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S1 Simulation results for stylized DGP

This section display all the simulations results discussed in Section 5.1 of the main text.



Table S1.1: Monte Carlo study of the performance of IPW estimators for ATE and QTE based
on different propensity score estimation methods. Sample size: n = 500.

Correctly Specified Model Misspecified Model
Bias RMSE relMSE COV ACIL ARE Bias RMSE relMSE COV ACIL ARE

(a) ATE

IPScyp 0.14 3.68 0.89 0.95 14.07 1.22 1.93 4.03 0.78 092 13.76 1.36

IPS;q 0.96 3.67 0.88 0.97 1551 1.00 2.45 4.55 099 095 17.73 0.82

IPSpro; 0.15 3.61 0.85 0.94 1382 1.26 0.50 3.40 0.55 0.96 15.04 1.14

CBPSjust 0.03 4.06 1.08 093 14.99 1.07 2.71 4.56 1.00 0.87 13.95 1.32

CBPSopper 0.05 3.91 1.00 095 15.53 1.00 2.56 4.57 1.00 093 16.05 1.00

MLE -0.05 4.53 1.34 094 1646 0.89 592 1041 520 0.86 20.50 0.61
(b) QTE(0.10)

IPScyp 0.17 4.87 1.04 096 1942 0.99 -3.96 6.34 1.32  0.87 19.80 0.99

IPSind 0.47 5.25 121 096 21.44 0.81 -2.86 5.96 117 094 2281 0.75

IPSpro; 0.16 4.85 1.04 095 1943 0.99 -2.15 5.58 1.02 099 29.85 0.44

CBPSjust 0.03 4.70 098 0.96 18.79 1.05 -3.16 5.81 1.11  0.89 19.39 1.03

CBPSoper 0.04 4.76 1.00 096 19.29 1.00 -2.79 5.52 1.00 092 19.72 1.00

MLE 0.01 4.76 1.00 096 18.90 1.04 -1.54 5.64 1.04 094 20.28 0.95

(¢) QTE(0.25)

IPScqp 0.09 4.35 1.01 095 1721 1.03 -2.08 4.79 1.23 093 17.01 1.07
IPS;q 0.64 4.69 117 097 1932 0.82 -1.10 4.60 1.14 097 19.55 0.81
IPSy5 0.08 4.33 1.00 096 17.18 1.04 -1.32 4.63 1.15 098 2291 0.59
CBPSjust 0.00 4.36 1.02 096 17.06 1.05 -1.25 4.46 1.07 095 16.99 1.07
CBPSpper 0.04 4.33 1.00 097 17.51 1.00 -1.10 4.32 1.00 095 17.58 1.00
MLE -0.04 4.47 1.07 095 1746 1.01 0.71 6.10 2.00 0.96 20.08 0.77

(d) QTE(0.50)

IPScqp 0.21 4.50 095 094 1759 1.13 1.06 4.48 0.86 094 17.16 1.21
IPS;q 0.94 4.65 1.01 096 19.15 0.96 1.73 4.86 1.01 096 19.81 0.91
IPSy) 0.20 4.44 0.92 094 1742 1.16 0.19 4.27 0.78 096 18.11 1.08
CBPSjust 0.08 4.79 1.07 094 1842 1.03 1.94 4.94 1.04 093 17.56 1.15
CBPSpper 0.10 4.62 1.00 095 1873 1.00 1.76 4.83 1.00  0.95 18.86 1.00
MLE 0.00 4.98 1.16 095 19.36 0.94 529  11.78 593 0.90 24.86 0.58

(e) QTE(0.75)

IPScqp 0.25 5.64 095 094 2165 1.15 5.30 7.48 0.87 0.83 20.76 1.33
IPS;q 1.34 5.47 090 095 2206 1.11 5.48 7.76 094 0.89 24.83 0.93
IPSy) 0.25 5.56 0.93 094 21.23 1.20 1.99 5.31 044 096 24.12 0.98
CBPSjust 0.17 6.17 1.14 093 2319 1.00 6.16 8.29 1.07 079 21.34 1.25
CBPSpper 0.21 5.77 1.00 095 23.23 1.00 5.65 8.01 1.00  0.87 23.90 1.00
MLE 0.02 7.11 1.52 094 25.05 0.86 11.26  17.99 5.04 0.78 30.87 0.60

() QTE(0.90)

IPSeep -0.06 8.29 1.00 093 30.81 1.06 10.12  13.23 1.01  0.76  30.58 1.21
IPS;q 1.52 7.69 0.86 0.95 29.76 1.13 9.60  13.00 097 0.88 37.15 0.82
IPSy) -0.03 8.03 0.94 094 2998 1.12 3.81 8.06 0.37 096 40.11 0.70
CBPSjust -0.09 9.06 1.19 093 3213 097 10.64  13.65 1.07  0.72 30.06 1.25
CBPSpper -0.13 8.29 1.00 095 31.66 1.00 9.85  13.17 1.00  0.82 33.65 1.00
MLE -0.30  10.92 1.74 092 3493 0.82 15.81  22.69 297  0.66 34.75 0.94

Note: Simulations based on 1,000 Monte Carlo experiments. Bias, Monte Carlo Bias; RMSE, Monte Carlo root mean square error; relMSE,
relative Monte Carlo mean square error; COV, Monte Carlo coverage of 95% normal confidence interval; ACIL, Monte Carlo average of 95%
normal confidence interval length; ARE, asymptotic relative efficiency; ATE, average treatment effect; QTE(7), quantile treatment effect at 7
quantile. Both reIMSE and ARE are expressed with respect to the IPW estimator based on the over-identified CBPS. The propensity score
model is based on a logistic link function. IPS;nq, IPW estimator based on IPS estimator (2.10); IPSpro;, IPW estimator based on IPS esti-
mator (2.11); IPS..p,, IPW estimator based on IPS estimator (2.12); CBPSjust, IPW estimator based on the (just-identified) CBPS estimator
with moment equation (2.2), with f(X*) = X*; CBPSover , IPW estimator based on the (over-identified) CBPS estimator with moment
equation (2.2), with f(X*) = (X*”,[)(X*;B)')/., with p(X*;8) the derivative of the propensity score model with respect to 3; MLE , IPW
estimator based on MLE. X* = X when the PS model is correctly specified, and X* = W when the PS is misspecified.
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Table S1.2: Monte Carlo study of the performance of distributional covariate imbalances based
on different propensity score estimation methods. Sample size: n = 500.

Correctly Specified Misspecified

KSpr RCoMpy  KSpan RCvMyan  KSpao  RCvMparo KSpr RCoMpy  KSpan RCvMpan  KSpao  RCvMpaio
IPSeqp 8.87 2.07 4.91 0.94 5.60 1.41 9.78 2.49 5.77 1.24 5.62 1.46
IPSing 8.16 1.77 4.65 0.84 4.96 1.13 8.65 2.13 5.06 1.07 4.99 1.22
1P Spof 8.84 2.06 4.84 0.94 5.53 1.39 13.46 3.72 6.93 1.63 7.32 2.23
CBPSjyst 9.22 2.15 5.12 0.98 5.85 1.47 10.28 2.63 6.05 1.32 5.74 1.52
CBPSgper 9.18 2.11 4.97 0.98 5.62 1.38 10.14 2.56 5.84 1.25 5.62 1.49
MLE 9.19 2.17 5.12 0.96 5.96 1.55 12.07 3.04 8.46 2.07 5.56 1.45

Note: Simulations based on 1,000 Monte Carlo experiments. K Spai, K Stai1, K Spaio, RCvMpyar, RCvMpair, RCvMpaio as defined in 5.1. All imbalances are presented in per-
centage points. The propensity score model is based on a logistic link function. IPS;,q, IPW estimator based on IPS estimator (2.10); IPSpro;, IPW estimator based on
IPS estimator (2.11); IPSeap, IPW estimator based on IPS estimator (2.12); CBPSjust, IPW estimator based on the (just-identified) CBPS estimator with moment equa-
tion (2.2), with f (X*) = X*; CBPSover , IPW estimator based on the (over-identified) CBPS estimator with moment equation (2.2), with f(X*) = (X*/,p (X*;B)')/,
with p (X*;8) the derivative of the propensity score model with respect to @; MLE , IPW estimator based on MLE. X* = X when the PS model is correctly specified,
and X* = W when the PS is misspecified.



Table S1.3: Monte Carlo study of the performance of IPW estimators for LATE and LQTE based
on different instrument propensity score estimation methods. Sample size: n = 500.

Correctly Specified Model Misspecified Model

Bias RMSE relMSE COV ACIL ARE Bias RMSE relMSE COV ACIL ARE
(a) LATE
LIPS, -0.24 4.39 074 095 17.76 1.76 511  6.62 038 094 2145  1.30
LIPSinq -5.55 6.79 176 0.72 1617 212 078 479 020 096 2022 147
LIPSy -0.96 4.31 071 094 17.03 1.91 039  5.07 022 099 2855  0.74
CBPSjust -0.16 481 088 093 1759 1.79 792 956 079 061 1853 175
CBPS e 1.37 5.12 1.00 098 2354 1.00 9.03  10.74 100 0.74 2451  1.00
MLE -0.08 5.76 1.27 094 2050 1.32 1061 14.14 173 063 2444 101
(b) LQTE(0.10)
LIPS, -0.15 461 101 095 1827 1.04 167 491 118 092 1820  1.02
LIPSing -2.33 5.46 142 092 20.65 081 397 624 192 087 1974 087
LIPSy, -0.60 4.62 102 095 1818 1.05 092 554 151 096 2438 057
CBPSjy -0.11 4.56 099 094 1756 113 2019 447 098 094 1757  1.10
CBPSyper 0.45 4.58 1.00 095 1863 1.00 037 451 1.00 095 1842  1.00
MLE -0.06 4,62 102 094 1781 1.09 091 517 131 095 1877  0.96
(c) LQTE(0.25)
LIPS,y -0.06 4.30 100 095 1716 1.11 042 422 083 096 1740  1.06
LIPSq -3.07 5.46 162 090 1877 0.93 322 549 140 090 1839  0.95
LIPSy -0.59 4.26 099 095 1698 1.13 0.86 478 1.06 096 2057 0.76
CBPSjus -0.01 417 094 095 1659 1.19 126 4.37 089 094 1657 117
CBPSyper 0.60 4.29 1.00 096 18.07 1.00 1.88 465 100 094 17.90  1.00
MLE 0.04 4.34 .02 094 1715 111 308  7.39 253 093 2069  0.75
(d) LQTE(0.50)
LIPS, -0.15 4.56 095 095 1857 123 170 471 052 096 1937  1.14
LIPSinq -4.92 6.60 1.99 085 18.68 1.22 254 530 066 093 1946  1.13
LIPSy, -0.88 4.52 093 095 1812 1.29 -0.58 487 056 097 2227  0.87
CBPS;us -0.01 472 102 095 1855 1.23 391 6.21 091 087 1838 127
CBPSyper 0.69 4.68 1.00 098 20.61 1.00 434 652 100 091 2071  1.00
MLE 0.02 5.01 115 096 19.78 1.09 732 13.58 434 085 2571  0.65
(e) LQTE(0.75)
LIPS,y -0.55 6.12 095 094 2371 133 498 747 050 093 2544  1.23
LIPSing -7.68 9.33 220 069 2130 1.65 164 6.02 033 095 2517 125
LIPS, 144 6.01 091 093 2279 1.44 023 6.05 033 098 3336 071
CBPSjua -0.34 6.57 109 093 2447 125 764 10.16 093 076 2434  1.34
CBPSyper 0.65 6.29 100 097 27.33 1.00 809  10.55 1.00 083 2817  1.00
MLE -0.35 7.78 153 094 2683 1.04 1279 19.96 358 076 3298  0.73
(f) LQTE(0.90)
LIPS, 117 9.65 100 094 39.29 1.16 1014 13.89 061 086 3737 115
LIPSing -10.68 12,95 180 065 27.73 2.33 041 9.23 027 095 37.83 112
LIPSy, 211 9.30 093 093 3413 154 088  9.42 028 099 5496 053
CBPSjus 114 1101 130 092 39.31 116 13.04 1722 094 070 3493 132
CBPSpper 112 9.65 100 096 42.35 1.00 13.60  17.77 100 0.75 40.09  1.00
MLE 184 15.04 243 092 4855 0.76 16.79  23.64 177 063 3697 118

Note: Simulations based on 1,000 Monte Carlo experiments. Bias, Monte Carlo Bias; RMSE, Monte Carlo root mean square error; relMSE, rela-
tive Monte Carlo mean square error; COV, Monte Carlo coverage of 95% normal confidence interval; ACIL, Monte Carlo average of 95% normal
confidence interval length; ARE, asymptotic relative efficiency; LATE, local average treatment effect; LQTE(T), local quantile treatment effect at
7 quantile. Both relMSE and ARE are expressed with respect to the IPW estimator based on the over-identified CBPS. All instrument propensity
scores is based on a logistic link function. LIPSina, LIPSpro; and LIPSy, are the IPW estimators based on LIPS estimator (4.5) with the in-
dicator, projection, and exponential weight function, respectively; CBPSjust, IPW estimator based on the (just-identified) CBPS estimator with
moment equation (2.2), with Z in the place of D and f(X*) = X*; CBPSouver, IPW estimator based on the (over-identified) CBPS estimator
with moment equation (2.2), with Z in the place of D and f(X*) = (X*",]’) (X*;ﬂ)/)’, with p (X*;8) the derivative of the instrument propensity
score model with respect to 3; MLE , IPW estimator based on MLE. X* = X when the instrument PS model is correctly specified, and X* = W
when the instrument PS is misspecified.



Table S1.4: Monte Carlo study of the performance of distributional covariate imbalances based
on different instrument propensity score estimation methods. Sample size: n = 500.

Correctly Specified Misspecified

KSyi RCoMyi KSps, RCvMyg,  KSjg, RCuMyg, — KSi RCuMi KSyg, RCuMyg,  KSih, RCuMig,
LIPSeqp 12.06 2.83 6.68 1.29 7.59 1.92 12.99 3.28 8.06 1.71 7.41 1.89
LIPS;nq 10.07 1.93 7.36 1.28 4.96 1.01 10.41 2.45 7.67 1.58 5.80 1.27
LIPSy 11.81 2.75 6.56 1.27 7.34 1.84 18.42 4.68 10.63 2.31 9.17 2.63
CBPSjust  12.58 2.94 7.01 1.34 8.00 2.01 14.37 3.68 8.45 1.84 8.05 2.14
CBPSoper 12.59 2.90 6.65 1.28 7.93 1.96 14.28 3.64 8.20 1.74 8.09 2.15
MLE 12.43 2.94 6.88 1.27 8.17 2.11 16.20 3.92 11.17 2.43 7.79 2.04

Note: Simulations based on 1,000 Monte Carlo experiments. KSpt5, KSit5,, K S5y, ROv ML, RCvMLLS,, RCuML, as defined in 5.2. All imbalances are presented in
percentage points. The instrument propensity score model is based on a logistic link function. LIPSina, LIPSyroj and LIPSe.p are the IPW estimators based on LIPS
estimator (4.5) with the indicator, projection, and exponential weight function, respectively; CBPSjust, IPW estimator based on the (just-identified) CBPS estimator
with moment equation (2.2), with Z in the place of D and f (X*) = X*; CBPSover, IPW estimator based on the (over-identified) CBPS estimator with moment equation
(2.2), with Z in the place of D and f(X*) = (X*",p(X*;ﬁ)')/, with p (X*; 8) the derivative of the instrument propensity score model with respect to 8; MLE , IPW
estimator based on MLE. X* = X when the instrument PS model is correctly specified, and X* = W when the instrument PS is misspecified.

S2 Simulation results for empirically calibrated DGP

This section display all the simulations results discussed in Section 5.2 of the main text.



Table S2.1: Empirically calibrated Monte Carlo study of the performance of IPW estimators for
ITT parameters. Sample size: n = 1,000.

Correctly Specified Model Misspecified Model
Bias RMSE relMSE COV ACIL ARE Bias RMSE relMSE COV ACIL ARE
(a) ATE
IPScqp 0.93 2.27 1.53  0.99 11.17 0.80 -5.07 6.68 6.85 0.76 12.72 1.03
IPS;nq 0.68 4.13 5.05 1.00 36.60 0.07 -5.13 7.57 8.80 0.99 26.40 0.24
IPSp05 0.12 1.66 0.82 1.00 19.66 0.26 -0.89 2.46 093 095 791 2.67
CBPSjuyst 0.38 1.62 0.77 087  4.81 4.32 -3.68 5.04 390 065 874 2.19
CBPSper 1.01 1.84 1.00 1.00 9.99 1.00 -0.46 2.55 1.00 1.00 12.93 1.00
MLE 0.11 1.56 0.72  0.93 545  3.36 -6.42 12.65 24.56  0.88 19.17 0.45
(b) QTE(0.10)
IPSecqp 0.17 1.25 092 093 4.69 1.16 0.93 1.45 0.64 080 4.08 1.10
IPS;nq 0.52 1.37 1.10 092 512 097 0.69 1.52 0.70 085 491 0.76
IPSp05 0.16 1.33 1.05 091 473 1.14 1.27 1.63 0.82  0.71 3.91 1.20
CBPSjust 0.20 1.45 1.24  0.89 4.66 1.17 1.17 1.59 0.78 0.75 4.08 1.10
CBPS,per 0.49 1.30 1.00 093 5.05 1.00 1.47 1.81 1.00  0.69 4.27 1.00
MLE 0.08 1.47 1.28  0.93 523 093 1.13 1.58 0.77  0.78 4.24 1.01
(b) QTE(0.25)
IPSecqp 0.02 0.81 0.79 098 3.76 1.47 0.56 0.93 0.38 095 3.53 1.39
IPS;nq 0.26 0.95 1.08 099 459 0.98 0.30 0.92 0.37 098 448 0.86
IPSpro5 0.11 0.84 0.86 097 3.74 148 0.89 1.16 0.59 0.88  3.50 1.41
CBPSjs 022 1.01 123 094 381 143 0.80  1.11 054 090 360  1.33
CBPS,per 0.39 0.91 1.00 098 455 1.00 1.26 1.51 1.00 0.83 4.15 1.00
MLE 0.06 0.94 1.07  0.98 419 118 0.75 1.09 0.52  0.92 3.73 1.24
(b) QTE(0.50)
IPSeqp -0.12 0.99 0.75 096 4.09 1.80 0.31 0.97 0.23 096  3.77 1.92
IPS;nq 0.16 1.27 1.24 099 621 0.78 0.03 1.30 0.42 098  6.27 0.70
IPSpro; 0.01 1.00 0.77 096 4.31 1.62 0.95 1.34 0.45 087 3.81 1.89
CBPSjyst 0.25 1.22 115 091 391 197 0.71 1.22 0.37 090 3.82 1.88
CBPS,per 0.50 1.14 1.00 098 548 1.00 1.64 1.99 1.00 0.82 5.24 1.00
MLE 0.05 1.17 1.05 095 448 149 0.55 1.15 0.33 092  3.97 1.74
(b) QTE(0.75)
IPSeyp -0.25 2.60 0.75 095 11.14 1.79 -1.32 2.83 0.45 092 10.51 2.01
IPS;nq -0.08 4.66 241 098 2292 042 -1.92 5.38 1.63 097 23.23 0.41
IPSpro; -0.18 2.71 0.82 096 12.58 1.40 1.20 2.81 0.44 091  9.36 2.54
CBPSjust 0.21 2.94 096 084 853 3.05 -0.23 2.62 0.39 090 8.96 2.77
CBPSper 1.37 3.00 1.00 098 14.90 1.00 3.12 4.22 1.00  0.94 14.92 1.00
MLE 0.08 3.13 1.09 0.88 9.10 2.68 -1.51 3.85 0.83 091 11.20 1.77
(b) QTE(0.90)
IPSeyp 0.34 5.14 0.97 098 26.32 1.02 -8.59 10.61 4.07  0.78 26.41 1.17
IPS;nq 0.12 9.41 326 099 57.69 0.21 -9.13  13.67 6.76  0.96 53.04 0.29
IPSpro5 -0.74 5.19 0.99 1.00 35.70 0.56 -1.11 5.46 1.08 093 21.30 1.79
CBPSjust -0.28 5.30 1.03 092 1924 191 -6.19 8.55 2.64 0.80 22.11 1.66
CBPSper 1.45 5.21 1.00 098 26.61 1.00 -0.06 5.26 1.00 099 28.51 1.00
MLE -0.25 5.01 0.92 093 18.83 2.00 -12.17 4176 63.09 0.82 35.39 0.65

Note: Simulations based on 1,000 Monte Carlo experiments. Bias, Monte Carlo Bias; RMSE, Monte Carlo root mean square error; relMSE;, rela-
tive Monte Carlo mean square error; COV, Monte Carlo coverage of 95% normal confidence interval; ACIL, Monte Carlo average of 95% normal
confidence interval length; ARE, asymptotic relative efficiency; ATE, average treatment effect; QTE(7), quantile treatment effect at 7 quan-
tile. Both re]MSE and ARE are expressed with respect to the IPW estimator based on the over-identified CBPS. The propensity score model
is based on a logistic link function. IPSin4, IPW estimator based on IPS estimator (2.10); IPSpro;, [IPW estimator based on IPS estimator
(2.11); IPSeap, IPW estimator based on IPS estimator (2.12); CBPSjust, IPW estimator based on the (just-identified) CBPS estimator with
moment equation (2.2), with f(X*) = X*; CBPSouer , IPW estimator based on the (over-identified) CBPS estimator with moment equation
(2.2), with f(X*) = (X*",}i(X";,B)')/, with p (X*;8) the derivative of the propensity score model with respect to 3; MLE , IPW estimator
based on MLE. X* includes all relevant interaction terms when the PS model is correctly specified, and X* does not include any interaction
term when the PS is misspecified.



Table S2.2: Empirically calibrated Monte Carlo study of the performance of distributional covari-
ate imbalances based on different propensity score estimation methods. Sample size: n = 1, 000.

Correctly Specified Misspecified

KSpr RCoMpy  KSpan RCvMyan  KSpao  RCvMparo KSpr RCoMpy  KSpan RCvMpan  KSpao  RCvMpaio

IPSeqp 6.22 1.69 4.90 1.42 2.21 0.40 7.72 1.93 5.44 1.45 3.12 0.58
IPSina 5.73 1.35 4.23 1.07 2.59 0.39 7.39 1.59 5.02 1.21 3.56 0.49
1P Spof 6.99 1.92 5.57 1.64 2.27 0.41 8.07 1.99 5.83 1.51 2.77 0.55
CBPSjyst 7.00 1.97 5.77 1.74 2.40 0.43 7.75 1.97 5.94 1.61 3.19 0.50
CBPSoper 7.00 1.92 5.47 1.60 2.22 0.43 9.26 2.48 7.00 1.95 2.73 0.58
MLE 7.31 2.10 6.00 1.85 2.16 0.40 7.86 1.98 6.02 1.66 3.71 0.57

Note: Simulations based on 1,000 Monte Carlo experiments. K Spai, K Stai1, K Spaio, RCvMpyar, RCvMpair, RCvMpaio as defined in 5.1. All imbalances are presented in per-
centage points. The propensity score model is based on a logistic link function. IPS;,q, IPW estimator based on IPS estimator (2.10); IPSpro;, IPW estimator based on
IPS estimator (2.11); IPSeap, IPW estimator based on IPS estimator (2.12); CBPSjust, IPW estimator based on the (just-identified) CBPS estimator with moment equa-
tion (2.2), with f (X*) = X*; CBPSover , IPW estimator based on the (over-identified) CBPS estimator with moment equation (2.2), with f(X*) = (X*/,p (X*;B)')/,
with p (X*; 8) the derivative of the propensity score model with respect to 3; MLE , IPW estimator based on MLE. X* includes all relevant interaction terms when the
PS model is correctly specified, and X* does not include any interaction term when the PS is misspecified.



Table S2.3: Empirically calibrated Monte Carlo study of the performance of IPW estimators for
local treatment effect parameters. Sample size: n = 1, 000.

Correctly Specified Model Misspecified Model
Bias RMSE relMSE COV ACIL ARE Bias RMSE relMSE COV ACIL ARE
(a) LATE
LIPSy, 0.92 2.65 1.22  1.00 16.20 0.72 -5.75 7.72 533 092 18.00 0.93
LIPS;na 2.88 5.39 5.07 1.00 62.88 0.05 -3.00 5.68 2.88 1.00 30.40 0.33
LIPS, 0.03 2.20 0.85 1.00 2832 0.23 -0.23 2.88 0.74 097 1091 2.53
CBPSjyst 0.55 2.21 085 088 6.70 4.18 -5.09 6.85 420 0.66 12.01 2.09
CBPSyper 1.25 2.39 1.00 1.00 13.70 1.00 -0.74 3.34 1.00 1.00 17.37 1.00
MLE 0.13 1.99 069 095 761 324 -8.37  16.01 2292 0.86 24.28 0.51
(b)) LQTE(0.10)
LIPSy, 0.22 1.62 098 092 599 1.07 1.22 1.89 0.83 0.81 5.42 0.96
LIPS;nq 0.68 1.69 1.07 092 647 0.92 1.21 1.87 0.81 083 577 0.84
LIPSy; 0.20 1.71 1.09 091 6.03 1.06 1.47 1.97 090 074 5.01 1.12
CBPSjust 0.33 1.88 1.32 087 592 1.10 1.32 1.91 0.84 0.78 5.26 1.02
CBPSpper 0.56 1.64 1.00 091 620 1.00 1.60 2.07 1.00 0.73  5.31 1.00
MLE 0.15 1.90 1.34 091 642 0.93 1.27 1.90 0.83 0.80 5.40 0.97
(b) LQTE(0.25)
LIPSy, -0.01 1.10 090 098 494 1.38 0.81 1.29 0.52 095 4.88 1.13
LIPS;nq 0.36 1.21 1.09 098 597 094 0.74 1.28 0.51 096  5.51 0.89
LIPS,0; 0.05 1.15 0.99 0.97 4.94 1.38 1.16 1.51 0.72  0.88 4.62 1.26
CBPSjust 0.21 1.30 1.26 094 503 1.33 0.94 1.37 0.58 092 4.74 1.20
CBPSoper 0.40 1.15 1.00 099 580 1.00 1.46 1.79 1.00 0.86 5.19 1.00
MLE 0.01 1.29 1.25 097 545 1.13 0.87 1.33 0.56 093 4.84 1.15
(b)) LQTE(0.50)
LIPSy, -0.10 1.31 081 096 560 1.65 0.76 1.52 0.36 093 5.39 1.54
LIPSy 0.49 1.62 1.22 099 843 0.73 0.76 1.69 0.44 098  7.96 0.71
LIPSy -0.03 1.35 085 095 576 1.55 1.52 1.98 0.61 084 519 1.67
CBPSjust 0.30 1.59 118 091 529 1.84 0.99 1.64 042 090 5.17 1.68
CBPSpper 0.62 1.46 1.00 0.99 7.18 1.00 2.12 2.54 1.00 0.82  6.70 1.00
MLE 0.06 1.50 1.05 095 576 1.55 0.76 1.54 0.37 093 535 1.57
(b) LQTE(0.75)
LIPSy -0.40 3.46 0.79 096 15.62 1.67 -0.76 3.56 0.41 098 16.52 1.48
IPSina 1.53 5.41 1.92 099 3342 0.37 0.22 5.40 0.95 1.00 32.02 0.39
IPSyr0; -0.56 3.56 083 096 16.95 1.42 2.67 4.27 0.59 0.88 13.24 2.30
CBPSjust 0.07 3.83 096 0.88 12.04 2.82 -0.19 3.53 0.40 093 13.03 2.38
CBPSoper 1.57 3.90 1.00  0.99 20.20 1.00 4.29 5.56 1.00  0.93 20.09 1.00
MLE -0.20 3.66 088 0.89 14.14 2.04 -2.02 5.49 098 094 17.64 1.30
(b)) LQTE(0.90)
LIPSy, 0.40 6.92 091 097 3711 1.00 -11.40  15.14 4.01 0.84 54.44 0.67
LIPS;na 4.37 10.89 225 099 86.01 0.19 -5.70  13.02 297 097 74.52 0.36
LIPSyo5 -0.90 7.01 093 099 49.40 0.56 0.52 7.55 1.00 0.93 33.27 1.78
CBPSjust 0.05 7.21 098 091 29.67 1.56 -10.05  13.70 3.28 0.78 37.60 1.40
CBPSpper 2.12 7.27 1.00 0.98 37.08 1.00 -0.31 7.56 1.00 0.98 44.45 1.00
MLE 0.08 6.94 091 092 2636 1.98 -21.49  70.32 86.51  0.77 52.98 0.70

Note: Simulations based on 1,000 Monte Carlo experiments. Bias, Monte Carlo Bias; RMSE, Monte Carlo root mean square error; relMSE, rela-
tive Monte Carlo mean square error; COV, Monte Carlo coverage of 95% normal confidence interval; ACIL, Monte Carlo average of 95% normal
confidence interval length; ARE, asymptotic relative efficiency; LATE, local average treatment effect; LQTE(7), local quantile treatment effect at
7 quantile. Both relMSE and ARE are expressed with respect to the IPW estimator based on the over-identified CBPS. All instrument propensity
scores is based on a logistic link function. LIPSinq, LIPSpro; and LIPSecq, are the IPW estimators based on LIPS estimator (4.5) with the in-
dicator, projection, and exponential weight function, respectively; CBPSjust, IPW estimator based on the (just-identified) CBPS estimator with
moment equation (2.2), with Z in the place of D and f(X*) = X*; CBPSover, IPW estimator based on the (over-identified) CBPS estimator
with moment equation (2.2), with Z in the place of D and f (X*) = (X*/,p (X*;ﬁ)/)’, with p (X*; 3) the derivative of the instrument propensity
score model with respect to 3; MLE , IPW estimator based on MLE. X* includes all relevant interaction terms when the PS model is correctly
specified, and X* does not include any interaction term when the PS is misspecified.
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Table S2.4: Empirically calibrated Monte Carlo study of the performance of distributional covari-
ate imbalances based on different instrument propensity score estimation methods. Sample size:
n = 1,000.

Correctly Specified Misspecified

KSi RCoMiy Ksfn ROoM, Ksfs, RO,  Ksly RO Ksi, ROWMYG, Ksi, RCuM,
LIPSecqp 8.85 2.41 7.03 2.05 3.15 0.57 11.48 2.89 8.15 2.20 4.72 0.80
LIPS;nq 7.85 1.88 6.05 1.54 3.59 0.57 10.46 2.27 7.51 1.81 4.95 0.73
LIPS,; 10.19 2.79 8.08 2.39 3.25 0.59 11.54 2.89 8.52 2.24 3.91 0.74
CBPSjust 9.98 2.84 8.25 2.54 3.43 0.61 10.90 2.80 8.32 2.30 4.54 0.70
CBPSoper  9.69 2.66 7.61 2.22 3.09 0.59 12.51 3.43 9.51 2.72 3.71 0.78
MLE 10.32 2.98 8.48 2.62 3.08 0.57 10.90 2.78 8.35 2.35 5.12 0.79

Note: Simulations based on 1,000 Monte Carlo experiments. KSitS, KSits,, KSite,, RCuM.ts, RCoMS,, RCoMS, as defined in 5.2. All imbalances are presented in
percentage points. The instrument propensity score model is based on a logistic link function. LIPSinq, LIPSpro; and LIPSec,, are the IPW estimators based on LIPS
estimator (4.5) with the indicator, projection, and exponential weight function, respectively; CBPSj,st, IPW estimator based on the (just-identified) CBPS estimator
with moment equation (2.2), with Z in the place of D and f (X*) = X*; CBPSover, IPW estimator based on the (over-identified) CBPS estimator with moment equation
(2.2), with Z in the place of D and f (X*) = (X*",[}(X*;ﬂ)/),, with p (X*;3) the derivative of the instrument propensity score model with respect to 3; MLE , IPW
estimator based on MLE. X* includes all relevant interaction terms when the PS model is correctly specified, and X* does not include any interaction term when the PS
is misspecified.

S3 Closed-form representation of the IPS objective functions

In this section, we derive the closed-form representation of the IPS objective function @y ., (83)
using the three families of weighting functions under Assumption 3 in the main text.

First, recall from Section 2.2 that
~ips .
= arg min ,
ﬁn,w g Bco Qn7w (/8)

where Qnw(8) = [[|Hpw(B, u)||* U,,(du), ¥, is an uniformly consistent estimator of ¥,
Hn,w(ﬂa u) = E, [hn (D7 X; /8) w(X§ u)], with h, (D, X; /8) = (hn,l (Da X; B) s hn,O (D7 X; /8)),7
hna (D, X3 8) = =, (D, X3 8) — 1, d € {0, 1}, and

00 25 ]

S . — 1-D L-D
= (DXiB) = 1 L B ||

In the following, we derive the closed-form representation of the IPS objective function of the
estimators in (2.10)-(2.12). In light of Remark 3.2, we emphasize the role played by hy 1 and hy g

in the computation of the objective functions.
Case 1: Indicator Weights

As introduced in (2.10), in this case we have ¥, (u) = Fj, x (u) and w (X;u) = 1{X < u}.
For any g (x), [g(u) F, x (du) = n™! > j-18(X;). Since 1{X < u} is real-valued, conjugate

transpose reduces to direct transpose. Hence,
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Hn,ind (IB?U) = Inzhn (Dj7Xj;B) 1 (XJ < u)
j=1

1
j=1
and

Quina ()= [ 1B (D, X3 8) 10X < W) Fox(a)

/

1 n
=2 (Db (D X8 1(X; < X)) Zh (D;,X;:8)1(X; < X))
=1 \j=1 =
2
1 n n
=3 D haa (D5, X5 8)1(X; < X))
=1 \j=1

1 n
e DD o (D, X8 1(X; < X))

=1 \j=1

Case 2: Projection Weights
As introduced in (2.11), in this case we have ¥, (u) = n=t 3" | 1(¥'X; < u)x~vyand w (X;u) =
1{4'X < u}. Before proceeding to the detailed derivations, from Appendix B of Escanciano (2006),

we have that

/ 1(v'X; <u) 1 (¥Xs < u) Fypx (du) dy
[—00,00] XSk

%Z / L(YX; <2'X,) 1 (¥Xs <v'X,) dy
Sk

1 n
== Ajr
" r=1

Aj87

where Aj,, is proportional to the volume of a spherical wedge and can be computed as

40 o) mk/2)-1
jsr =

isr /1.\
()
2
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where I' () is the gamma function and

2T iin:Xr:Xj,
Aggl: T 7’f X’L:XJ> X; =X, or Xj:Xra
(XZ - Xr)/ (Xj — XT')
X5 — X[ |1 X5 — X |

> ‘ otherwise.

T — arccos <

With this result in hand, and the fact that 1(y'X < wu) is real-valued, the objective function

Qn.proj (B) can be written as

Qnproj (B) = /[ » B [hy (D, X5 8) 1(v'X < w)]||” Foy(du)dy
— 00,00 | XD
2
1 n
- ﬁ Z hn,l (Dj7 Xj; /6) 1 (7,Xj < u) Fn,‘y’X (du) d7
]RXSk j:1
2
1 n
+ D o (D5, X5 B)1 (v X <) | P (du) dy
n RXSk j:l

1 3
= ﬁ Z Z hn,l (Dja Xj;/ﬁ) hn,l (D37Xs;ﬁ) Ajs

=1 s=1

1 n n

+ 3> D hno (D, X5 B) o (Ds, Xs; B) Ajs.

j=1 s=1

Case 3: Exponential Weights

Finally, as introduced in (2.12), now we have w (X;u) = exp (iu'® (X)) and

_ exp (—u'u/2)

U, (du) = ¥ (du) (271-)’“/2

For notational convenience, let h,, ; (3) = h,, (D}, X;;3). Hence

Qn,e:cp (B)

exp (—iu'u
= /Rk HEn [hn (D,X; 3) exp(iu’® (X) )] H2 IEQ(W)?C/?)du

!/

:iz / > hy; (8)exp (—in'® (X)) (Zhw (B) exp (iu'® (Xj))>\11(du)
RE \ j=1

" s=1
SO {h%,j (8) b (8) / exp (i (® (X;) — @ (X,)) e"“)(_‘j;/‘;/z)du}
n j=1s=1 RF (27T)
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= % DD M (B) s (B) exp {—;H@ (X)) — @ (X,) H2} : ($3.1)

j=1s=1

To get the last equality, we exploit that

/Rk exp (iu't) - Wdu = Eylexp (iU't)]

= exp{—t’t/2} ,

where we use the definition of characteristic function for the random variable U, and exploits that
U follows a standard k-variate normal distribution. Letting t = ® (X;) — ® (Xj), (S3.1) follows
immediately.

Thus, from (S3.1) and the definition of h, ; (3), we have

1
Qn,e:cp (6) = ﬁ Zzhn,l (Djan;ﬁ) hn,l (DS)Xs;/B) €xp {_2”@ (X]) - (Xs) H2}

j=1 s=1

1 v 1
+ 32D hno (D, X3 B) hno (Ds, X3 B) exp {—2|r<1> (X)) — @ (Xs) H2} :

j=1 s=1

S4 Additional Monte Carlo results

In this Section, we report Monte Carlo results under our stylized setup with sample size n = 200
and n = 1,000. Like in Section 5.1 of the main text, we consider an unconfounded and a local
treatment effect setup. For additional details, see Section 5.1 of the main text. Since the results are
qualitatively similar to the results with n = 500 discussed in the main text, we avoid introducing

additional redundant discussions.
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Table S4.1: Monte Carlo study of the performance of IPW estimators for ATE and QTE based on
different propensity score estimation methods. DGP describe in Section 5.1. Sample size: n = 200.

Correctly Specified Model Misspecified Model
Bias RMSE relMSE COV ACIL ARE Bias RMSE relMSE COV ACIL ARE
(a) ATE
IPSeqp 0.17 5.74 0.91 0.94 2128 1.21 1.45 5.82 0.92 092 20.78 1.25
IPSina 1.85 5.88 096 094 2326 1.01 2.27 6.38 1.10 095 24.98 0.87
IPSyr0) 0.18 5.62 0.87 093 20.84 1.26 0.45 5.38 0.78 0.96 22.56 1.06
CBPSjust 0.20 6.44 1.14 092 2216 1.11 2.27 6.47 1.13 090 21.34 1.19
CBPSoper 0.19 6.02 1.00 094 2337 1.00 1.61 6.07 1.00 094 23.26 1.00
MLE 0.26 7.33 148 093 2442 0.92 4.62 1137 3.51  0.90 26.73 0.76
(b)) QTE(0.10)
IPSeyp 0.25 8.25 1.09 095 31.09 0.99 -3.95 9.13 1.12 092 31.74 1.00
IPSina 1.09 8.47 1.15 095 3342 0.86 -2.38 9.06 1.10 095 36.20 0.77
IPSyro) 0.26 8.18 1.07 095 3098 1.00 -1.53 8.77 1.03 098 42.61 0.56
CBPSjust 0.30 7.94 1.01 0.94 29.92 1.07 -3.41 9.09 1.11 091 31.22 1.04
CBPSyper 0.24 7.91 1.00 096 3094 1.00 -3.04 8.62 1.00 095 31.81 1.00
MLE 0.36 7.98 1.02 095 30.03 1.06 -1.72 10.12 1.38  0.93 33.08 0.92
(b)) QTE(0.25)
IPScqp 0.08 6.87 1.03 095 2755 1.03 -2.10 7.16 111 0.94 27.23 1.06
IPSina 1.35 7.11 111 0.96 2991 0.87 -0.68 6.83 1.01 096 30.44 0.84
IPSprof 0.06 6.83 1.02 095 2730 1.05 -0.83 6.96 1.05 0.98 33.69 0.69
CBPSWS,, -0.02 6.89 1.04 095 27.15 1.06 -1.57 7.13 1.10 094 27.39 1.04
CBPSoper 0.08 6.77 1.00 096 2794 1.00 -1.45 6.79 1.00 095 27.98 1.00
MLE -0.06 7.19 1.13  0.95 2775 1.01 0.36  10.39 234 094 30.84 0.82
(b)) QTE(0.50)
IPScqp 0.24 6.82 094 095 2764 1.13 1.01 6.73 095 0.96 27.09 1.15
IPSind 1.93 6.97 098 095 2934 1.01 1.99 7.21 1.09 096 29.93 0.95
IPSproj 0.28 6.70 091 095 2720 1.17 0.24 6.46 0.87 097 28.75 1.02
CBPSjust 0.34 7.45 1.12  0.93 28.76 1.05 2.03 7.45 1.16  0.94 28.02 1.08
CBPSpper 0.25 7.03 1.00 096 29.43 1.00 1.24 6.92 1.00 0.96 29.11 1.00
MLE 0.52 8.59 1.49 0.94 3042 094 4.73  13.78 3.97  0.93 34.67 0.70
(b) QTE(0.75)
IPS.p 0.31 8.88 097 092 3258 1.19 4.74 9.70 099 0.89 31.42 1.24
IPSind 2.47 8.70 093 094 3329 1.14 4.98 9.85 1.02 093 35.88 0.95
IPSpyroj 0.26 8.58 091 093 3170 1.25 1.54 8.11 0.69 095 35.04 1.00
CBPSjyst 0.29 9.90 1.20 092 3489 1.03 593  10.92 1.25  0.87 3298 1.13
CBPSoper 0.23 9.02 1.00 0.95 3547 1.00 4.53 9.76 1.00 0.93 35.00 1.00
MLE 054 11.25 1.56 0.92 3833 0.86 9.47  17.88 3.35  0.85 39.96 0.77
(b) QTE(0.90)
IPScqp -0.02  14.20 1.10 085 41.68 1.13 8.97  16.32 1.07  0.79 40.41 1.14
I1PS;ng 291  13.10 094 0.88 41.67 1.13 8.66  16.67 1.12  0.85 46.67 0.86
IPSy0) 0.03  13.35 098 0.87 40.75 1.19 3.19 1270 0.65 0.93 51.37 0.71
CBPSjyst 0.16  15.52 1.32  0.82 4226 1.10 9.79  17.03 1.16  0.76 39.93 1.17
CBPSoper 0.22  13.52 1.00 0.89 44.39 1.00 793  15.78 1.00 0.84 43.19 1.00
MLE -0.09 17.51 1.68 0.81 44.44 1.00 1229 21.74 1.90 0.69 38.76 1.24

Note: Simulations based on 1,000 Monte Carlo experiments. Bias, Monte Carlo Bias; RMSE, Monte Carlo root mean square error; relMSE,
relative Monte Carlo mean square error; COV, Monte Carlo coverage of 95% normal confidence interval; ACIL, Monte Carlo average of 95%
normal confidence interval length; ARE, asymptotic relative efficiency; ATE, average treatment effect; QTE(7), quantile treatment effect at
7 quantile. Both relMSE and ARE are expressed with respect to the IPW estimator based on the overidentified CBPS. The propensity score
model is based on a logistic link function. IPS;,q, IPW estimator based on IPS estimator (2.10); IPSpo;, IPW estimator based on IPS
estimator (2.11); IPScsp, IPW estimator based on IPS estimator (2.12); CBPSjust, IPW estimator based on the (just-identified) CBPS esti-
mator with moment equation (2.2), with f (X*) = X*; CBPSover , IPW estimator based on the (overidentified) CBPS estimator with moment
equation (2.2), with f(X*) = (X*".p’ (X*:ﬁ)')/, with p (X*;8) the derivative of the propensity score model with respect to 3; MLE , IPW
estimator based on MLE. X* = X when the PS model is correctly specified, and X* = W when the PS is misspecified.
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Table S4.2: Monte Carlo study of the performance of IPW estimators for ATE and QTE based
on different propensity score estimation methods. DGP describe in Section 5.1. Sample size:
n = 1,000.

Correctly Specified Model Misspecified Model
Bias RMSE relMSE COV ACIL ARE Bias RMSE relMSE COV ACIL ARE
(a) ATE
IPScqp 0.01 2.66 085 094 10.14 1.25 2.04 3.30 0.63 0.87 10.05 1.47
I1PS;nq 0.48 2.63 0.84 097 11.26 1.01 2.37 3.68 0.78 094 13.39 0.83
IPSy0) 0.02 2.62 083 094 998 1.29 0.48 2.55 0.38 096 11.14 1.20
CBPSjust 0.01 2.91 1.02 094 1090 1.08 2.80 3.84 0.85 0.80 10.00 1.49
CBPSoper 0.02 2.88 1.00 095 11.33 1.00 3.09 4.15 1.00 0.88 12.19 1.00
MLE -0.01 3.10 1.16 0.94 11.78 0.92 6.51  10.28 6.12 0.76 16.72 0.53
(b) QTE(0.10)
IPSeqp 0.02 3.57 1.06 095 1381 0.98 -4.06 5.45 1.52 079 14.07 0.99
I1PSina 0.23 3.93 1.29 095 1549 0.78 -3.19 4.97 1.27 091 16.48 0.72
IPSy0) 0.03 3.58 1.07 095 1384 0.98 -2.66 4.67 1.12 098 24.85 0.32
CBPSjust 0.08 3.43 098 095 13.38 1.05 -3.17 4.78 1.17 084 13.74 1.04
CBPSoper 0.05 3.47 1.00 096 13.69 1.00 -2.71 4.42 1.00 0.89 14.00 1.00
MLE 0.04 3.47 1.00 0.95 13.46 1.03 -1.37 4.71 1.14 092 14.90 0.88
(b) QTE(0.25)
IPSeqp 0.03 3.05 1.02 095 1213 1.05 -2.21 3.74 145 0.89 12.02 1.09
I1PSina 0.30 3.27 1.18 096 1395 0.79 -1.45 3.46 1.24 096 14.16 0.78
IPSy0) 0.06 3.05 1.03 094 1214 1.05 -1.77 3.68 1.40 098 18.54 0.46
CBPSjust 0.04 3.04 1.02 095 12.05 1.06 -1.31 3.28 1.12 093 11.96 1.10
CBPSoper 0.00 3.01 1.00 096 1241 1.00 -0.96 3.11 1.00 095 12.54 1.00
MLE 0.00 3.09 1.05 095 1232 1.02 1.08 6.42 428 095 15.01 0.70
(b) QTE(0.50)
IPSesp 0.07 3.06 088 095 1240 1.15 1.00 3.18 0.72 094 12.13 1.27
IPS;na 0.48 3.18 095 097 13.78 0.93 1.52 3.49 0.86 0.96 14.37 0.90
IPSy0) 0.06 3.05 0.88 095 1231 1.17 0.00 3.03 0.65 097 13.15 1.08
CBPSjust 0.07 3.23 098 096 13.03 1.05 1.88 3.62 0.93 090 12.31 1.23
CBPSoper 0.10 3.26 1.00 095 1332 1.00 2.11 3.76 1.00 0.93 13.64 1.00
MLE 0.06 3.35 1.06 095 1359 0.96 5.52  11.00 8.55 0.86 19.80 0.47
(b)) QTE(0.75)
IPS:p 0.04 4.14 093 094 1560 1.17 5.44 6.55 0.75 0.72 15.11 1.45
IPSina 0.67 3.96 085 096 1594 1.12 5.45 6.66 0.78 0.85 18.45 0.97
1P Sprof 0.05 4.09 0.91 0.93 1536 1.20 2.32 4.19 0.31 0.96 18.15 1.01
CBPSjust 0.04 4.45 1.07 093 16.73 1.01 6.24 7.33 094 0.63 15.19 1.43
CBPSoper 0.05 4.30 1.00 095 16.84 1.00 6.43 7.55 1.00 0.76 18.20 1.00
MLE 0.03 4.60 1.14 094 17.73 0.90 12.15  17.86 5.60 0.63 24.85 0.54

(b) QTE(0.90)

IPSeqp -0.14 6.16 0.97 093 2297 1.07 10.57  12.34 091  0.62 24.25 1.26
IPS;nq 0.75 5.70 0.83 095 22.02 1.17 9.84 11.64 0.81 0.78 28.92 0.88
1P Sproj -0.15 6.04 093 0.93 2252 1.11 4.51 6.82 0.28 096 32.73 0.69
CBPSjust -0.19 6.52 1.09 093 2389 0.99 10.84 12.40 092 0.52 2247 1.46
CBPSyper -0.10 6.26 1.00 094 2377 1.00 11.11 12.93 1.00 0.67 27.19 1.00
MLE -0.31 7.09 1.29 094 2571 0.86 17.29  22.69 3.08 0.52  30.01 0.82

Note: Simulations based on 1,000 Monte Carlo experiments. Bias, Monte Carlo Bias; RMSE, Monte Carlo root mean square error; relMSE,
relative Monte Carlo mean square error; COV, Monte Carlo coverage of 95% normal confidence interval; ACIL, Monte Carlo average of 95%
normal confidence interval length; ARE, asymptotic relative efficiency; ATE, average treatment effect; QTE(7), quantile treatment effect at
7 quantile. Both relMSE and ARE are expressed with respect to the IPW estimator based on the overidentified CBPS. The propensity score
model is based on a logistic link function. IPS;,q, IPW estimator based on IPS estimator (2.10); IPSproj, IPW estimator based on IPS
estimator (2.11); IPSesp, IPW estimator based on IPS estimator (2.12); C BPS;ust, IPW estimator based on the (just-identified) CBPS esti-
mator with moment equation (2.2), with f (X*) = X*; CBPSover , IPW estimator based on the (overidentified) CBPS estimator with moment
equation (2.2), with f(X*) = (X*‘/,f)(x’“;ﬁ)’)/, with p (X*;3) the derivative of the propensity score model with respect to 3; MLE , IPW
estimator based on MLE. X* = X when the PS model is correctly specified, and X* = W when the PS is misspecified.
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Table S4.3: Monte Carlo study of the performance of IPW estimators for LATE and LQTE based
on different instrument propensity score estimation methods. DGP describe in Section 5.1. Sample
size: n = 200.

Correctly Specified Model Misspecified Model
Bias RMSE relMSE COV ACIL ARE Bias RMSE relMSE COV ACIL ARE
(a) LATE
LIPSy -1.03 6.76 0.72 094 26.67 1.87 4.04 7.56 0.40  0.97 32.08 1.35
LIPS;nq -5.60 8.24 1.07 090 26.58 1.89 -3.31 7.96 0.44  0.93 30.25 1.52
LIPSpo5 -2.55 6.75 0.72 093 2515 211 -1.15 6.94 0.34 098 37.21 1.00
CBPSjyst -0.37 7.60 091 090 25.79 2.00 6.95  10.59 0.78 0.82 27.16 1.88
CBPSpper 2.10 7.98 1.00 098 36.51 1.00 8.28  11.96 1.00 0.92 37.24 1.00
MLE 0.19 9.04 1.29 092 30.21 1.46 9.15 14.74 1.52  0.82 3237 1.32
(b)) LQTE(0.10)
LIPS, -0.54 7.34 1.06 094 29.37 1.05 -1.67 7.37 1.10  0.94 29.22 1.03
LIPSinq -0.55 8.39 1.39 095 3813 0.62 -3.71 8.90 1.60 091 35.28 0.70
LIPS, -1.45 7.31 1.06  0.93 29.04 1.07 -0.66 7.98 1.29  0.96 40.35 0.54
CBPSjyst -0.21 7.08 0.99 094 28.21 1.13 -0.43 7.10 1.02 094 2841 1.09
CBPSpper 0.68 7.11 1.00 096 30.04 1.00 0.27 7.04 1.00 0.96 29.62 1.00
MLE 0.00 7.15 1.01 094 28.64 1.10 0.77 9.93 1.99 093 30.20 0.96
(b) LQTE(0.25)
LIPSy -0.51 6.53 1.01  0.95 27.36 1.13 -0.44 6.53 091 0.96 27.78 1.06
LIPS;pq -1.87 7.31 1.26 095 3258 0.79 -3.41 7.80 1.30  0.92 31.06 0.84
LIPS, -1.59 6.54 1.01  0.94 26.80 1.17 -0.87 7.06 1.06 097 35.20 0.66
CBPSjyst -0.05 6.48 099 095 26.50 1.20 1.15 6.88 1.01 0.94 26.72 1.14
CBPSpper 1.04 6.51 1.00 097 29.03 1.00 1.74 6.84 1.00 0.96 28.53 1.00
MLE 0.25 6.83 1.10 095 27.55 1.11 291 11.41 278 094 30.29 0.89
(b) LQTE(0.50)
LIPS, -1.01 7.37 1.01 0.95 29.03 1.26 1.10 6.92 0.72 097 30.22 1.13
LIPS;nq -4.56 8.26 1.27 093 30.68 1.13 -3.82 8.14 0.99 0.94 31.05 1.07
LIPS, -2.44 7.34 1.00  0.94 2798 1.36 -1.68 7.14 0.76  0.98 34.44 0.87
CBPSjyst -0.24 7.60 1.08 094 2924 1.25 3.31 8.24 1.02 092 29.18 1.21
CBPSpper 0.81 7.33 1.00 097 32.64 1.00 3.46 8.18 1.00 095 32.15 1.00
MLE 0.09 8.79 144 094 3146 1.08 6.06 14.53 316 091 35.42 0.82
(b) LQTE(0.75)
LIPSy -1.64 9.29 0.90 0.93 36.20 1.40 4.02 9.51 0.58 0.95 38.25 1.18
LIPS;nq -8.46 11.62 1.40 084 3342 1.64 -4.51 9.97 0.64 0.92 36.60 1.29
LIPS, -3.37 9.30 0.90 092 34.18 1.57 -1.97 9.09 0.53  0.97 47.00 0.78
CBPSjyst -0.43 10.74 1.20 092 37.71 1.29 6.92 12.52 1.00 0.87 36.94 1.26
CBPSpper 1.07 9.82 1.00 097 42.86 1.00 6.95 12.49 1.00 0.92 41.51 1.00
MLE 0.04 12.87 172 092 43.82 0.96 10.50 18.97 2.31 0.84 42.80 0.94
(b)) LQTE(0.90)
LIPSey -3.84 16.31 0.98 0.90 62.09 1.22 7.89  16.62 0.73  0.87 48.46 1.09
LIPS;pq -13.00  16.83 1.04 074 42.01 2.66 -5.13  14.81 0.58 0.89 49.29 1.05
LIPS, -5.96 15.18 0.85 0.88 53.83 1.62 -2.53  14.84 0.58 0.94 71.47 0.50
CBPSjyst -3.41 19.14 1.35 0.85 65.17 1.10 10.81 20.07 1.06 0.74 43.89 1.33
CBPSpper 0.62 16.46 1.00 094 6848 1.00 11.19  19.51 1.00 0.83 50.60 1.00
MLE -3.94 21.81 1.76  0.85 7454 0.84 12.03 21.72 1.24  0.72 43.80 1.33

Note: Simulations based on 1,000 Monte Carlo experiments. Bias, Monte Carlo Bias; RMSE, Monte Carlo root mean square error; relMSE, rela-
tive Monte Carlo mean square error; COV, Monte Carlo coverage of 95% normal confidence interval; ACIL, Monte Carlo average of 95% normal
confidence interval length; ARE, asymptotic relative efficiency; LATE, local average treatment effect; LQTE(7), local quantile treatment effect at
7 quantile. Both reIMSE and ARE are expressed with respect to the IPW estimator based on the overidentified CBPS. All instrument propensity
scores is based on a logistic link function. LIPSing, LIPSpyo; and LIPSc,, are the IPW estimators based on LIPS estimator (4.5) with the in-
dicator, projection, and exponential weight function, respectively; CBPSjysi, IPW estimator based on the (just-identified) CBPS estimator with
moment equation (2.2), with Z in the place of D and f(X*) = X*; CBPSouer, IPW estimator based on the (overidentified) CBPS estimator
with moment equation (2.2), with Z in the place of D and f (X*) = (X"'/‘[I(X*:ﬁ)’)l, with p (X*; 3) the derivative of the instrument propensity
score model with respect to 8; MLE , IPW estimator based on MLE. X* = X when the instrument PS model is correctly specified, and X* = W
when the instrument PS is misspecified.
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Table S4.4: Monte Carlo study of the performance of IPW estimators for LATE and LQTE based
on different instrument propensity score estimation methods. DGP describe in Section 5.1. Sample
size: n = 1,000.

Correctly Specified Model Misspecified Model
Bias RMSE relMSE COV ACIL ARE Bias RMSE relMSE COV ACIL ARE
(a) LATE
LIPS, -0.29 3.17 0.74 095 1278 1.74 5.34 6.12 0.35 0.85 15.81 1.30
LIPS;pq -4.55 5.39 214  0.64 11.27 223 1.02 3.54 0.12 098 15.29 1.39
LIPSyo5 -0.64 3.14 0.72 094 1233 1.86 1.38 4.10 0.16  0.98 2280 0.62
CBPSjyst -0.16 3.42 0.86 0.94 1280 1.73 8.23 9.02 0.76  0.35 13.58 1.76
CBPSpper 0.77 3.68 1.00 0.98 16.84 1.00 9.46  10.37 1.00 0.46 18.00 1.00
MLE -0.08 3.87 1.11  0.95 14.68 1.32 11.16  13.93 1.80 0.38 19.54 0.85
(b) LQTE(0.10)
LIPS, 0.02 3.33 1.05 095 1290 1.05 -1.71 3.75 1.32 091 12.92 1.02
LIPS;nq -2.23 4.22 1.70  0.89 13.97 0.89 -3.43 4.95 230 0.82 13.90 0.89
LIPS,o4 -0.20 3.33 1.06 095 1291 1.05 -0.82 4.23 1.69 096 17.51 0.56
CBPSjust 0.08 3.17 096 0.95 1242 1.13 -0.05 3.18 095 095 12.46 1.10
CBPSpper 0.41 3.24 1.00 096 13.20 1.00 0.55 3.26 1.00 0.95 13.08 1.00
MLE 0.14 3.22 099 095 1261 1.10 1.15 4.21 1.67 095 13.78 0.90
(b) LQTE(0.25)
LIPS, -0.03 2.92 1.00 096 12.06 1.12 -0.45 2.89 0.67 096 12.31 1.07
LIPS -2.82 4.14 2.00 0.87 12.83 0.99 -2.55 3.97 1.25 0.89 13.08 0.94
LIPS,o4 -0.30 2.93 1.00  0.95 12.01 1.13 -0.61 3.32 0.88 097 14.29 0.79
CBPSjust 0.06 2.86 096 0.96 11.65 1.20 1.38 3.13 0.78 094 11.63 1.19
CBPSpper 0.43 2.93 1.00 097 12.76 1.00 2.01 3.54 1.00 0.93 12.71 1.00
MLE 0.10 2.96 1.02 096 12.03 1.13 3.30 7.36 4.31 0.91 14.88 0.73
(b) LQTE(0.50)
LIPSy, -0.20 3.28 096 096 13.11 1.24 1.71 3.47 0.37 096 13.80 1.18
LIPS;ng -4.27 5.33 2.53  0.77 13.05 1.25 -1.44 3.57 0.39 094 14.19 1.11
LIPS, -0.56 3.27 095 095 1290 1.28 -0.25 3.42 0.35 098 15.62 0.92
CBPSjyst -0.05 3.30 097 0.95 13.10 1.24 3.94 5.05 0.77  0.80 12.95 1.34
CBPSpper 0.38 3.35 1.00  0.97 14.61 1.00 4.64 5.74 1.00 0.82 14.98 1.00
MLE 0.00 3.47 1.07 095 1385 1.11 7.60  12.81 497  0.76  20.28 0.55
(b) LQTE(0.75)
LIPScyy -0.45 4.35 093 095 16.98 1.34 5.34 6.57 0.42 0.86 18.75 1.27
LIPS;nq -6.10 7.25 2.58 0.64 1548 1.62 0.34 4.16 0.17 098 19.17 1.22
LIPS,04 -0.92 4.28 0.90 095 16.45 1.43 0.73 4.73 0.22 098 26.04 0.66
CBPSjyst -0.24 4.52 1.00  0.95 17.57 1.25 8.07 9.25 0.82 0.56 17.46 1.47
CBPSpper 0.37 4.52 1.00  0.97 19.67 1.00 8.94  10.19 1.00 0.64 21.17 1.00
MLE -0.19 4.79 1.12 095 1897 1.08 13.58  18.85 3.42  0.63 27.58 0.59
(b) LQTE(0.90)
LIPSy, -0.74 6.67 096 095 27.99 1.15 10.96 13.24 0.57 0.74 29.51 1.18
LIPSing -7.98 9.80 2.07  0.64 21.08 2.03 3.68 7.48 0.18  0.96 29.56 1.18
LIPSyro) -1.24 6.43 0.89 094 2484 1.46 2.55 7.66 0.19 099 44.40 0.52
CBPSjyst -0.61 7.23 112 0.95 2693 1.24 13.74  15.73 0.81  0.50 26.72 1.44
CBPSpper 0.57 6.82 1.00  0.97 30.04 1.00 15.17  17.52 1.00 0.55 32.11 1.00
MLE -0.68 8.20 145 096 31.90 0.89 18.91  24.06 1.89 0.48 30.30 1.12

Note: Simulations based on 1,000 Monte Carlo experiments. Bias, Monte Carlo Bias; RMSE, Monte Carlo root mean square error; relMSE,
relative Monte Carlo mean square error; COV, Monte Carlo coverage of 95% normal confidence interval; ACIL, Monte Carlo average of 95%
normal confidence interval length; ARE, asymptotic relative efficiency; LATE, local average treatment effect; LQTE(7), local quantile treatment
effect at 7 quantile. Both relMSE and ARE are expressed with respect to the IPW estimator based on the overidentified CBPS. All instrument
propensity scores is based on a logistic link function. LIPSina, LIPSpro; and LIPSc,;, are the IPW estimators based on LIPS estimator (4.5)
with the indicator, projection, and exponential weight function, respectively; CBPSjyus:, IPW estimator based on the (just-identified) CBPS
estimator with moment equation (2.2), with Z in the place of D and f(X*) = X*; CBPS,yer, IPW estimator based on the (overidentified)
CBPS estimator with moment equation (2.2), with Z in the place of D and f(X*) = (X”,[}(X‘;E)/),. with p(X*;3) the derivative of the
instrument propensity score model with respect to 3; MLE , IPW estimator based on MLE. X* = X when the instrument PS model is correctly
specified, and X* = W when the instrument PS is misspecified.
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S5 Auxiliary Lemmas

In this Section, we present and prove some auxiliary lemmas that help proving the main results of

the paper.

Lemma S5.1 Let II be a compact, convex subset of RF with a non-empty interior. Then
Wind= {x eEX—1l(x<u):ue [—oo,oo]k} ,
Wproj={x € X = 1{~'x <u}: (v,u) € Sy x [-00,0]},
Wemp={x € X — exp(iu/® (x)) : u € I},

are uniformly bounded Donsker classes of functions.

Proof of Lemma S5.1: The uniform boundedness property follows from the fact that 1(x <
u) <1, 1{¥'x <wu} <1 and |exp(iu/® (x))|=|cos (0'® (x)) + isin (W'® (x))| < 1. From Example
2.5.4 in van der Vaart and Wellner (1996), W;,q is Donsker. From Theorems 2.5.2, 2.6.7 and
Problem 14 on page 152 in van der Vaart and Wellner (1996), Wyyoj is Donsker. Finally, since
exp(iu'® (x) ) is infinitely differentiable with respect to u, and all derivatives are uniformly bounded
on II, the Donsker property of Wey, follows from Theorem 2.5.6 and Corollary 2.7.2 in van der
Vaart and Wellner (1996) .H

Lemma S5.2 Under Assumption 2(i) — (iii), the classes of functions
Fi={(d,x) € {0,1} x X > d/p(x;8) : B € O},
Fo={(dx) €{0.1} x X (1—d) /(1 - p(x)) : B € O},
Fs=F1-W,
Fo=Fa- W,

where W is either equal to Wind, Wproj 07 Weap, are Glivenko-Cantelli.

Proof of Lemma S5.2: By Example 19.8 in van der Vaart (1998), F1 and F;, are Glivenko-
Cantelli (GC) classes under Assumption 2(i) — (i74) . By Lemma S5.1, Wing, Woroj and Wex, are
uniformly bounded Donsker classes of functions, and therefore they are also GC, see, e.g., Lemma
8.17 in Kosorok (2008). Finally, by Corollary 9.26 in Kosorok (2008), F3 and F4 are GC. B

Let

~ . ~ips . ~
Cind,F, x =2 / (B ings WHn,ina (8, 1) F x (du),
[_OO’OO]
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~ips

Cproj,Fn:y = 2/[ s H’ ,pm](/@nproj’ )H ,proy(ﬁv ) ,‘Y(du)d'y,
0,00 k

and
exp o = / Hn exp ?pr? u)HnyeXP (57 u)¢ (u) du

b T (Bl ) (8 (o)) 6 ()

where ¢ (u) is the standard k-variate normal density function and B satisfies H,@ — ,BOH

‘ ﬂffﬂ BOH. Furthermore, write

Contre =2 [ B P B ) (),
CPTOjﬁFw:2/ prog(/B07 u) pmj(:@Oa u) 'y(du)d77
[—00,00] XSk

Cospr = | (5 (B wEL (B, )+ Ly (B, w) (P (B0, ) ) 6 ()

Lemma S5.3 Let W be equal to either Wina, Wyroj 07 Wegp. Then, under Assumption 2,

f55{(d,x)€{071}x2¥»—> Qp(x;ﬁ),ﬁe@o},

_da
p(x;8)

1—-d .
Fe = {(d,x) €{0,1} x X — mp(x;ﬁ)aﬁe @0}7
]:75]:5']/\},
.FgE.FG'W,

are Glivenko-Cantelli classes of functions. Furthermore,

o~

Cind,Fpx — Cind,rx = 0p (1),
Cproj,Fry — Cproj,y, = 0p (1),

Proof of Lemma S5.3: By Example 19.8 in van der Vaart (1998), F5 and Fs are Glivenko-
Cantelli (GC) classes under Assumption 2. By Lemma S5.1, Wind, Woroj and Weyp, are uniformly
bounded Donsker classes of functions, and therefore they are also GC. Finally, by Corollary 9.27
in Kosorok (2008), F3 and F4 are GC.

Next, from the first part of Theorem 3.1, we have that BZDZ} L B, which in turn implies that
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~ips

ﬁn,wag € Oy with probability approaching one. Thus, from Lemma S5.1 and a direct application
of the CMT, we conclude that

~

Cind,F,x — Cind,rx = 0p (1),
CorojiFury — Coroj.i, = 0p (1) -
To conclude the proof of this lemma, we need to show that
Coxpd — Cexpa = 0p (1)

Toward this end, as in the consistency proof of Theorem 3.1, fix an arbitrarily small ¢ > 0 and
choose a compact and convex set II such that

/]Rk\n ¢ (u)du

<e. (S5.1)

Then, write

/Rk An.1 (“ﬁﬁxw 5) ¢ (u) du

~Ips

= A (W B) o dus [ A (wBLB) 0 ()

= J?m + J4n-
with
ips

~ips ~ . ~ . ~ ./ ~ips . ~ c
An,l (u;lﬁn,expa B) = H%,exp(lﬁn,exp? u)Hn,eXP (57 u) + Hn,exp(lan,exm u) (H/n,exp (/87 u)) .

Let
Ay (B0, 8) = e, (Bo, W Hexp(8,1) + Fl, (8p, 1) (i, (B,1))
From the GC results above and the CMT, we have that
sup HAn,l <u7BZ),pr7B> - Al (u7180760)H £> 0.
uell

Thus, by another application of the CMT, it follows that
Ton = [ A1 (0. 8 & (u) du +0, (1.
For Jy,, since |exp(iu’® (x)| < 1, we have that under Assumption 2, for all 3 € O,
[ (8.0 < B (X)) = 0, (1)

for some integrable function b(X). Hence, by (S5.1) we have that Ji, = Op(€e). Since € > 0 is
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arbitrary, this concludes the proof. B

Lemma S5.4 Let I be a compact, convex subset of R¥ with a non-empty interior. Then, under

Assumption 2,
Fina = {(d,%) € {0,1} x X > b (d,x;80) 1x <w) s u € [foo,oo]’?} ,
Foroj = {(d,x) € {0,1} x X = h(d,x;80) 1 {¥'x < u} : (v,u) € Sy X [—00,00] }
Fexp = {(d,x) € {0,1} x X = h(d,x;8,) exp(in'® (x) ) :u € I},

are Donsker classes of functions.

Proof of Lemma S5.4: The Donsker properties follow directly from Lemma S5.1, Assumption
2(ii), and Corollary 9.32 in Kosorok (2008). W

Define

. ~ipS

Appind () =2 /[ B W < 0 (),

. ~ips
An727p7'0_7' (X) =2 / Hn,proj (Bn,projv (U, 7))1 {7,X < U} Fn77(du)d77

[—00,00] XSk

~ips . ~Ips

An,2,exp (X) = /]Rk (Hfz exp (Ian,exp’ u) eXp(iu,(I> (X) ) + Hn,exp (Bn,exp’ u) exp(—iu'@ (X) )) ¢ (u) du7

and let

A0 =2 [ (F(80, w106 < w) P,
A2,pro] =2 / ]XS pTO] (BO’ (u ’}’ ]_ {’7 X < U} F du d’77
0,00 k

A (x) = /R (it (Bo w) exp(in'® (x) ) + Hiy (By, w) exp(—iu'® (x))) & ()

Lemma S5.5 Under Assumption 2,

En [An2,ind (X) - hy, (D, X; 8g)] = Ey [As,ing (X) - h (D, X; By)] + 0, (n*1/2) : (S5.2)
En [An2r05 (X) + B (D, X3 Bo)] = En [Aspros (X) - B (D, X: Bg)] 4+ 0 (n2), (85.3)
En [Anzexp (X) - Bo (D, X5 80)] = En [Agen (X) -0 (D, X: Bp)] +0p (n772) . (85.4)

Proof of Lemma S5.5: First note that
\/ﬁEn [An,2,ind (X) : hn (D, X; ,30)] =2 / Hn,ind (ﬂ:?fndv ) \/ﬁHn,ind (BO) u) Fn,X(du)-
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Then, from Lemma S5.3, Lemma S5.4, the CMT, and the fact that H;,,4 (B, u) = 0 a.e, it follows

that, uniformly in u € [—o0, oo]k ,

./ ~ipSs L
Hn,ind (IBn,indv u) ’ \/ﬁHn,ind (/607 u) = Hind (/BOa u) ’ \/EETL [h (D7 X /60) l(X < u)] +0p (1) :
Furthermore, the process

H;,.q (8o, w) - ViE, [0 (D, X; Bg) 1(X < u)]

is asymptotically tight in ¢°° ([—oo, oo]k) Given Lemma S5.1 and the Glivenko-Cantelli theorem,
we apply Lemma 3.1 of Chang (1990) to conclude (55.2).
The proof of (S5.3) follows exactly the same steps and is therefore omitted. To prove (S5.4),

fix an arbitrarily small € > 0 and choose a compact and convex set II such that

/ 6 (u) dul < c. (S5.5)
RF\IT
Then write
fEn [An 2,exp (X) ' hn (D, X; ﬁO)]
/ Hn exp IBZ)pr’ )\an,eXp (607 u) ¢ (ll) dll
/ Hn exp Z)pr? )\/ﬁ (H;z,exp (1807 u)) ¢ (U_) du
= / 2”73 <u;l/8\:1p,2xp7 160> ¢ (u) du + / ATL 3 <u B?prv /30> ¢ (u> du,
II RF\IT
= Jsn + Jon.-
with
( HBZDpr? /60> n ,eXp (ﬁ:fixp? u) \/ﬁHn,exp (/607 u)
s (Bl WV (H ey (B w))
Let

ATL73 (u;IBOv BO) . I:I(Cexp(ﬁo’ u)\/’EHn,eXp (605 11) + I:Ilexp(ﬁo’ u)\/ﬁ (H;m,exp (/607 u)>c :

From Lemma S5.3, Lemma S5.4, the CMT, and the fact that Hexp (Bg, u) = 0 a.e, it follows
that, uniformly in u € II,

( néif)ZXpa/BO) n,3 (u;/B()aﬁO) +0p (1)
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Furthermore, the process A, 3 (u;3,, 3) is asymptotically tight in £*° (II). Given that [ (-) ¢ (u)du

is a nonrandom continuous functional, by the CMT, we conclude that

Jon = /H Ans (w80, B) & (1) du + 0, (1)

For Jgy, since |exp(iu'® (x)| < 1, we have that under Assumption 2,

~IPS

[cxp (Bl )| < € Bu (X)) = 0, (1),

for some C' < oo and some integrable function b (X). Furthermore, E [||h (D, X; B¢)||] < oo,
VI [Hexp (Bp, )| < C - /B, [[1.(D, X3 Bo) ] = Oy (n'/2).

Hence, by (S5.5) we have that Jg, = Op(e-n'/2). Since € > 0 is arbitrary, we can pick ¢ such that,
for some § > 0, e =0 (nil/zf‘;), which concludes the proof. B

S6 Proofs of Main Results

Proof of Lemma 2.2: The first part, Q,(3) > 0, follows directly from the definition. Next,
as discussed in Section 2.2, the covariate balancing condition (2.1) is equivalent to (2.4), implying
that Q. (8y) = 0.

To complete the proof we then need to show that if Q. (8) = 0, then 8 = B,. Towards this
end, recall that if Q,(3) = 0, it must be that H,,(8,u) = 0 a.e. on II, because || - || > 0 and the
integrating probability measure ¥ is absolutely continuous with respect to a dominating measure
on IT1. However, H,,(3,u) = 0 a.e. on IT if and only if E [h (D, X; 3) |X] = 0 a.s., which is equivalent
to

B o P (e B o

The above is further equivalent to

p(X;B) p(X;8) | 1-p(X;B) 1-p(X;8)

That is, there exist some constants ¢; and ¢y, potentially depending on £, such that p(X;3,) =
cap(X;8) a.s. and 1 —p(X;8y) =co (1 — p(X;3)) a.s., which imply

(c1—co)p(X;8)=1—cy a.s. (S6.1)

If ¢1 # co, then p(X;8) = (1 —cp)/(c1 —co) a.s. so that p(X;3) degenerates to a constant.
This leads to a contradiction. In light of (56.1), we then conclude that ¢; = ¢y = 1 and that
H,(8,u) =0 a.e. on II is equivalent to p (X;8) = p(X;By) a.s.. Given that p (X;3) = p(X;8)

a.s. for a unique B, we must have 8 = 3,. This concludes the proof. B
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Proof of Theorem 3.1: We first show that BZ;Z, — By = 0p (1) using M-estimator theory, see
e.g. Theorem 5.7 in van der Vaart (1998). Since Lemma 2.2 already established that @Q,,(3) achieves
the unique minimum value at 3, and by Assumption 2 we have that H, (3, u) is continuous at

each 3 € O, O is compact, we have that by Exercise 5.27 in van der Vaart (1998) for every ¢ > 0

ﬂillﬁi*ngo\lzs Qu(8) > Qu(Bo)-

Thus, to establish consistency of ,@ijj it suffices to show that, as n — oo,
P,
sup ’an(ﬁ) - Qw(ﬂ)‘ = 0.
Beo

From Lemma S5.1 we have that F), x and F), 5 are uniformly consistent for Fx and F,, respec-

tively, whereas by Lemma S5.2 and the continuous mapping theorem (CMT), we have that

sup ||Hn,ind(ﬂa u) - Hind(ﬁa 11)” £> 07
([‘3,u)€(9><[—oo,oo]’c

sup 1Ly proj (B, @) = Hiproj (8, w) || 5 0.
(B,u)€O X ([—00,00] XSk)

Given that integration is a linear functional, by the CMT we have that

SUp |Qn.ind(8) — Qina(8)| 2 0,

Be6

sup ’Qn,proj (/6) - Qproj (ﬁ)’ ﬂ) 0.

Bco

To complete the consistency proof, we need to show that

sup £> 07

BeO

[ (B = e (8,) ) & w)

where ¢ (u) is the standard k-variate normal density function. Fix an arbitrarily small e > 0 and

choose a compact and convex set II such that

/Rk\n ¢ (u) du

<e (56.2)

Then, write

/Rk ‘|Hn,exp(ﬁ7 u)|\2¢ (u) du
:/ HHn,exp(167u>H2¢(u> du+/ HHmeXp(,B,u)H2¢(u) du
I -

= Jln + JQn-
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From Lemma S5.2 and the CMT, we have that

sup ||Hn,exp(:6a ll) - Hexp(ﬁv u)H £> 0.
(B,u)eOXII

Thus, by another application of the CMT, it follows that

D= [ [ Blog(B.0)[ 6 ) du -0, (1)
uniformly in 3 € O. For Ja,, since |exp(iu'® (x))| < 1, we have that under Assumption 2(i7)

[Hpexp(B,u)|| < C

for some C' < co. Hence, by (56.2) we have that Ja, = Op(€). Since € > 0 is arbitrary, we conclude
that

SUp |Qn,exp(B3) — Qexp(B)] 2 0.

BeO

Next, we derive the asymptotic linear representation of /n (BZDZ — ,80>. Towards this end,

note that the first order condition of mﬁin Qn,w(B) is given as follows

ipS ~ipS . ~ipS

/ {Hiz,w(ﬁ:fjm u)Hn,w(/@n,um U.) + (Hft,w (Bn,wv u)Hmw (Bn,w’ u)>/} \I]n(du) = 0. (863)

By the mean value theorem (after properly extending to the case of complex-valued functions

of real variables), and Assumption 2 (7), we have that

ips ~ips

H,, (B s @) = Hyy (8o, 1) + Hy (8, 0) (B, 4, — Bo), (S6.4)

where B satisfies HB — BOH < ‘

,/B\?fu — BOH. Plugging (S6.4) into (S6.3), we can write

ips

[ (BB ) (B, w) 4 (B ) (B (80, w)°) ()

~ipS

+ Cuw, (B = Bo) =0
where
Cunw, = [ (885,08 0 F(Bow) + HE,, (B ) (F, 0 (Buw)) ) W),

Therefore

Vit (B = Bo)
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~Ips

=Gy [ (B8 B 0B (B ) 4 T (B ) (BE (B, w)) (). (56.5)

By exploiting that H,, ., (8, u) = E, [h, (D, X; 8y) w(X;u)], we can express (56.5) as
Vn (BZ?Z - 50)
=Gty Vi | [ (885 Bl (X w) B (B ) (06 ) 0, )
‘h, (D, X;80)] (56.6)
From Lemma 55.3 we have that

Cow, = Cww + 0, (1), (S6.7)

whereas by Lemma S5.5 we have that

~IPS

Vi, | [ (G B (Xsw) + B, Bl ) (6 ) 0, (d) - (D, X5 )

= Vit | [ (BB () + (B (X, ) W) B (D, X3 80)| + 0, (1) (65)
Thus, from (56.6)-(56.8), we conclude that

Vit (Bl = Bo) = 7= 3 how (D XisBy) + 0y (1),
i=1

with

b (D, X Bg) = =Crly - / (BL2,(8p, ww(Xs w) + H,(8y, wur(Xs w) ) W(du) - b (D, X; By).

Since HE (B, u)w(X; u) +H., (B,, u)w(X; u) is real-valued, under Assumptions 2-3, as long as
E[||lw.w(D, X; Bo)||*] < oo, the asymptotic normality result follows directly from the application of
the standard central limit theorem. Next, we show that [, (D, X; ) is indeed square integrable
when Cy, w is positive definite. Here, it suffices to show that E [HS(D, X; ,BO)HQ} < 0o where

s(D,X;B0) = / {8y, wyw(Xs w) + HL,, (B, Wt (Xi w) | w(du) - b (D, X; By).

Let K (x,u;80) = HS (8, u)w(x; u) + H., (8y, u)we(x; u). Then, for some C' < oo,

[15(d, x;80)|I” S/IK(X7u;ﬂo)h(d7X;ﬁo)HZ‘I’(dU)
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< / 11K (x, w380) | - b (d, x:3,) || (du)

<c. / 1K (x, wi80) ¥ (du),

where the first inequality follows from Jensen’s inequality, the second inequality follows from the
Cauchy-Schwarz inequality, and the third from Assumption 2(i7). Finally, from Lemma S5.1 we

have w(X;u) is uniformly bounded, and therefore,

E [||K(X, w;B0)||*] < C - |[Hu (B, u)||”

e (= Jrmsl])
< 00,
where the last inequality follows from Assumption 2(iv). This concludes our proof.l
Proof of Theorem 3.2: The proof is divided into three parts.

Part 1: Asymptotic Properties of the Average Treatment Effect.
It suffices to show that

Jn (ITTEZ’S - ATE) — ViR, [0, (Y, D, X)] + 0, (1) (36.9)
where Z;tﬁp (Y7 Dv X) = gate(Y’ X> D) - lw,\lf (Da X7 BO)/ G%tev
E [a' (Y, D, X)] =0

and
E[pels (v, D,%)?| < o,

i.e., that \/n (A/T\EZDS — ATE) admits an asymptotically linear representation. We show this by
combining the mean value theorem, continuos mapping theorem, and the results in Theorem 3.1.
We first show that

En[wy (D, X; B)Y —EIY (1)]
= B, [} (D,X: ) (Y ~E[Y (1)) — luw (D, X B) GHS] +0, (n7/2) , (86.10)

where
ate

ate __ 91 o .
Ghi=E | X ) PP 0)]’

and ¢¢¢ (Y, D,X) = @}’ (D,X;3;)- (Y —E[Y (1)]). By the mean value theorem and some manip-
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ulations, we have that

~ipS

E, [wzfl (D, X; ﬁn,w)y]

=En, _wfil (D, X;Bo) Y}

<, (0.38) (5. e (2. 8)]) -0 (5)
D (X;B)

(Bivw = 80)

where E satisfies HB — ﬁOH < ‘

,[ABZ)Z, - ﬁOH . From Theorem 3.1, we have that
~ips
Vi (Burss = Bo) = Vi llus (D,X: By)] + 0, (1)
= Op (1) )
and therefore, by the CMT, under Assumptions 2-3,

~iPS

En @)1 (D, X5 8y,.)Y ]
~E, [wfjl (D, X: By) Y} —Ep [l (D, X; 8y) - G45] +0p <n—1/2) . (S6.11)
Given that, under Assumption 2,
= o) = [rocan) (77
we have that, by the CMT,
E, [k (D.X: B1) Y] = Ba [ (D, X3 80) (Y — E[=}" (D, X; 8y) Y])]
e[ (poxiat) ] o ().
5 o (5t (-2 [ (px)1])
+E[Y (1)] + o0, (n_l/Q) , (S6.12)

where the last step follows from Assumption 1. Hence, from (S6.11) and (S6.12), we conclude the
proof of (56.10).
By symmetry, we have that

~iPS

En [wgfo(Da X; Bn,w)y —E [Y (O)H

—E, [wgs (D, X; ﬁé’fe) (Y —E[Y (0)]) + luw (D, X; By G“ﬁ{g] + 0, <n—1/ 2) . (S6.13)
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where

ate
Ggo = [1 g(OX Bo) -p(X;B0)|

and g5 (Y, D, X) = @i’ (D, X; 8y) - (Y —E[Y (0)]).
By combining (S6.10) with (S6.13), we have that

Jn (@f - ATE) — B, [0, (Y, D,X)] + 0, (1),

where E |42, (Y, D X)} = 0 follows from the law of iterated expectations and Assumption 1.
Next, note that

B[y (Y, D, X)%] = E[(¢"° (Y, D, X) — lyw (D, X; By) GF*)?]
—E gat62 o 29atel/ Gate (l/ \DGate)
S E[ ateQ] +E[(l, \I]Gate) ] + 2E[|gatel/ Gate] (8614)

Let €y = Sudewl " (d,x; BO) and Cy = Sudewo *(d,x; ,30) , and note that, under Assumption
2(i1), 1 < C1,Cy < 00. Then

E[g*"] = E[w}"*(Y — E[Y (1)])? + @}*(Y — E[Y(0)])?]
< GIE[(Y (1) — E[Y (1)])?] + GE[(Y (0) — E[Y (0)])?]
< 00, (S6.15)

where the first equality follows from @’ - @}’ = 0 a.s., the first inequality follows from Assumption

(1) and Assumption 2(ii), whereas the last inequality follows from Assumption 4(7).

Next, by Cauchy-Schwarz inequality, Theorem 3.1, and Assumption 4(i7) ,
E[(L,wGE)? < IGEFI1* - El||Lw,v )
< 00, (S6.16)
whereas, by Cauchy-Schwarz inequality, (S6.15) and (S6.16),
Ellg I, w GF°|| < Ellg"[*]"/* - E[ll}, y GH "]/
< 0. (S6.17)

Hence, E[yg'q, (Y, D ,X)?] < oo follows from (S6.14)-(S6.17), which concludes the proof of (S6.9).

Part 2: Asymptotic Properties of the Distribution Treatment Effects.
The (uniform) asymptotic linear representation for the Distribution Treatment Effect parameter

follows from exactly the same steps as in Part 1 and is therefore omitted. Next, we show that the
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classes of functions
Fldte = {(z,d,x) e Rx{0,1} x X — w‘li’tﬁ)’q, (z,d,x3y) 1y € [—oo,oo]} ,
Fodte = {(z,d,x) € Rx{0,1} x X — wgfg& (z,d,x3y) 1y € [—oo,oo]}
are Donsker, where
e w (2 d,xsy) = g (2, d, %5 9) — Lo, (d,x380) - G’ (y) ,
Wil (2,d.x3y) = g6 (2,d.x3y) + Lo (d.x3 Bo)" - Gl (v),

and

dte (Y D, X; y)
(XHBO)

dte (Y D X: y)
(Xa /30)

Gie (y) =E [ p(X;ﬁo)} :

Gie (y) =E [ P (X ,30)} :

Toward this end, note that the classes of functions {lw,\p (d,x;8) - Gcllfg (y) :y € [—o0, oo]} and
{lw’\p (d,x;8) - Ggfg (y) :y € [—o0, oo]}are Donsker since they depend on y in a deterministic
manner, chlfg (y) < oo, d € {0,1}, and, by Theorem 3.1, E[||lyw||*] < co. The Donsker property
of {gdt@ (z,d,x;9) 1y € [—00 } and {gdt@ (z,d,x;9) 1y € [—oo,oo]} follows from Lemma S5.1,

Assumption 2(i7), and Corollary 9.32 in Kosorok (2008). Thus, from Corollary 9.32 in Kosorok
(2008), we conclude that Fi gt and F 4¢c are Donsker.

!/
Let X (2,d,367) = (W%, (2., U5,y (2,d.x:) ) and demote
d
Guraly” () = VA, [Nl (v, D, X; )]
Thus, under Assumptions 1-4,

Géel0) 1y o gHe10) (1) ip 1% ([~ 00, 00]) x £ ([~00, ), (S6.18)

n,w,V oco,w,¥

where = denotes weak convergence in the sense of J. Hoffman-Jgrgensen, see e.g. van der Vaart
and Wellner (1996), ¢°° (T') is the collection of all bounded functions f : T +— R, and g#e0) (+) is

oow\I!

a tight, two-dimensional mean zero Gaussian process with covariance kernel
L (y1,y2) = E [l (v, D, Xsy1) Xy (Y, D, Xs )|

in which
/
)\dte (Z, d7 X3 y) - (wilffsjgll (Z7 da X;yl) ) ¢gf5;,w (Z, d7 X;y2)> .
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By the CMT, we have that

Vi (DTE,” - DTE) () = (1,-1)GLo3” () + 0, (1),

n,w,¥
= G 4 (1) in £ ([—o0, x])

oo,w,¥

where Ggffw v (+) is a tight, univariate mean zero Gaussian process with covariance kernel
b b

Late (y1592) = E |95 (V. D, Xsy0) il (Y, D, Xi )|

The asymptotic normality result now follows by simply fixing y.

Part 3: Asymptotzc Properties of the Quantzle Treatment Effects.
Define q;/ ( ) = (é\;p;( 1) (11) . qn,Y(O) (T )) ,q(T) = (QY( 1) \T: (11) 5 qy (0) (7'2))/> and also f~* (1) =

/
(fy (qy 1) (71)) fY (qy 0) (7‘2))) and 7 = (11, 72) € [al,ag]Q, where a1 and as satisfy 0 < a1 <
as < 1 Under Assumptlons 1-4, we have that, from (S6.18), Lemma 21.4 in van der Vaart (1998),
and the functional delta method, see e.g. Theorem 20.8 in van der Vaart (1998),

Vi (@ —a) () = =71 () - G200 (q () + 0, (1)
= 71 () - GEN (@ () in 0 (Jar, az]) x £ ([a1, as]) .

oco,w, ¥

Then, by the CMT,
Vi (QTE,” = QTE) () = (1,-1) - (=71 () - GG (a()) + 0, (1)
= G,y (1) in £ [ay, ag]

e . . . . .
where Ggo w0 (+) is a tight, mean zero Gaussian process with covariance kernel

Cyte (11, 72) = Wte (Y,D,X; ﬁ)w“" (Y,D,X;7)| .

The asymptotic normality result now follows by simply fixing 7.1

S7 Proofs of the Results under Endogeneity

In this section, we will introduce additional notations for and present the proof of Theorem 4.1
and 4.2. First of all, it is straightforward to show that the LIPS objective function Qlt@ (B) =
fH HH“e H ), has closed-form representation analogous to the IPS case. All the proofs
in Appendlx S3 follow through by replacing h, (D, X; 3) with h¢(D, Z, X; 3).
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S7.I Lemmas for Section 4

Before proving Theorem 4.1 and 4.2, we point out that results similar to Lemma 2.2 continue to

hold and so do the auxiliary lemmas analogous to those in Appendix S5.

Lemma S7.1 (Lemma 2.2) Let © C R¥ be the parameter space, and assume that (4.3) is satisfied
for a unique BY° € ©. Then Q1¢(B) > 0, VB € O, and Q!*¢( f)te) = 0 if and only if the the covariate
balancing condition (4.3) holds.

Proof of Lemma S7.1: Note that Q'¢(3) > 0 follows trivially from the definition. Next,
analogous to the discussion in Section 2.2, the covariate balancing condition among compliers (4.3)
is equivalent to (4.4), implying that fof(,@ffe) =0.

To complete the proof we then need to show that if Q'¢(3) = 0, then 3 = 58‘/6. Towards this
end, recall that if Q!**(8) = 0, it must be that H¢ (3,u) = 0 a.e. on II, because || - || > 0 and the
integrating probability measure ¥ is absolutely continuous with respect to a dominating measure
on II. However, H¢ (3,u) = 0 a.e. on II if and only if E [h“e (D, Z,X;0) |X] = 0 a.s., which is

equivalent to

el 2 - oS50 - 5] o
and

1 [(1—D)Z_(1—D)(1—Z)‘ }: 1 [_(1—D)Z_ D(l—Z)‘ ]as_

ro(B) [ ¢(X:B)  1-4¢(X;P) x(B) ¢(X;8)  1-4¢(X;B)

Let pg. (X) = P(D =d|X,Z = z2) for d,z € {0,1}. By straightforward calculation, the two

equations given above are further equivalent to

! 0(X:85°) 1—a(X:85°)
PaT) [Pn (X) ¢ (X: B) P10 (X) 4 (X )
. alte _  alte
- !1—1701 (X)m—ma (X) ﬂé‘fg))] w5, (ST.1)
and
! (X 80°) _ 1-a(X6809)
0(B) !Pm (X) JX.3) P (X) (X 0) ]
. alte _ alte
- 5 !1—p01 (X)m—plo x) ﬂé‘fg))] ws. (572)

Denote ¢; (X) = ¢ (X; Bffe) Jq(X;8) and ¢o(X) = (1—¢ (X;,@éte)) /(1 —¢q(X;3)). Note that
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1z (X) + pox (X) =1 a.s. for z € {0,1}. Then dividing (S7.1) by (S7.2) and rearranging yield
ro(B) _(1—pu (X)) e (X) = (1 = pio (X)) co (X)
r1(8) P11 (X) e1 (X) = pio (X) o (X)

_ C1 (X) — O (X)
p11 (X) e1 (X) = p1o (X) o (X)

which implies ¢; (X) = ¢g (X) a.s. by noting that xo(3)/k1(3) is a constant. Otherwise, it will lead

to a contradiction since the right-hand side of the above equation is a non-degenerate measurable
function of X. With the help of ¢; (X) = ¢y (X) a.s., (S7.1) is equivalent to

£(B) 1= (1 —pu (X)) e (X) —puo(X) e (X)
k1(8) (p11 (X) — p1o (X)) 1 (X)
B 1—c1 (X)
 (pu (X) = p1o (X)) 1 (X)

which implies ¢; (X) = 1 a.s. by noting that x(8)/k1(8) is a constant. Otherwise, it will lead

+1 a.s.,

to a contradiction. Combing the previous results, we have ¢; (X) = ¢ (X) = 1 a.s.. We then
conclude that H! (8,u) = 0 a.e. on II is equivalent to ¢ (X;3) = ¢ (X ﬁ“’e) a.s.. Given that
q(X;8) =q (X ﬁlte) a.s. for a unique ﬂff@, we must have 3 = Blt@ This concludes the proof. l

Lemma S7.2 (Lemma S5.2) Under Assumption 6 (i) — (iii), the classes of functions

Flte = {(d, z,x) € {0,1} x {0,1} x X > d (q (;ﬂ) - - Elq—(;)ﬂ» : B €6,
Fie = {(d, z,x) € {0,1} x {0,1} x X (1 - (ql(;cé))z - 1d—(1qz ’[)3)> B € O},

.Flte — F{te . W
Fite = Fe.w
where W is either equal to Wina, Whyroj 07 Weap, are Glivenko-Cantelli.

Proof of Lemma S7.2 The Glivenko-Cantelli property of Fi¢ and F4¢ follows from Example
19.8 in van der Vaart (1998) under Assumption 6(7) — (¢i7) . W

The family of functions associated with h¥e,
Fie = {(d,7,%) € {0,1} x {0,1} x X = (1= d) (2/q (x:B) — (1 = 2)/(1 — q (x38))) : B € O}

is also Glivenko-Cantelli as a result of Lemma S7.2.
Let

lips

l 1l 2
Clire =2 [ P50 Bl P (B wF (),
—00,00
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Al 1 ~lips I
Cpl;eoj,Fnﬁ =2 / H tep'rog (ﬁn ,proj- )/H'rfi)'rog (,3, ) n ‘Y(du)d7a
[—00,00] XSk

and

lips

Glie 4 = /R fie (B weH (B ) (u) du

lz S c
b [ T (Bl ) (Bl (Bo) o () du

where ¢ (u) is the standard k-variate normal density function and B satisfies H,@ — ,BOH

|

~lips lte

ﬂnw_

. Furthermore, write

Cliym =2 [ (B ) Pl (B w) P ),
[—00,00]
Cltyr, =2 [ B (81 u) ELS, (BL°, w) Py (du) .
[—00,00] XSk
Cli = [ (11l (Bl ) Tl (B, ) + el (5 w) (41, (81 ) ) ) 6 () .

Lemma S7.3 (Lemma S5.3) Let W be equal to either Wind, Wpyroj 01 Weap. Then, under Assump-

tion 0,

1—2z
q(x 1—(1(X13))

)q@ﬁuﬂe@?},

Flte = {(d,z,x) €{0,1} x {0,1} x X »—>d< >q(x;,8),,8 c @ge}7

(1-d)z d(1 - z)
a(x;8)? (1—q(x;3))?

Fie = {(d,z,x) €{0,1} x {0,1} x X <

_/_"%te = J—_'éte . W,
féte = J—_'éte . W,
are Glivenko-Cantelli classes of functions. Furthermore,

Alte —
Cznd o x Cmd Jx T Op (1) )
Alte lte _
Cprog Fn~ CpTO_],F»y =0p (1) )
Alte _
Cexp [ Cexp o = Op (1) .

Proof of Lemma S7.3: The follows from the same steps as in the proof of Lemma S5.3 and

is therefore omitted. W
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As in Lemma S7.2, it follows trivially from Lemma S7.3 that

z 1—2z2

B’ (—q(xB)

i = ({0 € 1)< 0 52 1) REONEEES

is Glivenko-Cantelli.

Lemma S7.4 (Lemma S5.4) Let II be a compact, convex subset of RF with a non-empty interior.

Then, under Assumption 0,
Flte = {(d z,x) € {0,1} x {0,1} x X — h (d z X,Blte> I(x<u):uce [—oo,oo]k},

Fle = {(d,z,x) €{0,1} x {0,1} x X > h (d,z,x lte) 1{y'x <u}:(y,u) €Sk x [— oo,oo]},
féffp = {(d z,x) € {0,1} x{0,1} x X — h (d z X”Blte) exp(iu'® (x)) :u € H},

are Donsker classes of functions.

Proof of Lemma S7.4: The follows from the same steps as in the proof of Lemma S5.4 and

is therefore omitted. W

Next, define
Ao =2 [ (I w1k < ) Fxlaw),
00,00]"
Al i (x) =2 / HI' (B4, (u,7))'1 {v'x < u} Fy(du)d,
00,00] XSk,
Ay (x) = /R (FIle, (81 )° exp(in'® (x)) + B, (B 0 exp(~in'® (x)) ) & (w) du,
and let AZGQ ind (X) 5 AZEQ proj (X) and Aﬁfgwp (x) be the counterparts in the sample.

Lemma S7.5 (Lemma S5.5) Under Assumption 6,
E, [Aﬁffmd (X) - hy, (D Z.X; gltE)_ ~E, Al;jnd( )-h (D Z,X; 5”@)] + 0 (n_l/Q), (S7.3)

E, [Alrffszmj (X) - h, (D Z,X; 5“6) ~E, A”gmj( )-h (D Z,X; 5“@)} + 0, (n*1/2), (S7.4)

E, [Aﬁfgexp (X) - h, (D Z,X:; glfe)_ —E, Al;f;xp( )-h (D Z,X; [3“6)} + 0 (n_1/2>. (S7.5)

Proof of Lemma S7.5: The follows from the same steps as in the proof of Lemma S5.5 and

is therefore omitted. W
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S7.I1 Proof of Main Results

~Ji
Proof of Theorem 4.1: We first show consistency of ﬂ,:ij. From Lemma S7.1 we know that
Q'*¢(B) is uniquely minimized at BY¢ , and that, under Assumption 6, H"¢(3, u) is continuous at
each 3 € O, © is compact, we have that by Exercise 5.27 in van der Vaart (1998) for every ¢ > 0

inf Qlte(ﬁ) Qlte( lte).
B:||B-B<||z

Therefore, the consistency of B ® follows immediately from the uniform convergence of Qlte (B)
over © as n — oo. Lemma S5.1, S7.2 and CMT ensure that

sup HH”e —H%(8,u H — 0, w € {ind,proj}.
u)eOxII

and for w = exp, the same arguments as in the proof of Theorem 4.1 can be applied to show the

uniform convergence.
lzps
nw

To derive the asymptotic linear representation of \/n ( ,Blte>, we first apply Taylor ex-

pansion to the first order condition of ifew(ﬁ), which gives

~lips lt
~lips ~lips

:—(63? \f/ Hlte /anv )CHZ,ew( lte )+Hlte (ﬁnw? ) (Hlte( lte’u)/>c) ‘lln(du)

lips

— (Gl ) Vs, | [ (BB 0K + (B ) (X w) )
h, (D Z,X; B”6>] (S7.6)
From Lemma S7.3 and Lemma S7.5 we have that
Clle, =l + 0, (1), (S7.7)
n | ARG ina (X) by <D Z, X 5”8)} = [Alztind( )-h (D Z,X; ﬁ“eﬂ +o,(1).  (S7.8)

Consistency of B > follows from (S7.7) and (S7.8) with lfjeq, (D, Z,X;Bl¢) given by (4.7).
Asymptotic normahty results from the square integrability of l”e (D Z, X ,Blte) which is further

guaranteed by the uniform boundedness of w(X;u) and Assumptlon 6(ii). W

Before presenting the proof of Theorem 4.2, we define some quantities related to the influence

function of wi; g, for w € {ind, exp,proj}. Let
late late _ lte lte\ . late
e (v, D, Z,X) = g (v, D, 2,X) — "%, (D, 2,X; 8lt°) - Glgte, (S7.9)
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e (v, D, Z,X;y) = ¢ (Y, D, Z,X; ) — 1'%, (D Z,X; ,6”6) .Gl (y), ($7.10)

Wt (V. D, 2,X;7) = ( e (v, D, 2,X;7) ~ 4% (D, 2,X: 8°) - Gl (+ )> , (ST
where, for j € {late, ldte,lqte}, ¢ (Y, D, Z,X) = ¢l (Y, D, Z,X) — g} (Y, D, Z,X), with
gi'e (v, D, 2,X) = @i (D, X: B() - (¥ —E[Y (d) [C)),
g5t (v, D, 7,X; y) = wlte (D X 6lte> (Y <y} - Frae ®)

@i (D, X5 85¢) - (L{Y < aywye (1)} —7)
Fy@ie (avae (1))

g9 (v, D, Z,X; 1) =

Y

and

Glate _ 1D = d}(Y ~ E[Y(d)[C]) ( z 1-2 ) ue |
B B d:ZOJ (— )d+1 (ﬁlte) (X IBZte) +(1—q(X Iglte)) (X’@ )

HD = di({Y <y} — Fy@je®)) Z 1-Z
Gldte _ Ite ’
g (y)=E d§1 (—1)d+1/€d(5f)te) ( (X Blte) 7+ (1—g¢q (X ,Blte)) ) (X Ao )

lgte [y _ D =dHUH{Y < aqy(ge(r)} —7) A 1-Z e
Girn=E | 2 1 rg(B°) ( Xy 0 a (KB ) (x:8)

The functions ¢!, ¢g'¥¢ and ¢'?*¢ are the influence functions of the LATE, LDTE and LQTE
estimators, respectively, when the instrumental propensity score parameters ,Blte are known.
We denote Qlate — [wlate’ (Y,D,Z,X)?|, Qe — E[ ldte (v, D, 7, X3 ) ] and QUfe  —

w, ¥,y w, ¥, T
E[@/}l‘lt‘f (Y, D, Z,X;7) }

Part 1: Asymptotic Properties of the Local Average Treatment Effect.
As in the proof of Theorem 3.2, we show that

NG (miﬁps _ LATE> = Vi, [W (Y. D, 2.X)] + 0,(1) (57.12)

where E [wfgtg, (Y, D, Z, X)] —0and E [wfgfg (Y, D, Z, X)ﬂ < .
The key is to show that

~lips

En[wn(D, Z,X; Br)Y] — E[Y (d)[C]

—E, [ i< (D, 2.X:80°) - (Y —E[Y (d) |c]) - li5y (D, 2, ﬂ”e) W@] +o, (n712),
(S7.13)
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ate __ 1{D = d}(Y E[ (d)’CD — te
WMMGEVJ% ka(BE) '<w£#f+aﬂ&émﬁ)(xﬁlﬂ

~li
Without loss of generality, we focus on d = 1. By Taylor expanding E,, [z’ Ite (D Z,X; B, P

w)Y]

around Béte and some algebraic manipulations, we have that

w)Y]

:En _ lte (D ZX,Blte) ]

~lips

E,[w!"(D, 2,X; B,

o[ | (el (0.2 ) Y)) - () | (B )

\o(x:8)” (1-0(x:8))
<|
Vit (Bt — Bo) = Vi [ty (D, 2. X3 8¢) | + 05 (1)

and therefore by CMT,

~lips

IBn o — Blte

where ,8 satisfies Hﬁ Blte . From Theorem 4.1, we have that

~lips

En[w,1(D, Z,X; B)Y]

~ 8, [t (D.2.X:8) Y] B [W(szﬂﬂ hﬂ+%<1®.@m®

To get the influence function of the first term, we use the fact that wlte is normalized with mean

equal to 1 and that wffel % @l by Lemma S7.2,

E{“ﬂpzxﬂﬂ }mwmm:E[ (szyﬂ< mwmm} (S7.15)

=B, [} (D.2,X:8§) (Y ~ E[Y ()[C])] + op(n™")
(S7.16)

We can also show E[w ff%Y] admits an asymptotic linear representation and (S7.12) follows by CMT
and the orthogonality between (gl%‘¢, Glate) and (glate Glf‘}’toe).

Lastly, we need to show 1#51‘}7“ is square integrable. By Assumption 6 (uniform boundedness of
w!€), Assumption 7 (conditional square integrability of Y (d)) and Theorem 4.1 (square integrability

of lfﬁip), a standard application of Cauchy-Schwartz inequality would lead to the desired result. B

Part 2: Asymptotic Properties of the Local Distribution Treatment Effects.

The (uniform) asymptotic linear representation for the Local Distribution Treatment Effect
parameter without rearrangement can be derived as in Part 1.

We define the rearranging operator of CDF as Rz, : Fy(a)c(-) = d)|c = [1{F Y(d)|c
-}dr, for d = 0,1. Then, by the monotonicity of Fy(g)c(-) and Corollary 3 of Chernozhukov et al
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(2010),

o~

VAFT, ey () = Fraye() = V(B ey () = Fraye() + 0p(1), (S7.17)

uniformly over [gy (a)jc(a1) — €, gy (a)c(az) + €], for d =0, 1.

Therefore, as in the proof of Theorem 3.2 we only need to show that the classes of functions
Flidte = {(v,d,z,x) €{0,1} x {0,1} x X w%iq, (v,d,z,x5y) 1y € [—oo,oo]},
Foldte = {(v,d,z,x) € {0,1} x {0,1} x X — 1/Jéflfli\p (v,d,z,x5y) : y € [—oo,oo]},
are Donsker, where
Pihey (v,d, 2, x3) = i (v, d, 2, x;9) — 1% (d, 2,%; By)' - GI% (y)

Vit (v,d, 2, x3) = g6 (v,d, 2,%;y) — Uiy (d, 2, %3 By)' - Gl (y)

and
e _ o | HP = d}({Y <y} — Fya)e(y)) Z 17 e
Coa =E ka(B0°) < (X; Blie)? G (X; gle))2 ) (X Po )] '

First note that {l”e (d, z,x; ,Blte) Gigtﬁe (y):y € [—oo,oo}} is Donsker since they are deter-
ministic functions of y, Gldte( ) < oo, d € {0,1}, and, by Theorem 4.1, the square integrability

lte (v, d, z,x;7) 1 y € [—o0, oo]} follows from Lemma S5.1, As-

of lge The Donsker property of { 94
sumption 6, and Corollary 9.32 in Kosorok (2008). Thus, from Corollary 9.32 in Kosorok (2008),
we conclude that 7 ;4. and Fo 44 are Donsker.

Hence, under Assumptions 3, 5-7 ,

ldte,(1,0) '
Gy ¥ () =ViE, [( Gy (0,d, 2,%5) el (0,d,2,%:)) ] (87.18)
=G () i £ (=00, 00]) x € ([=s0,00]) (S7.19)
where Gﬁti’}(}y’o) () is a tight, two-dimensional mean zero Gaussian process with covariance kernel

T(y1, y2) = E[(Q1 4 (1), Wi 4 (1)) (045 4 (y2), 0§ 4 (y2))'], Applying CMT, it follows that

n,w,V

vn <mefps - LDTE> ()= (1,-1) G0 )y Lo (1),

= Gldte (1) in £%° ([—o0,0])

oco,w,¥

where fogfy v (+) is a tight, univariate mean zero Gaussian process with covariance kernel

Tige (y1,42) = B |95 (Y, D, Z, X;y1) it (Y, D, Z, X3 12) | -
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Fixing y leads to asymptotic normality result of LDTE "* in Theorem 4.2.

Part 3: Asymptotic Properties of the Local Quantile Treatment Effects.

Likewise, by Corollary 3 of Chernozhukov et al. (2010) and the monotonicity of F;(ld)|C(')’

the rearranged quantile estimator Fr ;ivzdte,y(-) have the same first order asymptotic distribution
as ﬁn_’;?e.y(-), for d = 0, 1. Therefore, we can focus on deriving the asymptotic property of the
original quantile estimator.

Under Assumptions 3, 5-7, we can use Lemma 21.4 in van der Vaart (1998), and the functional

delta method to show that (S7.19) leads to
~lips e — ldte,(1,0 e
Vi (@ =) () = =62 (- Gl (a% () + 0, (1)

= —f,1 () - G0 (qlte (')> in £ ([ay, az]) x £ (la1, az]) ,

lte oco,w,¥

. . !/
where @,”" (1) = (‘ﬁﬁu)w (T1),éﬁ§(0)c(72)) L d" (1) = (avie (M) ave (7)) i (1) =
/

(f;(ll)\c (qy(1)|c (Tl)) ’f;(lO)|C (QY(O)\C (7‘2))) , T = (7’1,7’2) S [al,a2]2, and for all 0 < a1 < ag < 1.
Applying CMT again yields

Vi (miﬁps - LQTE> () = (=1 (1 () - Ged” (d* () +0p (1)

= G () in £ [ay,a9]

oco,w, ¥

lgt : . . . .
where GZ° |, (+) is a tight, mean zero Gaussian process with covariance kernel
) )

_ lqte . lqte .
q - w ) )y ) w ) y Ly ) .
Tiote (11,72) = E [1/) " (Y,D,Z,X;m) ¢l (Y, D, 2.X 72)]

i
Now, fixing 7 leads to asymptotic normality result of LQTFE " in Theorem 4.2. W

S8 Estimating Treatment Effects on the Treated

In this section we focus on treatment effect parameters for the treated subpopulation instead
of the overall population. Heckman et al. (1997) argue that analyzing treatment effects on the
treated instead of overall treatment effects is more interesting when the policy intervention is
directed at individuals with certain characteristics. For instance, if an employment program (or
a clinical treatment) is directed at individuals who face barriers to employment (or who have
some specific symptoms), perhaps there is little interest in analyzing the effect of this intervention
on individuals with strong labor market attachment (or on individual who does not have these
symptoms). Another potential advantage of focusing on the treated subpopulation is that one can
weaken the overlap condition in Assumption 2(ii) by allowing the PS to be close or even exactly

equal to zero. This is particularly important in one of our applications in Section 6.
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Analogous to the discussion in the previous section, here the goal is to make infer-
ence about the average, distributional and quantile treatment effect on the treated, defined
as ATT = E[Y (1)|[D=1] —E[Y(0)|D=1], DTT(y) = Fyayp=1() — Fy(o)p=1(y), and
QTT (1) = aya)p=1(T) — @y (0)p=1(7), respectively, where, for d € {0,1}, Fyq)p=1(y) =
E[1{Y (d) <y}|D =1}, y € R, and gy(gp=1 (1) = inf {y : Fy(gp=1 (y) > 7}, 7 € (0,1).

Let w!""* (D,X) = D/E[D] and

irs o (1-D)p(X) /- [(1—D)p(X)
W (D.X) =R /E[ I p(X) }

Note that functionals of the distribution of Y (1) for the treated subpopulation can be directly
estimated from the data using the analogy principle. Thus, when analyzing treatment effects on
the treated, the main challenge faced is to identify and make inference about functionals of the
distribution of Y (0) for the treated subpopulation. Towards this end, we make the following

assumptions.

Assumption S8.1 (a) Given X, Y (0) is independent from D; and (b) for all x € X, p(x) is

uniformly bounded away from one.

Assumption S8.2 Ford e {0,1}, () E [Y (d)?|D =1| < M for some 0 < M < oo, (ii)

wy?* (D, X; B) (Y — E[Y(0)|D = 1))
p(X;8)(1-p(X;8))

E | sup
BEBo

-ﬁ(X;ﬂ)H] < 00,

and (iii) for some ¢ > 0, 0 < a1 < a2 < 1, Fy(q)p=1 s continuously differentiable on

[QY(d)|D:1 (a1) = €,qy(a) D=1 (a2) + 5] with strictly positive derivative fy (q)p=1-

Assumption S8.1 is a weaker version of Assumption 1, where we do not impose any lower bound
on the PS, nor make any assumption about the relationship of Y (1), D, and X. Assumption S8.2
is the analogue of Assumption 4.

As shown by Heckman et al. (1997), under Assumptions S8.1 - S8.2, the AT'T is identified by

ATT =E [(w?’ps (D, X) — w'™ (D, X)) Y} .
Analogously, Fy (o) p=1 (y) is identified by
Fyo)p=1(y) =E [wét’ps (D, X)1{Y < y}} ;

implying that both DT'T (y) and QTT (1) can also be written as functionals of the observed data;
see e.g. Firpo (2007) . Such identification results suggest that we can estimate the ATT, DTT (y)
and QTT (7) by

ATT," =B, [ (et (D.X) = wlly* (D, X: B0, ) ) Y]
DT, (y) = En [ (wifd* (D, X) —wif* (D.X:B,,) ) 1Y <4}
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QTTn (T) = an,Y(1)|D:1 (T) - Eﬁfi/(oﬂpzl (T) 5

where
Gn,y (1)|D=1 = al‘gmlnE [ (D, X) - pr (Y —Q)} 7
ij“fi’(OﬂD:l = arg fq%iﬂgEn [w%’s <D, Xﬁ:ﬁ) pr (Y — Q)} ,
wyP*(D,X) = D/E, [D], and

witre (1-D)p(X;0) (1-D)p(X;B)
DXiB) = 1 X B) /E[ - p(X: ) ]

The next theorem summarizes the asymptotic properties of the IPW estimators for the
treatment effect on the treated based on the IPS. For j € {att,dtt,qtt}, let ¢/ (Y,D,X) =
gl (Y, D,X) — g} (Y, D, X), with, for d € {0,1},

95" (Y, D,X) = wj”* (D, X; B) - (Y —E[Y (d) D = 1]),
dtt (Y,D,X;y) = wtt’ps (D,X;8) - (1 Y <y} — Fy(a)p=1 (Z/)) )

Zt,ps (D,X;8) - (1{Y < gy@p=1 (1)} —7)

g (Y, D, X; 1) =
Sy @) p=1 (@v(a)p=1 (7))
Finally, let Q2% = E|vaf (v,D,X)°|, i, ~— E[vd, (v,D,X;y)?°|, and QI =
[@/}qtt (Y D, X; 7)2}, where zf'il,, wfff’ip, and @b;ﬁ@ are defined analogously to (3.5)-(3.7), but
with g, g% g% playing the role of g@¢, g€, ¢9% respectively, and
att Y D X) 7]
Gyl —E ( B (X:By)]
p b (X7 BO) ( (Xa IBO)) 0 i
dtt Y D X: y) 7
Gl () = E ( PX:8,)|
A p(X7BO) ( (XwBO)) 0 J
tt 1
Y, D, X;7)
G4 (1) =E ¥, D, X, p(X580)|
s (7 (X5 80) (1 —p(X;8)) ( 0)_

playing the role of G%¢, G‘éte, and Gge, respectively.

Theorem S8.1 Under Assumptions 2, 3, S8.1, and S8.2, for each y € R, 7 € [g,1 — €], we have

that, as n — oo,
Vi (ATT,” = ATT) % N (0,951%),

Vi (PTT," - DTT) (5) 4 N (0,48,
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Vi (QTT,” - QTT) (1) 4 N (0,901, ).

Remark S8.1 When average, distributional and quantile treatment effect on the treated are the
main parameters of interest, instead of using (2.7), one may wish to estimate (3, such that, for

every measurable, integrable function f (X) of the covariates,

E[(<(1—D)p(x;ﬁo)/E[(1—D)p(X;Bo)D _El[;])f(x)] _o. ($8.1)

1= p(X;By) 1—p(X;80)
From the discussion in Section 2, and the fact that
0-D)p(XiBy) ,_ (1-D)
1 —p(X;B) 1-p(X;8p)

and E[(1—D)p(X;8)/ (1 —p(X;8))] = E[D], we can conclude that one can use

Ho.w (B,u) = E [(( 1 E117_(51();)ﬁ)/E [1 £119_(;();)5)]) - 1> N (X;u)}

to construct a minimum distance estimator for B, analogous to (2.5). In order to avoid additional

cumbersome notation, the results stated in Theorem S8.1 do not use this alternative IPS estimator,

though such a modification is straightforward.
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