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This supplemental appendix contains auxiliary lemmas, proofs of the main theorems, and additional

results presented in the main text.

A Assumptions

This appendix presents the assumptions used to establish the asymptotic properties of the proposed tests.
Throughout, v~ denotes weak convergence in the sense of Hoffmann-Jorgensen. For a set D, let C'(D)
denote the space of continuous functions on D and let [*(ID) denote the space of bounded functions on D
equipped with the sup norm | | = sup,ep | f(x)]. We use | - |2, for the La(n) norm, write || - [|2 when the
measure is clear from the context, and let | - | denote the Euclidean norm.

To formalize the asymptotic arguments, we impose Assumptions A.1-A.5, which are slight modifications
of Assumptions 1-6 in Escanciano, Jacho-Chévez and Lewbel (2014, EJL14 hereafter). Because Assump-
tion A.1(iii) keeps the denominator in the kernel estimators bounded away from zero and the generated
regressors in our setting are parametric, we do not require EJL14’s Assumptions 7-11, which are mainly
used to accommodate random trimming indicators and nonparametrically generated regressors. In addition,
Assumption A.6 is added to control the effect of estimating the residuals and the propensity score quantile

transformation in the copula based process.

Assumption A.1. (i) The sample observations {(Y;, Z;, D;)}7, are a sequence of i.i.d. variables distributed
as (Y, Z, D), where Z; = (X;, Zoi). (ii) The parameter spaces Co and Cg, for d € {0,1} are compact, and the
true parameters o € Co, and g € Cg,, respectively. (iii) For all & € Cy, d € {0,1} and p e Xp < (0,1), the
joint density of (P, D), where P = P(Z,&), satisfies fpp(p,d; &) = € for some € > 0. (iv) The estimators

& and Bd satisfy the following asymptotic linear expansions:
Vn(a - a)

Zl D;, Zi; ) + 0p(1), \f(ﬁd — Ba) = Zn: (Yi, Zi; Ba, o) + 0p(1), (A1)

S\

f

where I(-) and l4(-) denote the influence functions such that E[l(D;, Z;i; )] = 0 and E[l4(Y;, Zi; Ba, )] = 0,
and the covariance matrices E[l(D;, Zi; )lT (Dy, Zi; @) and E[la(Yi, Zis Ba, )l (Yi, Zi; Ba, )] exist and are
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positive definite. There exist estimators [ and ly that satisfy
L. L. N
- D Ds, Zis é) = WDy, Zi @) |* = op(1), - Y la(Yi, Zi; Ba &) — 1a(Yi, Zi; Bas @) |* = 0p(1).
i=1 i=1

Also, the stochastic equicontinuity conditions for the nonparametric nuisance estimators used in the displayed

influence function expansions are satisfied.

Assumption A.1(ii) is enough to restrict the class size of generated regressors. Assumption A.1(iii)
implies fpp(p,d; &) is bounded away from zero across the entire support range of the propensity score in
both the treated and control groups for all & € C. This requirement is inherently satisfied if the marginal
treatment effect, MTE(z, u), is identifiable for every u within the interval Xp.

Assumption A.1(iv) is a high level asymptotic linearity condition for the first step estimators. It is
satisfied for standard parametric propensity score estimators and for the Robinson estimator of the par-
tially linear specification in (2.6), under the usual regularity, undersmoothing, and stochastic equicontinuity
conditions for the nonparametric nuisance estimators. The discussion below sketches the verification for
standard probit and Robinson first step estimators; the formal test validity only requires the high-level
representations in Assumption A.1(iv).

For the propensity score, consider a probit specification P(Z;a) = ®(Z'Ta) for example, where ®(-)
denotes the standard normal distribution function. Suppose that & is the maximum likelihood estimator

with influence function . .
-1 ¢(Zi a){D; — (I)(Zi )}

UDiZisa) = 1) g o 0 = 9(Z )}

Z; (A.2)

where ¢(+) is the standard normal density and I(«) is the Fisher information matrix.

With the parameter in propensity score function & at hand, we next discuss the influence function
for the estimator of the slope parameters 8 = (89,31 — Bo)' in (2.6). Write Pi(&) = P(Z;;&) and de-
fine the partialled-out variables V(&) = Y; — E(Y; | Pi(&)), Xi(&) = X; — E(X; | Py(@&)), and Ri(&) =
(Xi(&), Pi(a)X;(a))T. The Robinson estimator for 3 solves the sample analogue of

B[Ri(@) {¥i(@) - Xi(&) o — PA&)Xi(@) (1 — o) }] = 0.

Evaluated at the true parameter «, and treating the propensity score as known, the influence function of B
is
BP(Y:, Zis B,0) = Sghle)Ri(e) {Vi(@) = Xi(@) B = Pi(a) Xi(a) (81 — o)} (A3)
where Spr(a) = E [Ri(a)Ri(a)T].
Because Pj(a) = P(Z;; ) is replaced by P;(&) = P(Z;; &) in practice, the influence function must also

account for the first-step estimation of o. Hence
(Y, Zi; B, ) = 1§°P(Vs, Z53 B, @) + Tal(Di, Zis ), (A4)

where

Fo = Sph(e)E |0 { Ri(e) (Yi(e) — Xi(a) o — Pi(a) Xi(e) (81 — B0)) }] . (A5)



Equivalently, under the index sufficiency restrictions used in the partially linear MTE model, this adjustment
can be written as

Lo = —Sph(@)E[Ri(a) Vo Pi(a) {X (81 — Bo) + m/(P)}]. (A.6)

The scalar term X, (81 — Bo) +m/(P;) is the marginal treatment effect implied by (2.6). Thus, the generated-
regressor correction in (A.4) is exactly the effect of estimating the propensity score index inside the Robinson
moment.

The stacked influence function for the Robinson estimator of (Bo, B — ﬁO)T is lg = (lop, Iy — lp)". The
treatment-specific influence functions follow by the trivial identifications ly(Y;, Z;; 8, ) = lp for d = 0 and
LW(Y:, Zi; Bya) = Lo + [l1 — o] for d = 1.

Remark A.1 (Role of index sufficiency in the first-step adjustment). We explain how (A.5) simplifies to
(A.6). Applying the product rule gives

E[0a{Ri(a) ui(a)}] = E[(0aRi(a)) ui(a)] + E[R;i(a) daui(a)] -

where u;(a) = Yi(a) — Xi(e) " Bo — Pi(e) Xi(e) (81 — Bo) = Yi — X[ Bo — Pi(e) X[ (B1 — o) — m(Pi(a)).
For the first term: index sufficiency means the structural error e; = u;(ayg) satisfies E(e; | Z;) = 0. Since
0aRi(a) depends on data only through Z;, iterated expectations give E[(04R;)e;] = 0, so the first term
vanishes. For the second term: the a-dependence of u;(«) enters entirely through the propensity score index
Pi(a) = P(Z;,«). By the chain rule, dyu;(a) = (Opu;) - Vo P;. Differentiating with respect to P yields:

Opu; = —{X;(/Bl - /80) + m,(Pi)}’

where —dpu; equals the MTE at (X;, P;) in (2.7). Substituting into the second term delivers (A.6).

If the empirical implementation uses a different first-step estimator, the same theory applies provided

the conditions in Assumption A.1(iv) hold.

Assumption A.2. The support Xp of the propensity score P is a compact interval [p,p] < [0,1]. For
d e {071}7 o € COU Bd € Cﬁdf v € XV7 p € XP7 and z € XZ; fZ‘P,D(Z ’ p7d7d)7 fP,D(p7d;d)7 and
Fyipp(v | p, d;Bd,d) are r times continuously differentiable in p, and all these derivatives are uniformly

bounded over the stated arguments.

Assumption A.3. The kernel function K(t) : R — R is bounded, symmetric, continuously differentiable,
and satisfies the following conditions: §K(t)dt = 1, (#'K(t)dt =0 forl=1,...,r —1, and {[t"K (t)|dt < o
for some r = 2; |0K(t)/0t| < C, and for some v > 1,|0K(t)/ot| < C|t|™ for |t| > L, 0 < L < 0.

Assumption A.4. The possibly data-dependent bandwidth h satisfies Pr(a, < h < b,) — 1 as n — 00, with

ap, and by, being deterministic sequences of positive numbers such that: (i) b, — 0 and ann%/log(n) — 0;
(i3) nb2" — 0.

Assumptions A.2—-A .4 provide the low-level regularity conditions used to control the bias and stochastic
expansion of the kernel estimators. In particular, Assumption A.2 imposes the baseline smoothness in the
index variable p, while Assumptions A.3 and A.4 specify the kernel and bandwidth restrictions. For example,

the deterministic bandwidth h = en~? with % <d< % suffices for our purpose.
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For the empirical-process arguments underlying the index statistic, however, these low-level smoothness
conditions are not sufficient on their own. We therefore impose in Assumption A.5 a stronger high-level
complexity condition on the relevant function classes, which strengthens the smoothness requirement in p

and the tail behavior in v.

Assumption A.5. Given d € {0,1}, the class F" consists of composite measurable maps on Xz of the
form z — qd(P(z) |U,Bd,d), where qq(- | U,Bd,d) : Xp — R is indexed by (U,Bd,&). The map qq(- ]v,Bd,d)

satisfies the following three conditions:
— (a) Lipschitz continuity: There exists a universal constant Cr, such that
lqa(-1v1, Bar, &1) — qa(- | v2, Baz, @2)| , < Cr|(v1, Bar, &) — (v2, Baz, G2)l,
where the supremum is taken over z € X5.

— (b) Holder smoothness: For some n = r, for each (v, Bq, @) € Xy X Cs, x Cy we have
qa(- | v, Ba, @) € C"(Xp),

where C"(Xp) denotes the Holder class of order n on Xp equipped with the norm

9

=~ ~ ~ ~ aHQd<p ’ v, Bd? d) - aﬂqd(p/ | v, /Bd7 &)
lga(-1v, Ba, @)ooy := max sup |0"qa(p|v, Ba,@)| + max sup | P |
RSN peXp K= oty lp—p"2
with n the largest integer strictly smaller than n. We assume that there exists M > 0 such that
qu( |U7Bd7 d)HOOW < M.

— (¢) Uniform tails. There exist constants Co,co > 0 such that, for all M > 0,

~sup sup qo(—M,p|Be,a)+  sup  sup{l—qa(M,p| B4, @)} < Coem M.
(Bd:a)ecﬁdxcfl pEXP (Bd,d)ngdxCa pEXP

Then, we have (i) Fy|pp(v]-, d; Ba, &) € F; (ii) PI‘(FA’V|P7D('U|',d;Bd,d) € F1) — 1. In addition, define
Ga(z | p;a) :==Pr(Z <z | P =p,D =d),

and let G" denote the corresponding class of composite maps with the same Lipschitz continuity in (z, &)
and the same Holder smoothness in p as imposed above for F". Assume that (i) Ga(z | ;&) € G"; (ii)
Pr(Gy(z | ;@) e Gn) — 1.

Assumption A.5 is a high level complexity condition that delivers the entropy and stochastic equicon-
tinuity required for the uniform empirical process approximation in Lemma E.1; see, e.g., Assumption 6
in Escanciano et al. (2014) and Assumption 3.4 in Ichimura and Lee (2010). Assumption A.2 imposes the
baseline smoothness in p used mainly for kernel bias control. To handle the parametric perturbations in-
duced by (&, Bd), we further impose Assumption A.6, which requires continuous differentiability of fp p and

Fy|p,p with respect to (p,&) and (p, Bq,@). These differentiability conditions are central for the numerical



derivative estimation of the correction terms and, at the same time, provide the local stability and stochastic

equicontinuity used in Lemmas E.1 and E.2.

Assumption A.6. For each d € {0, 1}, the following conditions hold.

(1) The joint density fpp(p,d;&) is continuously differentiable in (p,&) on Xp x Cq, with uniformly

continuous and bounded derivatives.

(ii) The conditional distribution Fypp(v | p,d; Bd,d) is continuously differentiable in (p, Bd,d), with

uniformly continuous and bounded derivatives over
(v,p, Ba, &) € Xy x Xp x Cg, x Ca.

In addition, Fy\pp(- | p,d; Ba, &) admits a conditional density in v that is uniformly bounded over the

same set.

The implications of Assumption A.6 can be organized as follows. First, it gives boundary mass controls

for both directions of generated regressor perturbation. By Assumption A.6(i), uniformly in &,

sup Pr{|P(Z; &) — p| < 6} < C0.
pEXpP
This controls perturbations of the propensity score density function through a.

By Assumption A.6(ii), uniformly in (&, Bd),

sup  Pr{|Y —X"By—v|<d|D=d,P(Z;a) =p} < C5,
pGXp,UGXV

and, for |p — p'| <9,

sup  |Pr{Y —X"By<v|D=d,P(Z;a)=p}—Pr{Y =X By<wv|D=d P(Za)=p} <Cs.
peXp, vEXY

The first bound controls local perturbations in the residual direction, while the second controls local per-
turbations in the propensity-score direction. In particular, changes in 3y shift the residual threshold by
X T(Bd — B4), whereas changes in & shift the propensity score P(Z;&). Hence, the continuous differentiabil-
ity, together with the uniform continuity and boundedness of the derivatives imposed in Assumption A.6,
provides the local stability needed to control perturbations induced by Bd and a.

Second, by Assumptions A.1(iii), A.2, and A.6(i), the marginal density fp(p;&) = Z}j:o fep(p,d; &)
is bounded away from zero and continuously differentiable on its full support. Hence the quantile map
F5'(u; @) is well defined for all u € [0, 1]. Moreover, the same boundary-mass control applies uniformly at

the induced quantile cutoffs:

sup Pr(|P(Z;a) — Fp'(w;@)| < 6) < C6.
ue(0,1]



Third, using fpp and Fy|p p, define Fy pp(v,d | p; B4,@). Then the copula process can be written as

Ca(i . fo) = fo [Fvoie (v2d | Fp(5:8):30.6) — Frpe(vd | Fp:6): 40, 6) | da.

Therefore, the smoothness of fpp and Fy|pp, together with the full-domain stability of the quantile map
established above, implies that Cy(\; &, fq) is continuously differentiable in (u, &, 84) for u € [0,1]. Thus,
under our maintained conditions, the copula process and the partial LCM operator can be analyzed on the

full rank set [0, 1], consistent with the formulation in Seo (2018); no interior trimming is required.!

Remark A.2 (Numerical derivative estimation). Let a,, — 0 satisfy na,/logn — co. In the implementation,
the terms Ad, Bd, 6ué'd, 0 déd, and 6aéd, whose explicit forms are given in Section B, are computed by
symmetric finite differences with perturbation step a,. In the implementation we set the order of a, as
n~1/2 which satisfies the required rate condition. The uniform consistency of these numerical derivatives is

established in the proof of Theorem 3.1 under Assumptions A.2 and A.6.

B Implementation of the Test

In this section, we describe how to compute the test statistics Ty and Ty and implement the bootstrap
inference procedure described in Algorithm.

Let {(Yi, Z;, D;)}!_, denote a sample of size n from the joint distribution of (Y, Z, D). Throughout this
section and the proofs below, we use P;, P;, and P; as shorthand for P;(a), Pi(&), and P;(@), respectively.
More generally, we suppress the dependence of estimation objects on (&, Bd) and of population quantities
on («, 84) when no confusion arises; parameter arguments are made explicit when taking derivatives or
considering perturbations of first step estimators.

Using this notation, we proceed as follows. In the following subsections, we construct the empirical
processes Ud(w) and C’d(A) underlying the test statistics 77 and Ths, respectively. For the asymptotic
analysis, we derive the corresponding influence functions (é and CCJIVI and use their sample analogues, fé
and g:M , to implement the multiplier bootstrap. For the monotonicity statistic TM, we also describe the
numerical approximation to the functional derivative of the least concave majorant (LCM) operator required

for computation.
B.1 The Index Statistics and Its Influence Function

The sample analogue of \/nUg(w) in (3.1) is

VnUy(w Z FV\PD( oIy, d; Ba, @)]bi(p, 2, d; &), (B.1)

where ¥;(p, z,d; &) = 1(P; < p, Z; < z,D; = d) is the weighting function.

!The standard Bahadur representation for empirical quantiles is used only on compact subsets of (0,1). The endpoint cases
u = 0 and u = 1 are treated separately: the corresponding boundary terms are either zero or reduce to empirical processes
indexed only by (v1,v2), whose limits follow from the same VC-type empirical process arguments. Hence the full domain
statement on [0, 1] is obtained by combining the interior expansion with stochastic equicontinuity and continuous extension.



We estimate the conditional CDF, Fy|pp(v|P;,d; Bq, ) = Pr(V; < v | P, D; = d), by the Nadaraya—
Watson estimator FV‘ P, D(U\Pi, d; Bd, &) constructed from the generated regressors P, and Vy;:

: S X 1(Vy < v, Dy = d)KR(P; - B)
By p,p(u|Py, d; By, 6) = S22 4 — , (B.2)
Zj:l 1(Dj = d) Kn( J 5)

with Kj,(t) = +K(£), where K(-) is the kernel function and h = h, is the bandwidth. The notation
Fv|p,D(v | p,d; B4, &) and Fyipp(v | p,d; B4, @) that places By before & highlights 34 governs the residual
V(Bq), whereas & governs the conditional index P(d).

Lemma E.1 shows that Ud(w) admits an asymptotic linear representation with influence function Cé by

Cé(yivDiyZi;wua)ﬁd) = [1(de < ’U) - FV|P,D(U|Pi7d; Bd)a)] Tbil(P,Zvd; a)

(B.3)
+ A;Il—l(DZ, Z;; O[) + B;ld(}/u Zi; Ba, a),

where i (p, z,d; ) = Vi(p, z,d; ) — 14(P;)1(D; = d) denotes the orthogonalized weighting function with
the projection t4(P;) = E[vi(p, z,d; ) | P = P;, D; = d] = 1(P; < p)Ga(z | B;).

The first term captures the nonparametric estimation effect arising from kernel estimation of Fypp(-),
while ATZ(DZ, Z;;a) and BdTld(Y“ Zi; Ba, ) account for the parametric estimation effects of & and ﬁd, re-
spectively. The terms A, and By are respectively given by

Ag = 7E[aOzFV|P,D(U|-P’ia d; Ba, O‘)wzL (pa z,d; O[)]

(B.4)
Bd = aBdFV,P,Z,D(vav Z, d» /de a) - E[aﬁdFV|P,D(U|Pi7 da Bd? Oé)i/)l (pv Z, d7 Oé)],

where FV,P,Z,D(”)}))Zad;ﬁdva) = Pr(‘/l(ﬁd) < U,Pi(()é) < D, Z’L < ZaDi = d)
To implement the multiplier bootstrap, we replace the unknown quantities in Cé by sample analogues

and define the plug-in estimator

gé(}/l’ Dy, Zi;w, &, Bd) :[1(‘7(11 < U) - FV|P,D(U|Pi7 d; Bd? d)]q&f‘(p, z,d; OA[) (B 5)
+ AjU(Di, Zi;6) + Bila(Yi, Zis Ba, @),

Let Ag, Ba, and 0 (p, 2, d; &) = ¢i(p, z,d; &) =ia( ;&)1

of Ay, By. Here, Zd(f%-; &) = E[wi(p, z,d;&) | P = P,D= d] is computed by the NW estimator.

In practice, we evaluate the correction term

(D; = d) denote the corresponding sample analogues

Zgz |[A30(Ds, Zi5 ) + BJa(Yi, Zss Ba. )]

using a numerical perturbation scheme. Specifically, we perturb & and Bd by their bootstrap counterparts
and record the induced change in the estimated distributional objects of Fy|p p(v|P;, d; B4, Q) (p, z,d; ),
Fvpzp(v,p,2,d; B4, ) and Fyp p(v|P;, d; By, a)i(p, 2, d; o). The only additional regularization needed
in this step concerns the estimation of d,Fv.p.z p(v,p, z,d; B4, ). The empirical CDF based on 1(\7di <

v,ﬁi < p,Z; < z,D; = d) is discontinuous in Vdi and therefore yields unstable numerical derivatives. To



overcome this issue, we replace the indicator l(f/di < v) by the smoothed version
v A
| K-y ao
—Q0

where Ky(t) = K () and ¢ = ¢, is a smoothing bandwidth. This regularization stabilizes the numerical

derivative while preserving the asymptotic properties of the estimator.

B.2 The Monotonicity Statistics and its Influence Function

The feasible estimator for the estimated copula process is Cy(\) = Ca(X; &, fq), so that

Zn: <y, D; = d, Fp(P) < ). (B.6)
=1

3\>~

where Ep(p) =n~ 3" 1(P; < p).
Since Vy; and P; are generated regressors, the asymptotic behaviour of C’d(A) must account for first-step
estimation effects. Under regularity conditions, the empirical copula process \/ﬁ{éd(/\) — C4(A)} admits an

asymptotic linear representation with influence function chl\/[ given by

¢ (Yi, Diy Ziy My v, Ba)
=1(U1 de UQ, = d Fp( ) ) — Cd(/\) — aqu()\){l(Fp(Pi) < u) — u} (B.7)
+17(Dy, Z;, a)aaod(x) + 13 (Yi, Zi, Ba)05,Ca(N).

The first three terms on the right-hand side coincide with the influence function of the classical empirical
copula process; see Génssler and Stute (1987) and Fermanian, Radulovic and Wegkamp (2004). The last
two terms account for the estimation effects of & and 4 induced by the plug-in procedure; see Van der
Vaart (2000). Here, d,Cq() denotes the total derivative. By the chain rule,

0aCa(N) = 0aHa(v1,v2, Fpt (w); o, Ba) + 0uCa(N) fp(Fpt(u)) daFpt(u; a),

where Hy(vi,v9,t;, 83) = Pr(vy < Vg < vg,D; = d, P; < t). Equivalently, using 0aF1§1 = —f;lﬁan,
0aCq = 0OaHg — 0,Cq 00 Fp. Thus, 0,Cq(\) incorporates both the direct effect of a on Hy and the indirect
effect through the rank transformation. The second term is the derivative of the quantile map. Thus, when
0aCy is computed by perturbing «, the propensity scores, empirical distribution, quantiles, and ranks must
be recomputed under the perturbed value of a.

For implementation, we replace the unknown quantities by their sample analogues and define the plug-in

estimator:

¢ (Y3, Di, Zis M, &, Ba)
=1(v1 < de vg, Di = d, FP( i) < u) — Cd(/\) ouCa(N{L(Fp(P;) < u) —u}

where 0ué'd(A) and the remaining derivative terms are consistent estimators of their population counterparts.



In practice, no fully data-driven optimal choice is currently available for estimating 0, Cy()), and rule-of-

1/2

thumb smoothing such as h = n~'/* is commonly adopted; see Biicher and Dette (2010). In addition, the

aggregate contribution

jﬁ > &illd (Yo Zi; Bay @)05,Ca(N) + 1T (Di, Zi5.8)0aCa(N)]
=1

is computed using the same numerical perturbation scheme described above, perturbing & and Bd by their
bootstrap counterparts and recording the induced change in C’d()\). When perturbing &, the resulting
empirical ranks are recomputed as described above, so that the numerical derivative estimates the total
derivative 0,Cq(N).

To approximate the limiting copula process \/ﬁ{éd(A) — Cy4(\)}, we employ a multiplier bootstrap

procedure, which is justified under conditional weak convergence in probability; see Theorem 2.9.6 of Van der
Vaart and Wellner (1996).

B.3 The LCM Operator and Its Functional Derivative

We first recall the definition of the least concave majorant (LCM) operator on an interval [a,b]. For a
bounded function f : [a,b] — R, define

O1a,p)(f(-))(u) = inf{g(:) : g is concave in t and g(t) > f(t) for all ¢ € [a,b]}, (B.8)

and we write 6 as shorthand for 6 1.

We next introduce the partial LCM operator acting on a function f defined on A = {(vi,v2,u) : v1 <
va, u € [0,1]}. The operator applies the LCM in the u direction for each fixed (v1,v2). Formally, the partial
LCM operator 6 is defined by

0(f)(v1,v2,u) = 0(f(vi,v2,))(u), (B.9)
that is,

O(f)(v1,v2,u) = inf{gy, v, (©) : gu, v, is concave in u and gy, 4, (u) = f(v1,v2,u) for all u e [0, 1]}.

The partial LCM operator 8 : [®(A) — [®(A) is Hadamard directionally differentiable tangentially to
C(A); see Shapiro (1990) and Fang and Santos (2018). This property allows us to apply the functional delta
method to derive the asymptotic distribution of Tu.

For A\ = (v1,vg,u) € A and f € {(A), the directional derivatives of the partial LCM operator 0 at the
relevant concave functions Cy(v1, ve,-) and —C1(v1,vg, ) are obtained by applying the LCM to the direction

f over the maximal intervals of affinity of Cy(v1, v, ) and —C1(vy,v2,-):

Oco f(N) =07, (HH(N),  O_ci f(N) =07, (F)(N), (B.10)

where 7y ) and 7; ) are the maximal intervals containing u on which the concave functions Cy(v1,v2,-) and

—C1(v1,v2,-) are affine in u, respectively.



Consequently, the directional derivatives of the gap operators are

To(f)A) = 0z, (HA) = FA), TiHA) = 0z, (=)HA) + fF(N). (B.11)

Note that for the gap operator 71 (f) = é(— f)+ f when d = 1, the chain rule introduces a sign change inside
the LCM directional derivative of 7;. Moreover, if Cy(v1, va, ) is strictly concave or Cy(vy,vg,-) is strictly
convex at u, then Zg » = u and Z; , = u, respectively, so that the corresponding derivatives reduce to the
Zero map.

The contact set Bc = Be, U B, is defined as
Be, = {Ae A : Cy(v1,v2,-) is locally affine at u}. (B.12)

A non-trivial contact set implies that Cy(v1,vs,-) is affine in u on a set of positive measure for some v1 < v,
so that the monotonicity inequalities bind with positive measure.

The LCM operator itself can be computed using standard algorithms as in Delgado and Escanciano
(2012); Seo (2018). For its directional derivative, one may either use the numerical approximation in (3.9)
or estimate the contact set B¢ explicitly following Beare and Moon (2015) and Seo (2018). Because the
contact set based approach requires additional tuning parameters and is computationally more burdensome,

we adopt the numerical estimator for stability and ease of implementation.

C Proof for Section 2

Proposition 2.1. Parts (i) and (ii) are the observable implications of Assumptions 1-3 established by Heck-
man and Vytlacil (2005). Part (i) follows by taking G(Y) = 1(Y < y) in their characterization, and part
(ii) follows by taking G(Y') = 1(y1 <Y < y2).

It remains to prove the sharpness claim in part (iii). Throughout this proof all probabilities are condi-
tional on X = z, for a fixed x € Xx. Let P, denote the support of P(Z) conditional on X = z. By the

index sufficiency restriction, for any z, 2’ with P(z) = P(2') = p € P,,
Pr(YeB,D=d|Z=2)=Pr(YeB,D=d|Z="2)

for every Borel set B € Xy and d € {0, 1}; the equality first holds for half-lines by (2.4) and then extends

to Borel sets by the monotone class theorem. Hence the following subdistributions are well defined:
Qi1x(B,p)=Pr(YeB,D=1|P=p X =x), Qoz(B,p) =Pr(YeB,D=0|P=p X =x).

They satisfy
Ql,x(Xva) =D, QO,Z‘(XY7p) =1 — D

Moreover, (2.5) implies that, for every Borel set B € Xy and any p’ < p in Py,

QI,I(B7P) - Ql,I(B7p,) = 0’ QO,x(Bup/) - QO,x(va) = 0.

Again, the extension from intervals to Borel sets follows by a monotone class argument.
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We now construct the latent distribution explicitly. Extend Q1 .(B, ) and Qo4 (B,-) from P, to [0,1]

as follows. For u € P,, set

Ql,x(Ba u) = Ql,z(Ba U)a QO,x(Bau) = QO,{L'(Ba u)

At the endpoint u = 0, if 0 € P, then Q1 ,(-,0) and Qo .(-,0) are already determined by the observed
subdistributions. If 0 ¢ P, let p, = inf P, set

and define
QO,x('v 0) = QO,I(')B:E) +BxR0,x(')’
where Ry, is an arbitrary probability measure on Xy; this yields Qo .(Xy,0) = 1.

At the endpoint u = 1, if 1 € Py, then Q1 ,(-,1) and Qo(+,1) are already determined by the observed
subdistributions. If 1 ¢ P, let p, = sup P, set

Qo,x('y 1) = 0)

and define
Ql,:}c('a 1) = Ql,x(%ﬁx) + (1 _px>R1,m(')a

where R;, is an arbitrary probability measure on Xy; this yields Q1 ,(Xy,1) = 1.
Then, on each connected component (a,b) of [0, 1]\(P, v {0, 1}), define for u € (a,b)

b—u U —

Qae(B,u) = 5= Qua(B.a) + 5 Qua(B.D),  de{0,1}.

By construction, u > Q1 (B, u) is nondecreasing and u — Qo (B, ) is nonincreasing for every Borel set
B c Xy, and
le(XY,U) =u, QO,I(XYa U) =1- u, u € [07 1]

Define set functions on rectangles by Xy x [0,1] by
/‘Ll,I(B X (Sat]) :QI,CE(B7t)_Q1,I(B75)’ 0<S<t< ]-a

and
MO,:E(B X (Svt]) = QO,I(Bvs) - QO,:E(B7t)7 0 Ss<t< 1.

The monotonicity just established implies that the rectangle increments above are nonnegative. For fixed
u, Qd,a;(, u) is countably additive in the outcome set B, while in the u-coordinate the increments telescope
over adjacent intervals, i.e. pg (B X (s,t]) = paz(B % (s,7]) + pra(B x (r,t]) for s < r < t. Hence, these
formulas define nonnegative finitely additive set functions on finite disjoint unions of rectangles B x (s, t].
Moreover, countable additivity on this ring follows from the countable additivity of Qd,z(-, u) in B together

with continuity from above of the monotone increment maps in the interval coordinate.
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Their second marginals are Lebesgue measure. Indeed,

:U’l,x(XY x (57t]) =1t—s, M07I(XY x (Svt]) =1t—s,

and the intervals (s,t] generate B([0,1]). Thus the second marginal of each jq . is du.
Since Xy and [0, 1] are Borel spaces, Kallenberg’s conditional distribution theorem (Kallenberg, 1997,
Theorem 5.3) yields a well defined probability kernel Ky, (- | ) such that

pdz(B x A) = f Kq.(B | u)du, de {0,1}.
A
The kernel representation recovers the extended subdistributions. For every p € [0, 1],

P
Q1.2(Bop) = (B x (0,p]) = L Ky(B | u) du,

and

QuaBop) = (B % (1)) = [ KoB |0y
We now construct a latent model that reproduces the observable distribution. Let Up satisfy
Pr(Up <u| X =x,Zy = 20) = u, u e [0,1],
so that Up | X =z ~ U[0,1] and Up L Zy | X = z. Define the treatment rule
D =1{P(Z) = Up}.
Next, for each d € {0, 1}, define the marginal conditional law of Y (d) | Up = u, X = =, Zg = 2y by
Pr(Y(d)e B|Up =u,X =2,%20 = 2) = Kgo(B |u),  BeB(Xy).

Then, define the joint law of the two potential outcomes by choosing any measurable coupling of the two
marginals Ky ,(- | u) and Ko, (- | u); for example, take their product coupling. Since only one potential
outcome is observed in each treatment state, any coupling yields the same observable distribution.

Since these conditional laws depend on (u,z) but not on zp, we have
(Y(1),Y(0),Up) L Zy | X = z.
Because the construction is carried out separately for each x, it follows that
(Y(1),Y(0),Up) L 2o | X,

and Assumptions 1-3 are satisfied: exclusion holds because ?(d) does not depend on zy, random assignment
holds by the display above, and monotonicity holds by the threshold rule D = 1{P(Z) = Up}.
It remains to show observational equivalence. It is enough to consider z = (x, zg) in the conditional

support of Z given X = z. Then p = P(z) € P,, so the extended subdistributions coincide with the
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observed subdistributions at this value of p. For any Borel set B < Xy,

Pr(YeB,D=1|Z=2)=Pr(Y(1)eB,Up <p| X =z, 2y = 20)
P
:J K1 4(B|u)du
0

= Q12(B,p)

= Q1,:(B,p)
=PrYeB,D=1|P=p X =1z)
=Pr(YeB,D=1|7 = z2),

where the fourth equality uses p € P, and the last equality uses index sufficiency. Similarly,
Pr(YeB,D=0|Z=2)=Pr(Y(0)e B,Up >p| X =x,%Z = )
1
= J Koo(B | u)du
P

ZQo,x(va)

= Qoz(B,p)
=Pr(YeB,D=0|P=p X =1z
—Pr(YeB,D=0|2=2).

Thus, conditional on every Z = z, the joint distribution of (Y, D) coincides with that of (Y, D). Therefore

(Y, D, Z) and (Y, D, Z) have the same observable distribution. This proves the sharpness claim in part (iii).
]

Proof of Proposition 2.2. We first prove parts (i) and (ii). Under Assumptions 1 and 4, write Y (d) = X " B4+
V(d). Under Assumption 5, (V(d),Up) L Z for d € {0,1}. After the usual normalization, Assumption 3
gives D = 1{P(Z) = Up}. For d = 1 and p = P(z),

PrlV<ov|Z=2D=1)=Pr(V(1)<v|Z=2Up<p) =Pr(VQ1) <v|Up <p),

where the last equality uses (V(1),Up) L Z. The right-hand side depends on z only through p, and hence
equals Pr(V < v | P =p,D = 1). The proof for d = 0 is identical with Up > p. This proves (2.8). For any
Borel set B € Ay,

P
Pr(VeB,D=1|P=p) =Pr(V(1) e B,Up <p)—f Pr(V(1) e B| Up = u)du,
0

which is nondecreasing in p, while
1

Pr(VeB,D=O|P:p):Pr(V(O)eB,UD>p):f Pe(V(0) € B | Up — u) du,
p

which is nonincreasing in p. Taking B = [v1, v2] gives (2.9).
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It remains to prove sharpness (iii). Let P = supp{P(Z)} < [0, 1]. For p € P and Borel B < Xy, define
Ql(va) = PI‘(VG B,D =1 ’ p :p)a QU(B7P) = PI‘(VE B,D=0 | P :p)

Residual index sufficiency implies that, if P(z) = p, then Qq(B,p) =Pr(Ve B,D =d | Z = z) for d € {0, 1}.
Moreover,
Ql(XV7p) =Dp, QO(‘XV?p) = 1_p7

and the residual nesting inequalities imply that Q1 (B,-) is nondecreasing and Qo(B, ) is nonincreasing on
P.

Extend @ and Qo from P to [0, 1] by the same concrete linear interpolation construction used in the
proof of Proposition 2.1, now with Xy replaced by &},. Denote the extensions by Q1(B,u) and Qo(B,u),
with Q1(Xy,u) = u and Qo(Xy,u) =1 — u.

Exactly as in the proof of Proposition 2.1, there exist well defined probability kernels K;(- | u) and
Ky(- | u) such that

;Ld(B X A) = fA Kd(B | u) d’LL, de {0, 1}.

Therefore,

_ D _ 1
Ql(B,p):LKl(B\u)du, QO(B,p):f Ko(B | u) du,

and hence, for every observable p € P,

/4 1
Q1(B.p) = fo Ki(Blu)ydu,  Qo(B.p) =f Ko(B | u) du.
p

Now let Up ~ U[0, 1] be independent of Z and set D = 1{P(Z) > Up}. Conditional on Up = u, choose
any measurable coupling of the two marginal kernels K, (- | u) and Ko(- | u); for example, draw V(1) and
(.

V(0) independently conditional on u, with marginals K (- | u) and Ko(- | ). The conditional laws do not

depend on Z, so (V(1),V(0),Up) L Z.
For any z in the support of Z, let p = P(z) € P. Then, for every Borel B € Xy,

Pr(VeBD=1|Z=z) - fm(fs |w)du = Qi(B.p) = Qu(B.p) = Pr(VeB,D = 1] Z = 2),

1
Pr(VeB,D=0|Z=z) =J Ko(B | u)du = Qo(B,p) = Qo(B,p) =Pr(VeB,D=0|Z = 2).
P

Thus (V, D, Z) and (V, D, Z) have the same distribution.
Finally define

Y(d,20) =X " Ba+V(d), Y =DY(,Z)+ (1-D)Y(0,Z).

Then Assumptions 1, 3, 4, and 5 hold, and Assumption 2 follows from Assumption 5. Since conditioning on

14



Pr(Y<yD=d|Z=2)=Pr(V<y—z'B3,D=d|Z=2)=Pr(Y <y, D=d|Z=2),

o (Y,D,Z) and (Y, D, Z) have the same distribution. O

D Proof of Theorem 3.1

Proof of Theorem 3.1. The proof of part (i) is based on the conditional multiplier central limit theorem,
namely, Theorem 2.9.6 in Van der Vaart and Wellner (1996), together with the weak convergence result

established above. For later use, define

>

S U(Dj = d)1(Vy < v)Kn(P; — B)
i 1(Dj = d)Ky(Py — B)

Fy\pp(v| Py, d; Ba, &) =

. (D.1)
feo(Bid) = = Y 1(D; = d)Kp(P; — B)
n =
Consider the infeasible multiplier process
VnUj (w) Zfzcd Y;, Dy, Zizw, , Ba). (D.2)

\le

By Theorem 2.9.6 in Van der Vaart and Wellner (1996), conditional on the original sample {(Y;, D;, Z;)}7 4,
VnUj (w) 7 Gu,(w) (), (D.3)

where v~ means that

sup |Ee[f(vnU3)] = E[f(Cu,)][ — 0
feBLy

and BL; denotes the class of all Lipschitz functions bounded by one.

It remains to show that the feasible bootstrap process U; (w) in (3.7) is asymptotically equivalent to
Uj(w) in (D.2). As both éé(Yi,Di,Zi;w,d,Bd) and CCIl(YZ-,DZ-,Zi;w,d,Bd) are Donsker classes by Lemma
E.1, it suffices to show that

su;;\/ﬁlﬁg(w;a,ﬁd) — Ug(w;a,ﬁd)‘ = 0p(1),
we

sufg\/ﬁ’Ug(w;&,Bd) — Uc’l‘(w;a,ﬂd)‘ = op(1).
WE7

(D.4)

To show the first line above, we decompose the difference \/ﬁ(U 7 (wsa, Bg)=Uj(w; a, Bg)) into three terms
that capture the nonparametric kernel estimation error and a correction term that captures the parametric
first step estimation effect. Specifically, we keep the parameters fixed at their true values and suppress

(a, Bg) from the notation in the subsequent decomposition.
V(U (w; a, Ba) — Uj (w; v, Ba))
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& [éé(YhDiaZﬁwvaaﬂd) — ¢h(vi, Dy, Zﬁ%%ﬁd)]

Sl= §l- §l- §-
1D 11

-
I
—_

-

& |1(Vii < v) = Fyip p(ol P )| 0 (0, 2,0)

& [1(Vai < ) — Fypp(v| Py, d)| ¥ (p, 2, d)

-

2@» [AdTl(Di,Zi;a) + Bl14(Yi, Zi; Ba, ) ] \Fi [ATI(Ds, Zs; ) + BJ1a(Yi, Zi; Ba, ) |
Bune) = Banl) — B) + Cu) _ (D.5)
where
Bia() =jﬁi_i1&-(1<vi <) ~ Fripo(0lP. ) (ia(P) — 1a(P)L(D; = d), (D.6)
o) = D& F61Ro) — Fe(e1R ) 0 2., 0.7)
Byn(w) =¢1525 (Evipp(olPod) — Foip (1P @) (a(P) — a(P)LDi =d). (D)
Culw) =V}Z£ (A = ADUDe Zis0) + (B — BDIulYis Zi fuver)| (0.9)

where 1q(P;) = E[¢i(p,z,d) | P = P;, D; = d] and let i4(P;) denote its NW estimator:

2j—1 Kn(Pi = Pj)ij(p, 2, d)
21 Kn(Pi = P) (Dj = d)

ia(P;) =

As both processes v/nUq(w; &, B4) and \/ﬁUd(w; @&, B4) form Donsker classes by Lemma E.1, it suffices to
show that the conditional variances of Biy(w), Bay(w), and Bsy,(w) given the original sample are all op(1).
Define

Api(w) i= Fyipp(v| Piyd) = Fyipp(v| Pid),  Au(w) = ia(P) — ta(P,).

By Assumptions A.2-A.4, both Ap;(w) and A;(w) converge to zero in L? norm and are uniformly bounded
in absolute value by a constant (say, two).

The conditional variance of By, (w), Ba,(w) and Bs,(w) on the original sample can be written as follows:

Varg(Bia(w) | 22) = = Y (1(Vi < v) = Fy p (o] Py d)*Ai(w)*1(D; = d)

S
INgh

~
Il
—

Varg(Ban(w) | 20) =~ 3 %5 (p 2, d)*Api(w)*1(D; = d) (D.10)

S|
0=

~
I
—_

Apl( ) A”-(w)Ql(Di = d)

S|
1=

.
Il
i

Varg(Bgn(w) | Zn) =

Notice that (1(V; < v) — Fv‘P7D(’U|P’L',d>)2 and ¥;-(p, z,d)? are uniformly bounded by a constant one.
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Therefore,

sup Varg(Bin(w) | Z,) < C sup Ai(w)? = 0p(1).

weW 5( ! ( ) | ) weWn,Lzl p( )

sup Varg(Bon(w) | Z,) < C sup — Z Api(w)® = op(1). (D.11)
weW wew N

sup Varg( Bs, (w Z < C sup Ayi(w) =0

sup (Ban(w) | weWnZ p(1).

Finally, the correction term C,(w) in (D.9) is 0,(1) uniformly in w once Ay and By are uniformly
consistent for Ay and By, respectively. Let r denote the size of a local joint perturbation of (a, 84). Inspect-
ing (B.4), the numerical coefficients are finite-difference approximations to derivatives of the conditional

CDF Fy|pp and of the joint distribution Fy pz p. The relevant local stability condition is

sup _ sup Fyipp(v|p,d; Ba, &) — Fyipp(v|p,d;Bg, )| < Cr.
PEXP; VEXV |(&,B4) (v, Ba)l <7
Both the fg-perturbation and a-perturbation are controlled by the continuous differentiability of Fypp
imposed in Assumption A.6(ii).

For the joint distribution term, use the representation
FV,P,Z,D(U>p7zad;Bd7a) = J J FV|P7D(U | D, d;/ﬁdaa) fZ|P,D(Z |]57 da a)fP,D(ﬁa da Oé) dZdﬁ
Xpn(—w,p] JXzN(—0,z2]

The preceding local stability bound, together with the bounded and smooth density terms in Assump-
tions A.2 and A.6, provides an integrable envelope, so dominated convergence justifies passing the local
derivatives through the integral. Hence the population finite differences converge uniformly to the deriva-
tives defining Ay and By. For the sample analogues, uniform consistency of FV‘ p,p and of the empirical
(smoothed) joint distribution estimator implies that each perturbed distributional object is uniformly close
to its population counterpart over (v, p, z, a, 84). Moreover, the associated empirical and kernel processes are
stochastically equicontinuous in («, 84) because of the boundary mass control by Assumption A.6. Therefore
the sample finite differences are uniformly close to the corresponding population finite differences.
Combining the bounds for Bj,(w), Ban(w), Ban(w), and Cp(w) yields

sug\/ﬁ U3 (w; o, Ba) — Uj(w; a, Ba)| = 0p(1). (D.12)

Next, since the class {Cé(Yi,Di,Zi;w,a,ﬁd) cwe W, (a,Bq) € Cq x Cg,} is Donsker by Lemma E.1,
the associated multiplier empirical process is asymptotically equicontinuous in («a, 84). Together with the

consistency of (&, Bd), this implies

su;;\/ﬁ U (w; &, Ba) — Ul (w; a, Ba)| = 0p(1). (D.13)
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Therefore,

sup yn Uj(w) = Uj(w)| = op(1). (D.14)

It follows that the feasible multiplier process \/ﬁU ; and the infeasible multiplier process y/nUj have the

same conditional weak limit. Hence,

VU (w) v\g» Gu,(w) in probability. (D.15)

This completes the proof of part (1).

The proof of part (ii) consists of two main steps: (1) establishing the bootstrap consistency for the copula

process, i.e., for each d € {0, 1},
G&,(N) = \F Z &M (Yi, Dy, Zis N, &, Bg) v Ge,(\) in probability in £%(A). (D.16)

and (2) verifying the consistency of the numerical LCM operator, so that the numerical delta bootstrap

method for directionally differentiable maps can be applied to the LCM gap operator 7g.

Step 1: Bootstrap consistency for the copula process.

Lemma E.2 establishes two facts for each d € {0,1}: (i) the class {¢}(;\) : A € A} is P-Donsker, and
(ii) the uniform asymptotic linear representation /n(Cyq—Cq)(\) = n= 237" | ¢M(Y;, Dy, Zis A\, a, Ba) +0p(1)
holds in ¢*(A). By the multiplier central limit theorem (Theorem 2.9.6 of Van der Vaart and Wellner (1996)),

the infeasible multiplier process therefore converges conditionally:

\F Z &M (Yi, Dy, Zis M, a, Ba) o Ge,(\) in probability in £*(A).
=1

To replace C]lV[ by the feasible version é C]l\/[ , it suffices to establish the La(P,) plug-in consistency

sup P, A (Y, D, Z3 N, G, Ba) — (Y, D, Z; N o, Ba) Y2 = 0,(1), (D.17)

since the multiplier maximal inequality applied conditionally on the data then gives sup |@6d A)-n"123 6N =

op(1).
To verify (D.17), first separate the influence function into a nonparametric copula component and a

parametric nuisance component:

Coa(Yi, Diy Zis My v, Ba) = 1(v1 < Vg < wa, Dy = d, Fp(P;) < u) — Cy(N)
- %C‘d(A){l(Fp(P@-) <u) — u, (D.18)
CH (Y3, Dy, Zis N, v, Ba) = 13 (Yi, Zis Ba, @) 05,Ca(N) + 1T (Ds, Zis ) 3aCa(N).

Consider first ¢ % . Let ¢ % denote the intermediate quantity obtained by replacing the nonparametric
ingredients (Vg;, P;, Cyq, Fp) with their estimates (Vdi,]-ﬁ’i, Cy, F P), while keeping the derivative coefficient
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0,Cgq(A) at its population value. The same argument used in the proof of Lemma E.2 implies
sup Po{Cio (V) = Cig (V) = op(1).
€

The fully feasible version é% differs from f% only by replacing 0,,Cy(\) with the numerical estimator
2uCy4(\). Hence
G (V) = Gy (V) = {2uCa(N) = 2uCa(WHL(FP(P;) < u) — u},

whose La(P,) norm is bounded by [8,Cq(A) — ,Cq(N)].

For Cé‘{[ , the feasible version ﬁ% replaces («, B4) by (&,ﬁd), the derivatives dg,Cq and 0,Cy by their
numerical perturbation estimators, and the influence functions [,l; by Z, lg. The Ly(P,) consistency of [
and Iy is guaranteed by Assumption A.1(iv), and the population derivatives 0,Cq and dg,Cy are uniformly
bounded over A by Assumption A.6. Hence the Lo(P,)-consistency of f éw for ¢ C]l\/[ follows once we establish

sup |0,Ca(N) — 0.Ca(N)| = 0p(1),
AEA

sup 108,Ca(A) = 98, Ca(N)]| = 0p(1), (D.19)
(S

sup [|0aCa(N) — 0aCa(N)| = 0p(1).
AeA

All three statements in (D.19) are therefore the only remaining verification; they are proved by the same

numerical perturbation argument.

(a) Uniform consistency of 0uCy. Write \ = (v1,v2,u) and estimate 0,Cy by the symmetric difference

quotient

N nr .
aqu(A) - g [Cd(vl’ V2, U + n_l/2) - Cd(vla V2, U — n_1/2):|7

with the obvious one-sided modification at the boundary. Then

sup [0,Ca(N) — 0.Ca(N)| < An + By,
AEA
where

A, = sup
AEA

Y

\éﬁ [Cd(vl, v, U + n71/2) — Cy(v1,v2,u — nfl/Q)] — 0y Cyq(N)

and

1 A A
B, = 5 Sup '\/ﬁ(Cd — Cy)(v1,v2,u +n"Y?) = \/n(Cyq — Cg)(v1,v9,u — nil/Q)‘ .
AeA

Under Assumptions A.2 and A.6, the copula function Cy(A) is continuously differentiable in u, with
a uniformly continuous derivative 0, Cy(\) over A; hence A, = o(1) by the mean-value theorem and the
uniform continuity of the derivative. Lemma E.2 implies that the empirical copula process /n(Cy — Cq)(A)

is asymptotically equicontinuous on A, so B,, = o,(1). Therefore the first line of (D.19) holds.

(b) Uniform consistency of 55d6‘d and 0,Cy. We give the argument for 03, Cy; the proof for 0,Cy is analogous,
with the additional ingredient that a-perturbations affect both the propensity score threshold and the rank

transform, whose stability is guaranteed by the quantile boundary-mass control implied by Assumption A.6.
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For the k-th component of 34, set a, = n~ /2 and estimate the derivative by the symmetric difference

quotient
A 1 1=~ oA . oA
di’k(}’d()\) = g [Cd()\; &, B + anek) — Cd()\; Q, By — anek)] .

n

Define the population counterpart centered at the estimated parameter values:

. 1 . .
ﬁgdkad()\) =5 [C’d()\; &, Bq + aner) — Ca(X; &, Bg — anek)].

n

Then
‘aﬁd,kéd()\) - aﬁd,kcd(/\§ «, 5d)‘
< ‘aﬂd,kéd(/\) - aﬁd,kéd()\)‘ + ’aﬁd,kéd()‘) - 6Bd,k0d()\; OA‘?BAd)’
+ ‘6,8(1’}605[()\; a, Bd) - ab’d,de()‘; «, /Bd)‘

The first term is a stochastic equicontinuity term B, j: it involves the difference of the empirical copula
process v/n(Cy — Cy) evaluated at perturbed residuals, and is 0p(1) uniformly in A by the asymptotic
equicontinuity established in Lemma E.2.

The second term is a deterministic bias term A, ;. Perturbing Bd by tanep shifts the residual cutoffs
by ta,X;r. Because Cy()\;a,b) is continuously differentiable in b with uniformly continuous and bounded
derivatives (Assumptions A.2 and A.6) and the perturbation step a,, — 0, the mean-value theorem gives
supx [ An ] = o(1).

The third term is op(1) uniformly in A by the consistency of (d,Bd) and the uniform continuity of

08,Ca(\; &, Bd) in its parameter arguments. Hence
sup |9, Ca(N) — 95,Ca(N)| = 0p(1),
AEA

and the same argument, incorporating the quantile boundary mass control, yields the analogous statement
for 0,Cy. This verifies the last two lines of (D.19).

With (D.19) established, the discussion above shows that gtéw is La(Py)-consistent for its population
counterpart. Hence the full plug-in consistency (D.17) holds, and the conditional weak convergence (D.16)

follows.

Step 2: Consistency of the numerical LCM operator

Lemma E.2 gives \/ﬁ((f’d—Cd) v Ge, in £°(A). Under HY, T4Cy = 0. The partial LCM gap operators
Tq are Hadamard directionally differentiable tangentially to C'(A); see Shapiro (1990) and Fang and Santos
(2018). Therefore the extended delta method for directionally differentiable maps (Proposition 2.1 of Fang
and Santos (2018)) gives the limit distribution of Ty, stated in the theorem.

For the bootstrap validity, we apply Theorem 3.2 of Fang and Santos (2018), which requires four condi-
tions: (i) the domain and range are Banach spaces (here {*(A) and R); (ii) the original estimator satisfies
a weak convergence statement (Lemma E.2); (iii) the bootstrap process consistently estimates the law of
the limit (established in Step 1 above); and (iv) the numerical derivative estimator 7 in (3.9) consistently
estimates the Hadamard directional derivative T; of Ty such that, for each h e C(A),
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Then, condition (iv) is verified by the Lemma S.3.8 of Fang and Santos (2018) as the tuning parameter x
in (3.9) satisfies Kk — 0 and 4/nk — 0.

When the contact set is empty, 500 and é,cl reduce to the identity map, so that 5co(h) = h and
0_c,(=h) = —h for every h € C(A). Hence To(h) = Oc,(h) —h = 0 and Ti(h) = 6_¢,(—=h) + h = 0, and
the delta method gives T —, 0. For any fixed n > 0, the regularized bootstrap critical value é?\/l,a is
asymptotically bounded below by 7, so Pr(Ty = & Ma) = 0.

(3) The conclusion of Theorem 3.1(iii) is the direct result of parts (1) and (2). O

E Lemmas and Intermediary Results

E.1 Asymptotic Null Distribution of Index Statistics

This subsection derives the asymptotic null distribution of Ty, which depends on the influence function of
the empirical process Ud(w). To characterize the influence function ¢ 5 , we introduce the following empirical

process for a generic parameter value (@&, Bd) € Cy x Cgy:

A~

Ug(w

3\*—‘

—a 2 |10 < 0) = FripoolPe i B )| (.. ), (E1)

where Vy; = Y; — X' B4, B = P(Z;, @), and (p, z,d; &) = 1(P; < p, Z; < 2, D; = d).
The next lemma formalizes the application of EJL14 to our process Ud(w) in (B.1).

Lemma E.1. Suppose H} in (3.2) holds, and let Assumptions A.1-A.5 be satisfied. Then, for each d € {0, 1},
the following statements hold.

(i) Uniform approximation. We have

sup  sup \/E|Ud(w;d,ﬁ~d) - Uj(w;d,ﬁdﬂ = 0p(1). (E.2)
WX (6,B4)eCaxCpg,

where the weighted empirical process UdL(w; a, Bd) is expressed as

Ud (w O‘aﬁd Z [ de = FV\P7D(U|pi7d§ Bd7d)] ¢7jl(pazada d)a

:\*—‘

(ii) Asymptotic linear representation. The process \/nUy(w) admits the uniform expansion

1 n
sup /n|Uq(w *Z (Yi, Di, Zizw, o, Ba)| = op(1), (E.3)
weW n: i=1
and hence
VnUy(w) wo Gy, (W) in (), (E.4)
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where Gy, (w) is a mean-zero Gaussian process with covariance function
E [Cé(}/la Di7 Zla w1, Q& IBd)Cé(}/;’ -Di7 Zla w2, a, ﬁd)] .

Consequently,

Ty oo e G () o (E:5)

Proof of Lemma E.1. The proof follows from Theorems 3.1 and 3.2 of Escanciano et al. (2014), which imply
parts (i) and (ii) of Lemma E.1, respectively. The only difference from their setting is that our empirical

process Uy(w; &, B4) contains parametric generated regressors, while no trimming indicator is needed here.

(1) For (&,B4) € Cq x Cg,, we first rewrite lAfd(w;d,Bd) by adding and subtracting the population
counterpart Fy|p p (v|]5i, d; Bd, &). This algebraic decomposition separates the empirical process term from
the kernel estimation term. Theorem 2.11.9 of Van der Vaart and Wellner (1996) will then be used to verify
stochastic equicontinuity of the former.

To verify the stochastic equicontinuity conditions, define

Zi(v) = jﬁ[ng,éd)  qu(P(Zi, &) | v, fas &) |i(p, 2 d @),

where v = (g,qq,¥) € ¥ =Ty x F x U, with
I; = {gi(v,gd) = 1(Y; — X B4 <v) : (v, Ba) € Xy x Cﬁd},
U= {wi(p,z,d;o?) 1B <p.Zi<2D;=d): (p2,&) € Xp x Xz x Ca}.

Here F" is exactly the function class introduced in Assumption A.5; we do not restate its definition. In
particular, for each (U,Bd,d), the map z — q4(P(z,a) | v,,@’d,d) belongs to F", and its estimator gy also
belongs to F" with probability approaching one by Assumption A.5.

With this convention,
L = (qudaw)a qd() = FV\P,D(U | 5 d; Bdad)v

corresponds to the population conditional CDF along the composite map, and
U= (quAdaw)a Qd() = FV\P,D(/U | '7d; Bdad)v

to the kernel estimator.

Let vi = (91, qa1, 1) and V2 = (g2, g4, 2) and define p(v1,v2) be the semimetric

P2(U1,U2) =|g1 — 92||% + |lga1 — Qd2”§o + [lv1 — ¢2H§

To apply Theorem 2.11.9, we verify the following conditions.

(a) Envelope and Lindeberg condition. Since /nZy;(v) is bounded by a constant one as both the indicator
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and the weighting function are bounded by one, we have
n
D Elsup| Zni(v)[1(sup [ Zni(v)| = 6)] < 0
i=1 v v

This yields the required Lindeberg-type condition for the triangular array.

(b) Local oscillation bound. For a fixed vi = (g1,qq1,%1) and V2 = (g2, ¢42,%2) such that p(v1,v2) < 9,
the gg component is O(J) by the Lipschitz property in Assumption A.5. For the indicator components,
perturbations in (4 or (p, @) change g; or 1; only when an observation lies within an O(8) neighborhood of
the relevant threshold; the boundary-mass bounds implied by Assumption A.6 therefore yield the same Lo
order. Hence,

i Bl sw | Zu(v1) = Zu(v2) 2] < 8%

i=1  p(L1,V2)<6

This is the asymptotic equicontinuity modulus required by the theorem.

(¢c) Entropy bound. It remains to verify that Nj(e, T, |.|2) is bounded by three components: the indicator

class in Zy, the smooth class F", and the class of weighting functions ¥ indexed by (p, z, &) as following:
Np(e, T, p) < Ny(e,Za, [ -2) x N(eC, F7, [ w) x Ny(e, ¥, [.]2)

where Z; and ¥ are the indicator classes defined above. Each class is obtained by composing a threshold
indicator function with a finite-dimensional parametric index: Y;—XZ-T By for Z; and P(Z;,a) for . Therefore,
both bracketing numbers Nj(¢,Zq, | - [2) and Npj(e, ¥, | - [l2) are of polynomial order in e L.

To control Njj(eC, F",|| - [o), note that under Assumption A.5(c), the v-dimension can be truncated to
[— M., M,] with uniformly negligible error. Since in Assumption A.5 the Holder smoothness is imposed only

in p, uniformly over (v, B4, &), we obtain

N[](GC’]:W’ H : HOO) < N(Ea Ca X Cﬁd X [_ME7M€]7‘ ’ D X N(E, Cn<XP)a H ' HOO)

1

The first term is of polynomial order in e~*. Moreover, by the uniform exponential tail condition in As-

1

sumption A.5(c), the truncation level M, need only grow at a logarithmic rate in €™, so its contribution is

asymptotically negligible relative to the polynomial entropy bound. Moreover, it is well known that for the
Hoélder ball C"(Xp), log N (e, C"(Xp), | - [) < (1/€) . Therefore,

1
f 4/10gN[](6,T,p)d€ < 0.
0

(d) Consequence. It follows from Theorem 2.11.9 of Van der Vaart and Wellner (1996) that the empirical

process
= (Zm(v) — E[Zm(v)]>
i=1

is asymptotically stochastically equicontinuous on (Y, p). In particular, consider 0 = (g,Gq, %) and v =
(97Qd7¢) such that ,0(13,1)) -0,
Gn(0) — Gp(v) = 0p(1). (E.6)
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Hence, we can decompose Ud(w; Ba, &) as the sum of an empirical process term and a term capturing the

difference between the kernel estimator FV‘ p,p and the true function Fypp as following:

ViUa(w; Ba. & Z[ (Vas < 0) = Fy1pp (0l Py ds B, @) |0up, 2, d; &) -

—V/nEz, [( vip.o (V| Pr, d; By, &) — Fyp.p(v| Py, d; Ba, &))i(p, 2, d; 07)] +op(1).

where Ez denotes the conditional mean on the original sample Z,, henceforth, Fz [§(X)] = E[§(X)|Z,],
and the remaining task is to linearize the second term involving the kernel estimator Fv| p,p in further steps.

For all Bd € Cg, and a € C,, we want to show that

\/ﬁEzn [(FV|PD(U|Piad§ Ba, &) — Fy\p.p(v|Pi, d; By, &@))i(p, 2, d; 04)]
n
2 {1(Vas < 0) = Fyip p(0] P ds fa, @)} ra( P, @)1(D; = d) + 0, (1),
where 14(P;, &) denotes E[vi(p, z,d; &) | P.,D = d].
The above projection step, which converts the nonparametric estimation effect into an influence-function
representation, is a general result for nonparametric conditional mean estimators (see, e.g., Newey (1994);
Escanciano et al. (2014)). The argument below for establishing (E.8) follows the same kernel linearization

steps as in the verification of A.20 in Escanciano et al. (2014). The key ingredients are Assumptions A.4

and A.5, which control the bias of the kernel estimators so that

Vi (Fy p,p(v|P,d; By, &) — Fypp(v| P, d; By, &))
= fY(P.d; d)[Twp,D(le, d; B4, @) — Ty|p.p(v| P, d; Ba, @) (E.9)

— Fyipp(0lP,d; 50, @) (F(P.d; @) — F(P,d; @) | + 0,(1),
where

Ty p,p(v| P, d; Ba, &) = Fy|pp(v|P, d; Bg, &) f (P, d; &),

n

A .1 s ~
Ty pp(v| P, d; By, &) = - Z 1(Vy <v,D; = d)Kp(P — B),
Y 1(D; = d)Eu(P - P).

Using (E.9), we can rewrite (E.8) as

ViEz, |(Fyip.p (0 P.d; f1,3) = Fyip.p(vlP,d: B, 6))i(p, 2, d: ) |
= \/ﬁf [Ty, (v]p, d; Ba, &) — Ty p,p (v|p, d; Ba, &) |ea(p; &) dp (E.10)

Vi [ By, d: s ) F(5. 4 8) = 5. ) 3) dp + 0,1). (E.11)
where, with a slight abuse of notation, we write 14(p; &) = E[¢i(p, z,d; &) | P; = p, D = d.
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By Assumptions A.4 and A.5 on the bandwidth and kernel function, the bias term between Ty, p p (v[p, d; Ba, @)
and E[Tv“:t’D(U‘ﬁ, d; Bg, @)] is o(n~/2) uniformly over (B4, &). Hence,

\/ﬁf [Ty p.p (0[P, d; Ba, &) — Ty p,p (v]P, d; Ba, &) |ea(p; &) dp
= \/ﬁj [TV\P,D(UMZ da Bd? &) - ETV|P,D(U|]§7 d, Bda d)]Ld(p7 ) dp + Op(l) (E]_Q)

—7r S {POLTas < 0,01 = ) = Bl PILD, = DFvpnlal Pt ] + 1),
Similarly,

Vit | By o (vlp.ds a. ) (F(p.d: 6) — (5. s 0)ea(pi ) dp
= L S {PILD, = )Ry (0l 5an3) — E[aPOLD: = d)FyyppelPdifana)] | (B9
coy(1).

Combining the two displays yields (E.8) holds. This establishes the desired claim.

(2) To establish part (ii), set (&, Bd) for specific values of (d,ﬁd). By part (i),

VnUy(w) %Z{ (Vai <) — Fyp,p(v| B, d; Ba, )}%(I%Z d; &)
1 121 (E.14)
== Z { (Vai <v) — Fypp(v| 55, d; Ba, )}w (p, z,d; &) + op(1)
=1

To further decompose this empirical process, we follow equation (4) in Escanciano et al. (2014) and write

n
Z{ — Fyipp(olP, ds fa, @)} v (p, 2, d; )
i
. 1 .
221 (Vai <) = Fyipp (v P, di Ba, 0) } o (p, 2,5 o) (E.15)
D J- 3., A L CA
+ \/EEZn [{1(le < U) - FV|P,D(U‘PLJ d7 /Bda 04)}1/11 (p7 z, d7 O[)
~ {10V < 0) = Fyip p (01 Py, ds By 0) Jot (0,2, s ) |-
This decomposition separates the leading empirical process from the contribution of the generated regressors.

In our setting, the latter only depends on parametric first-step estimators (&, Bd).

Let the second term on the right-hand side of (E.15) be decomposed as

Ann(@) =VnBs, [{1(Va < v) = 1(Va <0) v (b2, 0) | (E.16)
Asn(w) = = Bz, | { Fripp(0|B, d: fa, &) = Fipp(0l Py ds a,0) 0 (0, 2,56) |, (BT)
Asp(w) = —vVnEz, [{1(Va <v) — Fyipp(v|P;, d; Ba, ) }
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< {1 (p, 2, d; &) — Ui (p, 2, dy ) }] . (E.18)

A

For the term in (E.16), consider 17" (p, 2, d; &) = v4(p, 2, d; &) —14(Ps; &) 1(D; = d), a first-order expansion
yields
Arp(w) :\/EEZn [{1(‘7 —1(Vy < }wz (p, 2, d; &) ]
- VnEz, [{1% <v) = 1(Va <)} tal P @)1(D; = )]
=vn(Bq — 5d>T[aBdFV,P,Z,D(va7 z,d; g, )

- E{aﬁdeP,D(mpi, d; B4, @) 1a(Pi; @) 1(D; = d)}] + 0p(1).

(E.19)

For the second term on the right-hand side of (E.19), the law of iterated expectations gives:

VnEz, [{1( % —1(Vy < }Ld Pz,a = d)]
—VnEsz, [E (1(17,% v) — 1(Vyg; <) | P, D; _d) va(Bi; &)1(D; :d)]

N

—Vi(Ba— Ba) Bz, |05, Fvipp (0l Piy i B, d)eal( P 6)L(D; = d) | + 0,(1).

The second equality in the display above follows from a first-order Taylor expansion of Fy/|p D(v|]5i, d; By, Q)
around (P, 34,a) and the continuous differentiability of Fy,p p(v|P,d; B4, ) under Assumption A.2 and
AL6.

Next, the term in (E.17) reflects the effect of estimating both o and By inside Fy|p p(v|P,d; Ba, ). A

first-order expansion gives

AQn(w) == \/EEZn [{FV\P,D(U|}A)Z'7 d; Bd? @) - FV|P,D(U|P1'7 d; Ba, Oé)} d}zl(p, z,d; d)]
= —V(Ba — Ba) " {08, Fvp,0(v|Piy d; B, @)t (p, 2, d; )} (E-20)
- \/ﬁ(& - a)TE {aOzFV|P,D(/U|Pi) da Bd) a)lr[}zl(pv 2, da O{)} + Op(l)‘

Finally, the term As,(w) in (E.18) is 0,(1) because
E[1(Vgy <v) — Fyipp(v|Ps,d; Ba, @) | P, Zi, Dy = d] = 0,
Combining (E.16)—(E.18) yields
A (W) + Agn(w) + Azn(w)

:\/H(Bd - Bd)T [aﬁdFVPZD(U7p7 2, d;/Bda Oé) - E{aﬁdFV|PD(U|Pi7d; 6d7a)wi(pv Z, dv OZ)}]
_\/>( E{a FV|PD(U|P27d/Bd7 ¢ (p,ZdOé}+0p )

Q- a)
Z |0, Fvp,0(0, 0,2, ds Ba, @) = E{0F, Fyip p (0] P ds fa, )i (b, 2. ds ) } LY, Zis Ba)
1

n

Z {04 Fy1p.p(v| Py, d; Ba, )i (p, 2, d; @) } U(Di, Zis @) + 0p(1).

(E.21)
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where the second equality follows from the asymptotic linearity of the first-step estimators in Assump-
tion A.1(iv).

It remains to verify that the influence-function class
Zi ={CiGw,0,0) rwe W'}
is P-Donsker. Write Zé as the sum of three classes,
chl,o = {[1(Vd <wv)— Fv|P’D(’U|P, d; B, a)] wL(p, z,d;a) s w e “//} ,

zia = {Ayw)" (D, Z;a) cwe W}, zjﬁ = {Ba(w) (Y, Z; Bay ) rwe W}

Under Assumption A.1(iv), the first step estimators admit fixed asymptotic linear representations with
influence functions I(D, Z; «) and 14(Y, Z; B4, ) that are square integrable. This condition already incor-
porates the regularity of any nonparametric nuisance estimators used to obtain the Robinson first-step
estimator. Hence, in the present Donsker verification, [ and l; are treated as fixed population influence
functions, while the indexing over w enters only through the scalar coefficient functions Ag(w) and Bg(w).
Because « and [ are finite-dimensional and A4(w) and Bg(w) are bounded and uniformly continuous over
w, the classes Zi ., and Z(i 5 are finite-dimensional linear spans of fixed Lo(P) functions and are therefore
P-Donsker.

Indeed, the first class chl o is a bounded product class of the residual component

%d,l = {1(Vd < 'l)) - FV|P,D(U’P7 d, Bd,a) TV E Xv}
and the weighting component

Hd,? = {wl(P,%d; Oé) : (pa Z) € XP X XZ}

For Hg4 1, the integrability of the bracketing entropy follows directly from the entropy bound for F7
established in part (1) and the fact that Fy,p p(v|-, d; B4, @) € F by Assumption A.5. Also, for the weighting
class Hg 2

{ (p, 2, d; @) : (p,2) € Xp x Xz}

has the same entropy order as the VC class ¥, up to the projected component tq(P). By definition,
1(P) = 1(P <p)G(z| Pia),  G(z|pa)i=Pr(Z<z|P=p,D = d),

and Assumption A.5 implies that G(z | ;) € G". Hence the projection term is obtained from a bounded
indicator class multiplied by a class with the same entropy order as G”, so it does not alter the integrability
of the bracketing entropy.

Since Zé,o = Ha1 - Ha2 is a bounded product of two classes with integrable bracketing entropy, its

bracketing entropy is again integrable. Therefore,

1
f \/IogN[](e, 210, Lo(P)) de < oo.
O k)
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This proves part (ii). In addition, the same entropy argument also applies to the feasible analogue
obtained by replacing Fypp and G with FV| p,p and G, since these estimators belong to F" and G" with
probability approaching one. O

E.2 Asymptotic Null Distribution of Monotonicity Statistics

To derive the asymptotic null distribution of T, we first establish the weak convergence of the empirical
copula process 1/n(Cy(\) — C4(N)) as follows:

Lemma E.2. Under Assumptions A.1, A.2, and A.6, for d € {0,1},

sup V(o) ~ Cal) - = D (5D i A 30| = (1), (E:22)
where
G (Yi, Dy, Zis M o, Ba) = v < Vi < vz, Di = d, P < Fp' (w)} — Cy(N)
— 0uCa(N{1(P; < Fpt(w)) — u}
+ U(Dy, Zi; @) T00Ca(N) + 1a(Yi, Zi; Bay ) T 05,Ca(N).
Furthermore,

Vi(CalX) = CaN) wo G, (V) in 12(A), (E.23)

where Gc,(\) denotes a zero mean Gaussian process with covariance structure

E[¢Y (Yi, Dy, Ziy M, o, Ba) Y (Yi, Diy Ziy Moy v, Ba)]

Proof. Let P, denote the empirical measure and let G,, = \/n(P, — P). For A = (v1,v2, u), define
AY,D, Zya,bt) =1{v; <Y — X'b<wy, D=d, P(Z;a) <t}

where the rank u and the propensity threshold ¢ are linked by u = Fp(t;a) (equivalently ¢t = Fp'(u;a)). In
Steps 1-2 below, t varies freely and u is understood through this relation; in Steps 3-5, u is the primary

variable and ¢ is set to the corresponding quantile.

Step 1: Empirical process regularity. Consider the two classes
Gp ={1(P(Z;a) <t):(a,t) e Cy x Xp},
and
Fa={M(Y.D,Z;a,b,t) : A€ A, (a,b,t) € Cy x Cg, x Xp}.

By Lemmas 2.6.15, 2.6.16, and 2.6.18 of Van der Vaart and Wellner (1996), the propensity-score threshold
class Gp is VC-subgraph. Indeed, P(Z;a) is a finite-dimensional parametric transformation of Z, and the
sets {z : P(z;a) < t} are generated by thresholding this parametric index over (a,t) € Cy x Xp. The
same argument applies to the residual threshold classes {1(Y — X Tb < v) : (v,b) € Ay x Cg,}. Therefore,
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1{v; < Vy(b) < v} is the intersection of two such threshold classes and is VC-type. Since D = d is
a fixed treatment indicator, the class Fy is formed by finite intersections of the treatment indicator, the
residual threshold sets, and the propensity score threshold set. Finite intersections of VC-subgraph classes
are VC-type. Hence both Gp and F; are pointwise measurable, uniformly bounded, and P-Donsker.

The boundary mass bounds implied by Assumption A.6 give Lo(P)-continuity of these classes in their
finite-dimensional indices. For example, perturbing v1, vs, b, a, or t only changes the indicator on sets where
either Y — X b is close to a residual boundary or P(Z;a) is close to a propensity-score boundary. These
sets have probability of order equal to the perturbation size. Therefore, the Donsker processes indexed by

Gp and F; are stochastically equicontinuous in the relevant parameters.

Step 2: Quantile expansion. By the Donsker property and stochastic equicontinuity of Gp, together

with the first step expansion for &,

sup |vn{Ep(t; &) — Fp(t; )} — Go{1(P(Z;a) < t)} — 0 Fp(t; ) "v/n(d — a)| = 0,(1).

teXp

By Assumptions A.1(iii), A.2, and A.6, fp(-;«) is bounded away from zero on Xp. The standard Bahadur
representation for empirical quantiles (Lemma 3.9.23 of Van der Vaart and Wellner (1996)) applies on
compact subsets of (0,1). At the endpoints u = 0 and v = 1, the empirical copula process and the rank-
correction term are handled directly by their boundary values. Stochastic equicontinuity on A (Step 1) then

extends the interior representation to the closed interval [0, 1].

. Vi(Fpt(u;é) = Fpl(u o)) + fp' (Fp'(u )

X [Gn{l(Fp(P; @) <u) —u}+ 0o Fp(Fp Yus a); a)T\/ﬁ(d - a)]‘ = op(1).

Step 3: Decomposition of the copula process. For each A\ = (v1,va, u),

Vi{Ca(A) — Ca(N)} = GuA(Y, D, Zs v, By, Fp  (u; )
+\/H{PfA(Y,D,Z;Oé,5d, Fpt(u;a)) — PA(Y, D, Z;a, Ba, Fpt (u; )} + (M),

where

rn(N) = Gu{ (Y, D, Z; &, Ba, Fp ' (u; &) — £A(Y. D, Zy o, Ba, Fp (u; )}

The stochastic equicontinuity established in Step 1, together with (@,Bd,ﬁgl(‘;d)) —p (a,ﬁd,Fgl(-;a)),
gives

sup [ (A)] = 0p(1).

AeA

Step 4: Drift expansion. Since

t
Pf/\(}/a Da Z;aab7t) = Hd(vlaUQat;avb) = J [FV|P,D(U2 | p, d7 ba CL) - FV\P,D(’Ul | p, d7 b7 (Z)] fP,D(p, da CL) dp?
0
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the differentiability of H; implied by Assumption A.6 gives the uniform first-order expansion

VI{PFA(Y, D, Z; 6, Bg, Fp (u;6)) — PA(Y, D, Z; v, Ba, Fp ' (u; )}
= 8aHd(vl,vg,FP1(u a);a ﬁd)Tf(a —a)+ 55de(v1,vg,FP (u;); Bd)T\f(ﬂd — B4)
+ 0 Hg(v1,v2, FP (u; a); a,ﬁd)\/ﬁ{FP (u; &) — Fpl(u; a)} + op(1),

uniformly in A € A.

Substituting the quantile expansion from Step 2 and using

atHd(UbUQ)F];l(u; a)’a>ﬁd) fP( (U Oé) )aqu()\),

we obtain
Vi{P{A(Y, D, Z; &, By, Fpt (u; &) — PAA(Y, D, Z; v, Ba, Fp' (u; )}
= 35,Ca(N) 'Vn(Ba — Ba) + 0aCa(N) V/n(d — a)
— 0uCa(NG{1(P(Z;a) < Fpl(u;a)) — u} + 0p(1),

where 0,Cy is the total derivative defined above.

Step 5: Influence function representation. Substituting the asymptotic linear representations of &

and Bd into the display in Step 4 and combining with the empirical-process term from Step 3 gives

n

Va{Ca(N) — 2 (Yi, Dy, Zi; X, v, Bq) + 0p(1)

uniformly in A € A.

Finally, the influence-function class is the sum of a VC-type centered indicator class, the rank correction
class {0,C4(N\)(1(P; < Fp'(u;a)) —w) : A € A}, and finite dimensional linear spans of the first step influence
functions multiplied by bounded smooth coefficients. These classes are Donsker under the conditions above
and the moment conditions implicit in the first step linear representations. Hence the uniform expansion
implies weak convergence in ¢*(A) to the Gaussian process stated in the lemma.

O

F Simulation Results: All Significance Levels

This appendix reports the full simulation results at the 1%, 5%, and 10% significance levels. Tables 1, 2,

and 3 correspond to Tables 1, 2, and 3 in the main text, respectively.
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Table 1: Simulation Results for Size (All Significance Levels)

DGP Test 0.01

n = 200
0.05

0.10

0.01

n = 500
0.05

0.10

0.01

n = 1000
0.05

0.10

0.01

n = 2000
0.05

0.10

N1

0.008
0.000

Trax  0.000

Tyum  0.000
Tpe  0.005

0.044
0.002
0.002
0.006
0.024

0.091
0.008
0.009
0.020
0.046

0.005
0.000
0.001
0.001
0.003

0.043
0.002
0.007
0.004
0.020

0.078
0.009
0.016
0.016
0.044

0.003
0.000
0.000
0.001
0.001

0.041
0.002
0.013
0.005
0.019

0.077
0.005
0.026
0.014
0.043

0.013
0.000
0.007
0.001
0.009

0.059
0.002
0.039
0.008
0.032

0.113
0.013
0.077
0.024
0.061

N2

0.014
0.000

Taax  0.000

Tyum  0.001
Tee  0.009

0.056
0.002
0.004
0.008
0.026

0.112
0.010
0.014
0.021
0.058

0.008
0.000
0.001
0.002
0.005

0.040
0.002
0.004
0.013
0.025

0.084
0.009
0.018
0.025
0.042

0.008
0.000
0.002
0.002
0.005

0.054
0.004
0.012
0.010
0.033

0.099
0.012
0.046
0.027
0.058

0.010
0.000
0.006
0.003
0.006

0.043
0.002
0.027
0.013
0.022

0.076
0.009
0.050
0.024
0.045

N3

0.002
0.000

Thvax  0.000

Tyum 0002
Tse  0.001

0.046
0.003
0.003
0.008
0.018

0.092
0.022
0.021
0.025
0.048

0.008
0.000
0.000
0.001
0.006

0.050
0.005
0.005
0.011
0.026

0.094
0.026
0.028
0.039
0.055

0.014
0.001
0.002
0.005
0.011

0.058
0.016
0.019
0.026
0.040

0.109
0.029
0.044
0.055
0.074

0.008
0.002
0.001
0.003
0.007

0.046
0.016
0.021
0.017
0.027

0.090
0.033
0.047
0.042
0.061

N4

0.005
0.000

Tavax  0.000

jjsum 0.002
Tgc  0.004

0.039
0.011
0.011
0.015
0.023

0.081
0.040
0.042
0.039
0.049

0.004
0.000
0.000
0.001
0.002

0.035
0.023
0.023
0.021
0.023

0.083
0.060
0.057
0.056
0.057

0.011
0.004
0.004
0.004
0.014

0.049
0.032
0.032
0.034
0.047

0.091
0.076
0.077
0.087
0.081

0.014
0.009
0.010
0.009
0.017

0.056
0.050
0.048
0.058
0.057

0.099
0.102
0.099
0.114
0.102

Table 2: Power Performance under Violations of H} (All Significance Levels)

DGP

Test 0.01

n = 200

0.05

0.10

0.01

n = 500

0.05

0.10

0.01

n = 1000

0.05

0.10

0.01

n = 2000

0.05 0.10

ALT1(I)

ALT2(I)

ALT3(I)

ALT4(T)

T 0.068

A

Ty 0.000
Thvax  0.002
Tsum  0.004
Tse  0.046

0.178
0.005
0.020
0.041
0.125

0.285
0.013
0.037
0.093
0.181

0.282
0.000
0.069
0.059
0.230

0.535
0.000
0.205
0.212
0.428

0.663
0.007
0.312
0.315
0.535

0.686
0.001
0.505
0.315
0.624

0.876
0.006
0.740
0.613
0.807

0.936
0.011
0.831
0.738
0.876

0.991
0.005
0.980
0.872
0.982

0.998 1.000
0.025 0.041
0.998 0.999
0.971 0.984
0.998 0.998

Ty 0.025
Ty 0.000
Tavax  0.001
Tsum  0.003
Tse  0.018

0.106
0.002
0.011
0.022
0.060

0.202
0.007
0.020
0.047
0.108

0.067
0.000
0.011
0.008
0.046

0.227
0.005
0.044
0.049
0.135

0.364
0.009
0.101
0.111
0.229

0.290
0.000
0.152
0.064
0.229

0.646
0.006
0.420
0.232
0.498

0.788
0.015
0.587
0.386
0.649

0.892
0.001
0.849
0.541
0.835

0.991 0.997
0.010 0.021
0.982  0.994
0.843 0.934
0.974 0.991

i 0.015
Ty 0.000
Tavax  0.000
Tsum 0.001
Tse  0.011

0.062
0.000
0.002
0.014
0.038

0.134
0.010
0.013
0.036
0.062

0.019
0.000
0.000
0.003
0.014

0.102
0.005
0.015
0.026
0.055

0.201
0.017
0.034
0.061
0.107

0.089
0.000
0.026
0.012
0.064

0.313
0.005
0.107
0.107
0.186

0.480
0.023
0.207
0.194
0.316

0.452
0.000
0.340
0.158
0.386

0.802 0.915
0.012 0.030
0.690 0.815
0.467 0.639
0.692 0.807

i 0.007
Ty 0.000
Tavax  0.000
Tsum  0.000
Tse  0.003

0.047
0.002
0.003
0.005
0.029

0.085
0.008
0.011
0.015
0.049

0.007
0.000
0.001
0.002
0.006

0.051
0.004
0.010
0.007
0.025

0.105
0.008
0.025
0.022
0.055

0.030
0.000
0.011
0.004
0.020

0.122
0.003
0.066
0.032
0.081

0.223
0.006
0.113
0.061
0.124

0.176
0.000
0.145
0.027
0.133

0.457 0.620
0.000 0.008
0.390 0.539
0.136  0.256
0.319 0.457
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Table 3: Power Performance under Violations of HJ!

(All Significance Levels)

7 =200 7 =500 7 = 1000 7 = 2000
DGP Test 0.0l 0.05 010 001 005 010 001 005 010 001 005 0.10
T, 0014 0.062 0107 0010 0.053 0.106 0.005 0.041 0.099 0.009 0.057 0.118
Ty 0256 0.666 0.825 0.973 0.998 1.000 1.000 1.000 1.000 1.000 1.000 1.000
ALTIM) A 0256 0.665 0.826 0973 0998 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Toum 0.184 0532 0.715 0.921 0.991 0.999 1.000 1.000 1.000 1.000 1.000 1.000
Tge  0.189 0.528 0.687 0.955 0.998 0.998 1.000 1.000 1.000 1.000 1.000 1.000
T, 0010 0.060 0113 0.007 0.056 0.102 0.013 0.046 0.098 0.014 0.054 0.100
Ty 0.001 0.016 0.044 0.047 0.223 0.383 0.540 0.926 0.980 0.997 1.000 1.000
ALT2(M) 7 0001 0.017 0049 0045 0201 0.357 0474 0.883 0.960 0994 1.000 1.000
Tsum  0.005 0.029 0.082 0.028 0.155 0.284 0.239 0.687 0.848 0.890 0.998 0.999
Tge  0.009 0.041 0.076 0.030 0152 0.272 0416 0.818 0.928 0.993 1.000 1.000
T,  0.008 0.060 0111 0010 0.055 0102 0.016 0.042 0.094 0.011 0.067 0.105
Ty 0.000 0.010 0.046 0.013 0.084 0.164 0.045 0.207 0.362 0.216 0.491 0.658
ALT3(M) 7 0000 0.010 0.046 0013 0.081 0.161 0045 0211 0352 0210 0474 0.635
Toum 0.001 0.024 0.068 0.006 0.056 0.141 0.026 0.157 0.281 0.118 0.368 0.543
Tge  0.005 0.027 0.070 0.013 0.071 0.137 0.044 0151 0.242 0.176 0.384 0.530
T, 0.009 0.043 0077 0007 0042 0091 0.009 0.056 0.100 0.011 0.055 0.105
Ty 0.000 0.010 0.033 0.004 0.027 0.067 0.022 0.100 0.207 0.124 0.460 0.672
ALT4M) A0 0000 0.011 0034 0003 0029 0.068 0.020 0.096 0.195 0.099 0.390 0.606
Tsum 0.001 0.013 0.036 0.004 0.025 0.068 0.012 0.076 0.161 0.049 0.232 0.418
Tge  0.006 0.028 0.052 0.007 0.034 0.069 0.025 0.067 0.152 0.097 0.318 0.504
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