to learn the counterfactual distribution Fy,(x)c—¢(y) from the data. This is where different
DiD-type procedures differ, as each paper in this literature relies on different and often non-nested
identification assumptions that, if true, identify Fy, (o) c—g(¥). Given the space constraints, we do
not provide explicit and detailed discussion about how these different DiD-related distributional
procedures function. However, all distributional DiD estimators share our forward-engineering ap-
proach; they clearly state their identification assumptions and target parameters and then provide
estimators that recover well-defined causal quantities. We also note that most distributional DiD
methodological papers focus on two-period and two-group setups. However, it is straightforward
to build similar arguments to those in Section 5.2 to extend the designs to more general settings,
which is again another benefit of the forward-engineering approach to causal inference.

We close this section by noting that there exist other types of distributional parameters of
interest related to the distribution of the treatment effects in period ¢t among the units in group
g, P(Yi(g) — Yi(o0) < y|G = g). In general, such causal quantities cannot be point identified, as
discussed in Heckman, Smith and Clements (1997b), Fan and Yu (2012) and Callaway (2021).
However, often one can still partially identify such policy-relevant parameters under different re-

strictions. We refer the reader to Callaway (2021) for a more detailed discussion of this topic.

A.5 Repeated cross-sections and unbalanced panel data

An appealing feature of DiD procedures is that, although helpful, a balanced panel is not a re-
quirement for DiD analyses, which can also be deployed with repeated cross-sectional data or
unbalanced panels. Indeed, as discussed in Section 3.3 and made explicit in equation 3.6, the
2 x 2 building block in unconditional DiD analyses involves only averages that are group and time
specific, and does not require the same unit to be observed in all periods. As discussed in Callaway
and Sant’Anna (2021), the same applies to unconditional staggered adoption setups, and one need
not enforce a balanced panel even within each subset of the data used to estimate the ATT(g,t)
building blocks. One caveat is that the interpretation of the parameter of interest may change,
which we discuss more below.

When covariates are available and play an important role in the plausibility of the identifica-
tion assumptions, the differences between DiD with a balanced panel and repeated cross-sections
(or unbalanced panel) are subtle, can be practically important, and are often not discussed in
methodological papers. The gist of the problem relates to potential compositional changes over

time. Most DiD papers that rigorously discuss repeated cross-section setups, including Abadie
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(2005), Sant’Anna and Zhao (2020), and Callaway and Sant’Anna (2021), rule out compositional
changes by assuming that the joint distribution of covariates and treatment groups is invariant
over time, a stationarity-type assumption. However, this may not be warranted in empirical ap-
plications, and erroneously imposing this additional assumption can lead to biases (Hong, 2013;
Sant’Anna and Xu, 2023). On the other hand, when this stationarity assumption is justified and
correctly used, the gains in power when conducting inference for DiD parameters can be noticeable
(Sant’Anna and Xu, 2023). In what follows, we use the 2 x 2 setup to explain how compositional
changes can complicate the analysis and why ruling it out leads to a gain in precision.

To see how issues related to compositional changes affect the analysis, let us first assume that
there are no compositional changes and that the stationarity assumption is valid. In this case, the

average treatment effect on the treated in period two (post-treatment) can be written as
= E[Y—2(1)|D; = 1, Tip—2 = 1] = E[Y;1=2(0)[D; = 1, T} =0 = 1]
EY;(D)|Di =1, Tiy—» = 1] = E[Y;(0)|D; = 1, Tip—2 = 1], (A1)

where T}, is an indicator if unit ¢ is observed in period t, Y;(d) = T2 Yit—o(d) + T} =1 Yii=1(d)
is the potential outcome for unit i, D; = 1{G; = 2} is a treatment group dummy that equals one
if a unit is first treated in period two and zero if it is untreated in both periods. We also set X;
to be a vector of (pre-treatment) covariates. Note that even here, we already use the stationarity
condition that the joint distribution of (D;, X;) is invariant to 7;;—o to move from the first to the
second line and establish (A.1).

To identify AT'T(2) it is often constructive to first establish the identification of its conditional-
on-covariates analog; that is, the conditional ATT in period two among units with covariates X;,
ATTYx,(2). This is exactly how we proceeded in Section 4.2. Under the stationarity condition, and

similarly to (A.1), we can express this quantity as®®
ATTXl(Q) = E[K7t=2(1)|Dl = ]-7Xz] - E[Yz,t=2(0)|Dz = 1, Xz]
=E[Y;(1)|D; = 1,X;,T;4—2 = 1] = E[Y;(0)|D; = 1, X, T} 4—2 = 1]. (A.2)

Next, we have to establish the identification of this quantity. As expected, we will again
use conditional parallel trends, no-anticipation, and overlap assumptions. The no-anticipation
condition used here is the same as the one in the main text. The conditional parallel trends
and overlap assumptions need to be modified, as we now work with multiple partitions of the
data depending on treatment status and the period a unit is observed. In this sense, we modify
Assumptions CPT and SO to the following related, but different, assumptions. These modifications

are warranted regardless of whether compositional changes are present; this step is instead tied to

38To guarantee that all the conditional expectations in (A.2) are well-defined, we need an overlap condition that
guarantees that P(T; =2 = 1,D; = 1|X;) > 0. We discuss this below.
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data structure.?”

Assumption CPT-RCS (2 x 2 Conditional Parallel Trends with repeated cross-sections). We

assume that, with probability one,
E[Y;—2(0)| X, D; = 1, T 00 = 1] — Ey[Yi=1(0)| X5, D; = 1,T; -1 = 1]
= (A.3)
E[Y;:—2(0)|X;,D; = 0,T;,—0 = 1] — E[Y;;=1(0)|X;, D; = 0,T;,—1 = 1].

Assumption SO-RCS (Strong overlap with repeated cross-sections). For some € > 0 and every
(d, S) € {O, 1} X {O, 1}, €< F)[l)z = d, ﬂ,t:Z = S|X7J] <1l-—e

With this modification, we can now show that when Assumptions NA, CPT-RCS, and SO hold,
the conditional ATT parameter ATTY,(2) is identified by*°

ATTx,(2) =(E[Y;|D; = 1,T; 40 = 1, Xi] = E[Yi|D; = 1,T; ;=1 = 1, X;])
- (]E[}/”Dl = 077—%,25:2 = 17X7,] - E[}/Z|Dl = 07E,t:1 = 17X’L]> (A4>

This step provides a methodological justification to estimate the ATTY,(2)’s using four conditional
expectations that use only the available data. In addition, it highlights that, under the stationarity
assumption, once we learn the AT T, (2)’s, we can aggregate them using the covariate distribution
of treated units awvailable from both time periods to get the ATT(2). More formally, ATT(2) is
identified by

ATT(2) = E[AT Ty, (2)|D; = 1]
:E[ATTXi(2>’D’i = 1>Ti,t:2 = 1]P(Tz',t:2 = 1‘Di = 1)
+ E[ATTXi<2)‘Di = 1T = 1]P(Ti,t:1 = 1|Di = 1),

where ATTY,(2) is given by (A.4). This is the second point at which the stationarity assumption
and the absence of compositional changes are necessary: under these conditions, covariates from
treated units across the entire dataset can be used to identify AT'T(2). The fact that you can
pool data across all periods to learn about ATT(2) translates to gains in power, as formally
discussed by Sant’Anna and Zhao (2020) and Sant’Anna and Xu (2023). The third place where
the stationarity condition affects the analysis is in the characterization of how “the most precise”
(regular and asymptotically linear) estimator for the AT'T'(2) should look. This point relates to the
semi-parametric efficiency bound and the construction of efficient (and doubly robust) estimators.
As these points are slightly more technical, we refer the readers to Sant’Anna and Zhao (2020)
and Sant’Anna and Xu (2023) for more details.

39Tn setups where we rule out compositional changes and impose the stationarity condition that the joint distri-
bution of (D;, X;) is invariant to T} ;—2, we may not need to modify Assumption CPT. We do it here for transparency
purposes.

40We also require the assumption that the pooled repeated cross-section data {Y;, D;, X;, T} t—2, Ti,tzl}?:l is 7id,
though this is fairly standard and uncontroversial; see, for instance, Abadie (2005) and Sant’Anna and Zhao (2020,
Assumption 1). We maintain this condition as an assumption throughout this section.
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Overall, when group composition does not change over time, one can pool information across
the entire dataset, which has an impact on the definition of target parameters and leads to more
precise inference procedures. But what happens when this condition fails? How does this affect
the analysis?

First, this matters for the definition of the treatment effect of interest. In setups where the
sampling varies across periods, we do not have a single notion of AT'T(2). Instead, we need to
accommodate the fact that the ATT(2) may vary across units sampled from different periods.
Thus, when we do not rule out compositional changes, we must be explicit about the treated
subpopulation that we are interested in. It is common to focus on the average treatment effect in

period two among treated units that are also sampled in period two, that is,*
ATT(2|Ti=2 = 1) = E[Yis—2(1)|Di = 1, Ti—2 = 1] = E[Y;1=2(0)|D; = 1, T} 4—o = 1]
= E[Y;(1)|Di = 1, T3 = 1] = E[Y;(0)|D; = 1, Tiy—» = 1]. (A.5)

Although (A.5) has the same statistical estimand as (A.1)—that is, the formulas on the right-
hand side of the equation coincide—it has a very different interpretation. It is the ATT(2) among
units sampled in period 2, and is not an “overall” ATT(2). One may think this difference is
merely cosmetic, but as discussed below, this has implications for constructing estimands when
covariates are important for identification. Where covariates do not play an important role, it is
simply a matter of changing the interpretation of your reported estimates (which also applies to
unconditional staggered setups, to be clear).

When covariates do play an important role, however, and when Assumptions CPT-RCS,
NA and SO-RCS hold, the conditional ATT parameter among units sampled in period two,
ATTx,(2|T=2) is identified by

ATTx,(2|Ti=2) = (E[Yi|Di=1,T1— =1, X;| - E[Y}[D; = 1,T,=1 = 1, X;])

—(E[Yi|D; = 0,T; 1= = 1, X;] = E[Yi|D; = 0,T;,-1 = 1, Xi]), (A.6)

which, in turn, implies that ATT(2|T;,—, = 1) is identified by
ATT(2[Ti=2 = 1) = E[ATTx, (2|Ti=2)|Di = 1, Tj 4= = 1]. (A.7)
Several remarks are worth making. First, the statistical estimand in (A.6) is the same as when
one rules out compositional changes as in (A.4), suggesting that, once again, what changes in
this step is the interpretation. However, these interpretative issues have direct consequences on
the appropriate method for aggregating across covariate values. As clearly stated in (A.7), in

the presence of potential compositional changes, one is not allowed to pool information across

periods to identify (and also estimate and make inference) about ATT(2|Tj—» = 1). As discussed

410ne may also be interested in the ATT in period two among treated units that are sampled in period one.
The arguments required to establish (point) identification of this parameter differ from those we use here. A main
challenge is that we do not observe E[Y; ;—2(1)|D; = 1,T; ;-1 = 1], and the parallel trends assumption we leverage
does not involve treated potential outcomes.

68



in Sant’Anna and Xu (2023), ignoring these issues and pooling data from all periods in the presence
of compositional changes leads to a bias that is important to be aware of. We refer the reader to
Sant’Anna and Xu (2023) for a discussion related to unbalanced panels and also on a discussion
about doubly robust and semiparametric efficient DiD estimators under compositional changes. We
are not aware of any papers that formally extend the discussion in Sant’Anna and Xu (2023) to
staggered DiD designs. Still, this extension is surely possible by following our forward-engineering
approach to DiD.

We close this section by highlighting that, in practice, it is possible to test for composi-
tional changes by comparing the estimates from estimators that impose it and those that do
not. Sant’Anna and Xu (2023) discuss Hausman-type tests in the two-period setting, though one
can extend those to more general setups. We also highlight that when it comes to DiD setups
with staggered adoption, some equivalence results discussed in Section 5.2 no longer hold with
repeated cross-sections or unbalanced panel data. For instance, the Sun and Abraham (2021)
regression-based strategy to estimate ATT(g,t)’s using (5.11) no longer coincides with Callaway

and Sant’Anna’s (2021) estimators using the analog of (5.10):

mnever(g> t) = (?G:g,t - ?G:g,t:gfl) - (?G:oo,t - ?G:oo,t:gfl):

where Y g_, +—, is the sample mean of Y among units that belong in group G' = a and are observed
in period ¢t = s. In fact, it is unclear exactly what estimand is being recovered when one uses
(5.11) with an unbalanced panel. If one replaces unit fixed effects with treatment group dummies
in (5.11), such equivalence is restored, though we suspect that many practitioners do not use
this alternative specification. In general, we caution against extrapolating from a well-motivated
regression specification that was studied under one specific setup to another related but inherited
different framework. This practice has led to many issues in DiD, which can be fully avoided by

adopting the forward-engineering approach discussed in this paper.
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