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This supplemental appendix contains auxiliary lemmas, proofs of the main theorems, and additional
results presented in the main text.

A Assumptions

This appendix presents the assumptions used to establish the asymptotic properties of the proposed tests.
Throughout, ù denotes weak convergence in the sense of Hoffmann-Jorgensen. For a set D, let CpDq

denote the space of continuous functions on D and let l8pDq denote the space of bounded functions on D
equipped with the sup norm }f}8 “ supxPD |fpxq|. We use } ¨ }2,µ for the L2pµq norm, write } ¨ }2 when the
measure is clear from the context, and let | ¨ | denote the Euclidean norm.

To formalize the asymptotic arguments, we impose Assumptions A.1–A.5, which are slight modifications
of Assumptions 1–6 in Escanciano, Jacho-Chávez and Lewbel (2014, EJL14 hereafter). Because Assump-
tion A.1(iii) keeps the denominator in the kernel estimators bounded away from zero and the generated
regressors in our setting are parametric, we do not require EJL14’s Assumptions 7–11, which are mainly
used to accommodate random trimming indicators and nonparametrically generated regressors. In addition,
Assumption A.6 is added to control the effect of estimating the residuals and the propensity score quantile
transformation in the copula based process.

Assumption A.1. (i) The sample observations tpYi, Zi, Diquni“1 are a sequence of i.i.d. variables distributed
as pY, Z,Dq, where Zi “ pXi, Z0iq. (ii) The parameter spaces Cα and Cβd

for d P t0, 1u are compact, and the
true parameters α P Cα and βd P Cβd

, respectively. (iii) For all α̃ P Cα, d P t0, 1u and p P XP Ă p0, 1q, the
joint density of pP̃,Dq, where P̃ “ P pZ, α̃q, satisfies fP,Dpp, d; α̃q ě ϵ for some ϵ ą 0. (iv) The estimators
α̂ and β̂d satisfy the following asymptotic linear expansions:

?
npα̂ ´ αq “

1
?
n

n
ÿ

i“1

lpDi, Zi;αq ` opp1q,
?
npβ̂d ´ βdq “

1
?
n

n
ÿ

i“1

ldpYi, Zi;βd, αq ` opp1q, (A.1)

where lp¨q and ldp¨q denote the influence functions such that ErlpDi, Zi;αqs “ 0 and ErldpYi, Zi;βd, αqs “ 0,
and the covariance matrices ErlpDi, Zi;αqlJpDi, Zi;αqs and ErldpYi, Zi;βd, αqlJd pYi, Zi;βd, αqs exist and are
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positive definite. There exist estimators l̂ and l̂d that satisfy

1

n

n
ÿ

i“1

}l̂pDi, Zi; α̂q ´ lpDi, Zi;αq}2 “ opp1q,
1

n

n
ÿ

i“1

}l̂dpYi, Zi; β̂d, α̂q ´ ldpYi, Zi;βd, αq}2 “ opp1q.

Also, the stochastic equicontinuity conditions for the nonparametric nuisance estimators used in the displayed
influence function expansions are satisfied.

Assumption A.1(ii) is enough to restrict the class size of generated regressors. Assumption A.1(iii)
implies fP,Dpp, d; α̃q is bounded away from zero across the entire support range of the propensity score in
both the treated and control groups for all α̃ P Cα. This requirement is inherently satisfied if the marginal
treatment effect, MTEpx, uq, is identifiable for every u within the interval XP .

Assumption A.1(iv) is a high level asymptotic linearity condition for the first step estimators. It is
satisfied for standard parametric propensity score estimators and for the Robinson estimator of the par-
tially linear specification in (2.6), under the usual regularity, undersmoothing, and stochastic equicontinuity
conditions for the nonparametric nuisance estimators. The discussion below sketches the verification for
standard probit and Robinson first step estimators; the formal test validity only requires the high-level
representations in Assumption A.1(iv).

For the propensity score, consider a probit specification P pZ;αq “ ΦpZJαq for example, where Φp¨q

denotes the standard normal distribution function. Suppose that α̂ is the maximum likelihood estimator
with influence function

lpDi, Zi;αq “ Ipαq´1ϕpZJ
i αqtDi ´ ΦpZJ

i αqu

ΦpZJ
i αqt1 ´ ΦpZJ

i αqu
Zi, (A.2)

where ϕp¨q is the standard normal density and Ipαq is the Fisher information matrix.
With the parameter in propensity score function α̂ at hand, we next discuss the influence function

for the estimator of the slope parameters β “ pβ0, β1 ´ β0qJ in (2.6). Write Pipα̂q “ P pZi; α̂q and de-
fine the partialled-out variables Y̊ipα̂q “ Yi ´ EpYi | Pipα̂qq, X̊ipα̂q “ Xi ´ EpXi | Pipα̂qq, and Ripα̂q “

pX̊ipα̂q, Pipα̂qX̊ipα̂qqJ. The Robinson estimator for β solves the sample analogue of

E
”

Ripα̂q

!

Y̊ipα̂q ´ X̊ipα̂qJβ0 ´ Pipα̂qX̊ipα̂qJpβ1 ´ β0q

)ı

“ 0.

Evaluated at the true parameter α, and treating the propensity score as known, the influence function of β̂
is

lRob
β pYi, Zi;β, αq “ S´1

RRpαqRipαq

!

Y̊ipαq ´ X̊ipαqJβ0 ´ PipαqX̊ipαqJpβ1 ´ β0q

)

, (A.3)

where SRRpαq “ E
“

RipαqRipαqJ
‰

.
Because Pipαq “ P pZi;αq is replaced by Pipα̂q “ P pZi; α̂q in practice, the influence function must also

account for the first-step estimation of α. Hence

lβpYi, Zi;β, αq “ lRob
β pYi, Zi;β, αq ` ΓαlpDi, Zi;αq, (A.4)

where
Γα “ S´1

RRpαqE
”

Bα

!

Ripαq
`

Y̊ipαq ´ X̊ipαqJβ0 ´ PipαqX̊ipαqJpβ1 ´ β0q
˘

)ı

. (A.5)
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Equivalently, under the index sufficiency restrictions used in the partially linear MTE model, this adjustment
can be written as

Γα “ ´S´1
RRpαqE

“

Ripαq∇αPipαq tXJ
i pβ1 ´ β0q `m1pPiqu

‰

. (A.6)

The scalar term XJ
i pβ1´β0q`m1pPiq is the marginal treatment effect implied by (2.6). Thus, the generated-

regressor correction in (A.4) is exactly the effect of estimating the propensity score index inside the Robinson
moment.

The stacked influence function for the Robinson estimator of pβ̂0, β̂1 ´ β̂0qJ is lβ “ pl0, l1 ´ l0qJ. The
treatment-specific influence functions follow by the trivial identifications l0pYi, Zi;β, αq “ l0 for d “ 0 and
l1pYi, Zi;β, αq “ l0 ` rl1 ´ l0s for d “ 1.

Remark A.1 (Role of index sufficiency in the first-step adjustment). We explain how (A.5) simplifies to
(A.6). Applying the product rule gives

ErBαtRipαquipαqus “ ErpBαRipαqquipαqs ` ErRipαq Bαuipαqs .

where uipαq “ Y̊ipαq ´ X̊ipαqJβ0 ´ PipαqX̊ipαqJpβ1 ´ β0q “ Yi ´XJ
i β0 ´ PipαqXJ

i pβ1 ´ β0q ´mpPipαqq.
For the first term: index sufficiency means the structural error ei “ uipα0q satisfies Epei | Ziq “ 0. Since

BαRipαq depends on data only through Zi, iterated expectations give ErpBαRiq eis “ 0, so the first term
vanishes. For the second term: the α-dependence of uipαq enters entirely through the propensity score index
Pipαq “ P pZi, αq. By the chain rule, Bαuipαq “ pBPuiq ¨ ∇αPi. Differentiating with respect to P yields:

BPui “ ´
␣

XJ
i pβ1 ´ β0q `m1pPiq

(

,

where ´BPui equals the MTE at pXi, Piq in (2.7). Substituting into the second term delivers (A.6).

If the empirical implementation uses a different first-step estimator, the same theory applies provided
the conditions in Assumption A.1(iv) hold.

Assumption A.2. The support XP of the propensity score P is a compact interval rp, p̄s Ă r0, 1s. For
d P t0, 1u, α̃ P Cα, β̃d P Cβd

, v P XV , p P XP , and z P XZ , fZ|P,Dpz | p, d; α̃q, fP,Dpp, d; α̃q, and
FV |P,Dpv | p, d; β̃d, α̃q are r times continuously differentiable in p, and all these derivatives are uniformly
bounded over the stated arguments.

Assumption A.3. The kernel function Kptq : R Ñ R is bounded, symmetric, continuously differentiable,
and satisfies the following conditions:

ş

Kptqdt “ 1,
ş

tlKptqdt “ 0 for l “ 1, . . . , r´ 1, and
ş

|trKptq|dt ă 8

for some r ě 2; |BKptq{Bt| ď C, and for some ν ą 1, |BKptq{Bt| ď C|t|´ν for |t| ą L, 0 ă L ă 8.

Assumption A.4. The possibly data-dependent bandwidth h satisfies Prpan ď h ď bnq Ñ 1 as n Ñ 8, with
an and bn being deterministic sequences of positive numbers such that: (i) bn Ñ 0 and ann

1
2 { logpnq Ñ 8;

(ii) nb2rn Ñ 0.

Assumptions A.2–A.4 provide the low-level regularity conditions used to control the bias and stochastic
expansion of the kernel estimators. In particular, Assumption A.2 imposes the baseline smoothness in the
index variable p, while Assumptions A.3 and A.4 specify the kernel and bandwidth restrictions. For example,
the deterministic bandwidth h “ cn´δ with 1

2r ă δ ă 1
2 suffices for our purpose.
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For the empirical-process arguments underlying the index statistic, however, these low-level smoothness
conditions are not sufficient on their own. We therefore impose in Assumption A.5 a stronger high-level
complexity condition on the relevant function classes, which strengthens the smoothness requirement in p

and the tail behavior in v.

Assumption A.5. Given d P t0, 1u, the class Fη consists of composite measurable maps on XZ of the
form z ÞÑ qdpP̃ pzq

ˇ

ˇ v, β̃d, α̃q, where qdp¨ | v, β̃d, α̃q : XP Ñ R is indexed by pv, β̃d, α̃q. The map qdp¨ | v, β̃d, α̃q

satisfies the following three conditions:

– (a) Lipschitz continuity: There exists a universal constant CL such that

›

›qdp¨ | v1, β̃d1, α̃1q ´ qdp¨
ˇ

ˇ v2, β̃d2, α̃2q
›

›

8
ď CL |pv1, β̃d1, α̃1q ´ pv2, β̃d2, α̃2q|,

where the supremum is taken over z P XZ .

– (b) Hölder smoothness: For some η ě r, for each pv, β̃d, α̃q P XV ˆ Cβd
ˆ Cα we have

qdp¨ | v, β̃d, α̃q P CηpXP q,

where CηpXP q denotes the Hölder class of order η on XP equipped with the norm

}qdp¨ | v, β̃d, α̃q}8,η :“ max
κďη

sup
pPXP

ˇ

ˇBκqdpp | v, β̃d, α̃q
ˇ

ˇ ` max
κ“η

sup
p‰p1

ˇ

ˇBκqdpp | v, β̃d, α̃q ´ Bκqdpp1 | v, β̃d, α̃q
ˇ

ˇ

}p´ p1}η´η ,

with η the largest integer strictly smaller than η. We assume that there exists M ą 0 such that
}qdp¨ | v, β̃d, α̃q}8,η ď M.

– (c) Uniform tails. There exist constants C0, c0 ą 0 such that, for all M ą 0,

sup
pβ̃d,α̃qPCβd

ˆCα

sup
pPXP

qdp´M,p | β̃d, α̃q ` sup
pβ̃d,α̃qPCβd

ˆCα

sup
pPXP

t1 ´ qdpM,p | β̃d, α̃qu ď C0e
´c0M .

Then, we have (i) FV |P,Dpv|¨, d; β̃d, α̃q P Fη; (ii) PrpF̂V |P,Dpv|¨, d; β̃d, α̃q P Fηq Ñ 1. In addition, define

Gdpz | p; α̃q :“ PrpZ ď z | P̃ “ p,D “ dq,

and let Gη denote the corresponding class of composite maps with the same Lipschitz continuity in pz, α̃q

and the same Hölder smoothness in p as imposed above for Fη. Assume that (i) Gdpz | ¨; α̃q P Gη; (ii)
PrpĜdpz | ¨; α̃q P Gηq Ñ 1.

Assumption A.5 is a high level complexity condition that delivers the entropy and stochastic equicon-
tinuity required for the uniform empirical process approximation in Lemma E.1; see, e.g., Assumption 6
in Escanciano et al. (2014) and Assumption 3.4 in Ichimura and Lee (2010). Assumption A.2 imposes the
baseline smoothness in p used mainly for kernel bias control. To handle the parametric perturbations in-
duced by pα̃, β̃dq, we further impose Assumption A.6, which requires continuous differentiability of fP,D and
FV |P,D with respect to pp, α̃q and pp, β̃d, α̃q. These differentiability conditions are central for the numerical
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derivative estimation of the correction terms and, at the same time, provide the local stability and stochastic
equicontinuity used in Lemmas E.1 and E.2.

Assumption A.6. For each d P t0, 1u, the following conditions hold.

(i) The joint density fP,Dpp, d; α̃q is continuously differentiable in pp, α̃q on XP ˆ Cα, with uniformly
continuous and bounded derivatives.

(ii) The conditional distribution FV |P,Dpv | p, d; β̃d, α̃q is continuously differentiable in pp, β̃d, α̃q, with
uniformly continuous and bounded derivatives over

pv, p, β̃d, α̃q P XV ˆ XP ˆ Cβd
ˆ Cα.

In addition, FV |P,Dp¨ | p, d; β̃d, α̃q admits a conditional density in v that is uniformly bounded over the
same set.

The implications of Assumption A.6 can be organized as follows. First, it gives boundary mass controls
for both directions of generated regressor perturbation. By Assumption A.6(i), uniformly in α̃,

sup
pPXP

Prt|P pZ; α̃q ´ p| ď δu ď Cδ.

This controls perturbations of the propensity score density function through α̃.
By Assumption A.6(ii), uniformly in pα̃, β̃dq,

sup
pPXP , vPXV

Prt|Y ´XJβ̃d ´ v| ď δ | D “ d, P pZ; α̃q “ pu ď Cδ,

and, for |p´ p1| ď δ,

sup
pPXP , vPXV

ˇ

ˇPrtY ´XJβ̃d ď v | D “ d, P pZ; α̃q “ pu ´ PrtY ´XJβ̃d ď v | D “ d, P pZ; α̃q “ p1u
ˇ

ˇ ď Cδ.

The first bound controls local perturbations in the residual direction, while the second controls local per-
turbations in the propensity-score direction. In particular, changes in β̃d shift the residual threshold by
XJpβ̃d ´ βdq, whereas changes in α̃ shift the propensity score P pZ; α̃q. Hence, the continuous differentiabil-
ity, together with the uniform continuity and boundedness of the derivatives imposed in Assumption A.6,
provides the local stability needed to control perturbations induced by β̃d and α̃.

Second, by Assumptions A.1(iii), A.2, and A.6(i), the marginal density fP pp; α̃q “
ř1

d“0 fP,Dpp, d; α̃q

is bounded away from zero and continuously differentiable on its full support. Hence the quantile map
F´1
P pu; α̃q is well defined for all u P r0, 1s. Moreover, the same boundary-mass control applies uniformly at

the induced quantile cutoffs:

sup
uPr0,1s

Pr
`ˇ

ˇP pZ; α̃q ´ F´1
P pu; α̃q

ˇ

ˇ ď δ
˘

ď Cδ.
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Third, using fP,D and FV |P,D, define FV,D|P pv, d | p; β̃d, α̃q. Then the copula process can be written as

Cdpλ; α̃, β̃dq “

ż u

0

”

FV,D|P

´

v2, d | F´1
P pū; α̃q; β̃d, α̃

¯

´ FV,D|P

´

v1, d | F´1
P pū; α̃q; β̃d, α̃

¯ ı

dū.

Therefore, the smoothness of fP,D and FV |P,D, together with the full-domain stability of the quantile map
established above, implies that Cdpλ; α̃, β̃dq is continuously differentiable in pu, α̃, β̃dq for u P r0, 1s. Thus,
under our maintained conditions, the copula process and the partial LCM operator can be analyzed on the
full rank set r0, 1s, consistent with the formulation in Seo (2018); no interior trimming is required.1

Remark A.2 (Numerical derivative estimation). Let an Ñ 0 satisfy nan{ log n Ñ 8. In the implementation,
the terms Âd, B̂d, BuĈd, Bβd

Ĉd, and BαĈd, whose explicit forms are given in Section B, are computed by
symmetric finite differences with perturbation step an. In the implementation we set the order of an as
n´1{2, which satisfies the required rate condition. The uniform consistency of these numerical derivatives is
established in the proof of Theorem 3.1 under Assumptions A.2 and A.6.

B Implementation of the Test

In this section, we describe how to compute the test statistics T̂I and T̂M and implement the bootstrap
inference procedure described in Algorithm.

Let tpYi, Zi, Diquni“1 denote a sample of size n from the joint distribution of pY, Z,Dq. Throughout this
section and the proofs below, we use Pi, P̂i, and P̃i as shorthand for Pipαq, Pipα̂q, and Pipα̃q, respectively.
More generally, we suppress the dependence of estimation objects on pα̂, β̂dq and of population quantities
on pα, βdq when no confusion arises; parameter arguments are made explicit when taking derivatives or
considering perturbations of first step estimators.

Using this notation, we proceed as follows. In the following subsections, we construct the empirical
processes Ûdpωq and Ĉdpλq underlying the test statistics T̂I and T̂M , respectively. For the asymptotic
analysis, we derive the corresponding influence functions ζId and ζMd and use their sample analogues, ζ̂Id
and ζ̂Md , to implement the multiplier bootstrap. For the monotonicity statistic T̂M , we also describe the
numerical approximation to the functional derivative of the least concave majorant (LCM) operator required
for computation.

B.1 The Index Statistics and Its Influence Function

The sample analogue of
?
nUdpωq in (3.1) is

?
nÛdpωq “

1
?
n

n
ÿ

i“1

r1pV̂di ď vq ´ F̂V |P,Dpv|P̂i, d; β̂d, α̂qsψipp, z, d; α̂q, (B.1)

where ψipp, z, d; α̂q “ 1pP̂i ď p, Zi ď z,Di “ dq is the weighting function.

1The standard Bahadur representation for empirical quantiles is used only on compact subsets of p0, 1q. The endpoint cases
u “ 0 and u “ 1 are treated separately: the corresponding boundary terms are either zero or reduce to empirical processes
indexed only by pv1, v2q, whose limits follow from the same VC-type empirical process arguments. Hence the full domain
statement on r0, 1s is obtained by combining the interior expansion with stochastic equicontinuity and continuous extension.
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We estimate the conditional CDF, FV |P,Dpv|Pi, d;βd, αq “ PrpVi ď v | Pi, Di “ dq, by the Nadaraya–
Watson estimator F̂V |P,Dpv|P̂i, d; β̂d, α̂q constructed from the generated regressors P̂i and V̂di:

F̂V |P,Dpv|P̂i, d; β̂d, α̂q “

řn
j“1 1pV̂dj ď v,Dj “ dqKhpP̂j ´ P̂iq
řn

j“1 1pDj “ dqKhpP̂j ´ P̂iq
, (B.2)

with Khptq “ 1
hKp t

hq, where Kp¨q is the kernel function and h “ hn is the bandwidth. The notation
F̂V |P,Dpv | p, d; β̃d, α̃q and FV |P,Dpv | p, d; β̃d, α̃q that places β̃d before α̃ highlights β̃d governs the residual
V pβ̃dq, whereas α̃ governs the conditional index P pα̃q.

Lemma E.1 shows that Ûdpωq admits an asymptotic linear representation with influence function ζId by

ζIdpYi, Di, Zi;ω, α, βdq “
“

1pVdi ď vq ´ FV |P,Dpv|Pi, d;βd, αq
‰

ψK
i pp, z, d;αq

`AJ
d lpDi, Zi;αq `BJ

d ldpYi, Zi;βd, αq,
(B.3)

where ψK
i pp, z, d;αq “ ψipp, z, d;αq ´ ιdpPiq1pDi “ dq denotes the orthogonalized weighting function with

the projection ιdpPiq “ Erψipp, z, d;αq | P “ Pi, Di “ ds “ 1pPi ď pqGdpz | Piq.
The first term captures the nonparametric estimation effect arising from kernel estimation of FV |P,Dp¨q,

while AJ
d lpDi, Zi;αq and BJ

d ldpYi, Zi;βd, αq account for the parametric estimation effects of α̂ and β̂d, re-
spectively. The terms Ad and Bd are respectively given by

Ad “ ´ErBαFV |P,Dpv|Pi, d;βd, αqψK
i pp, z, d;αqs

Bd “ Bβd
FV,P,Z,Dpv, p, z, d;βd, αq ´ ErBβd

FV |P,Dpv|Pi, d;βd, αqψipp, z, d;αqs,
(B.4)

where FV,P,Z,Dpv, p, z, d;βd, αq “ PrpVipβdq ď v, Pipαq ď p, Zi ď z,Di “ dq.
To implement the multiplier bootstrap, we replace the unknown quantities in ζId by sample analogues

and define the plug-in estimator

ζ̂IdpYi, Di, Zi;ω, α̂, β̂dq “r1pV̂di ď vq ´ F̂V |P,Dpv|P̂i, d; β̂d, α̂qsψ̂K
i pp, z, d; α̂q

` ÂJ
d l̂pDi, Zi; α̂q ` B̂J

d l̂dpYi, Zi; β̂d, α̂q,
(B.5)

Let Âd, B̂d, and ψ̂K
i pp, z, d; α̂q “ ψipp, z, d; α̂q´ι̂dpP̂i; α̂q1pDi “ dq denote the corresponding sample analogues

of Ad, Bd. Here, ι̂dpP̂i; α̂q “ Êrψipp, z, d; α̂q | P “ P̂i, D “ ds is computed by the NW estimator.
In practice, we evaluate the correction term

1
?
n

n
ÿ

i“1

ξi

”

ÂJ
d l̂pDi, Zi; α̂q ` B̂J

d l̂dpYi, Zi; β̂d, α̂q

ı

using a numerical perturbation scheme. Specifically, we perturb α̂ and β̂d by their bootstrap counterparts
and record the induced change in the estimated distributional objects of FV |P,Dpv|Pi, d;βd, αqψK

i pp, z, d;αq,
FV,P,Z,Dpv, p, z, d;βd, αq and FV |P,Dpv|Pi, d;βd, αqψipp, z, d;αq. The only additional regularization needed
in this step concerns the estimation of Bβd

FV,P,Z,Dpv, p, z, d;βd, αq. The empirical CDF based on 1pV̂di ď

v, P̂i ď p, Zi ď z,Di “ dq is discontinuous in V̂di and therefore yields unstable numerical derivatives. To
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overcome this issue, we replace the indicator 1pV̂di ď vq by the smoothed version
ż v

´8

KℓpV̂di ´ v̄q dv̄,

where Kℓptq “ 1
ℓKp tℓq and ℓ “ ℓn is a smoothing bandwidth. This regularization stabilizes the numerical

derivative while preserving the asymptotic properties of the estimator.

B.2 The Monotonicity Statistics and its Influence Function

The feasible estimator for the estimated copula process is Ĉdpλq “ Ĉdpλ; α̂, β̂dq, so that

Ĉdpλq “
1

n

n
ÿ

i“1

1pv1 ď V̂di ď v2, Di “ d, F̂P pP̂iq ď uq. (B.6)

where F̂P ppq “ n´1
řn

i“1 1pP̂i ď pq.
Since V̂di and P̂i are generated regressors, the asymptotic behaviour of Ĉdpλq must account for first-step

estimation effects. Under regularity conditions, the empirical copula process
?
ntĈdpλq ´Cdpλqu admits an

asymptotic linear representation with influence function ζMd given by

ζMd pYi, Di, Zi, λ, α, βdq

“1pv1 ď Vdi ď v2, Di “ d, FP pPiq ď uq ´ Cdpλq ´ BuCdpλqt1pFP pPiq ď uq ´ uu

`lJpDi, Zi, αqBαCdpλq ` lJd pYi, Zi, βdqBβd
Cdpλq.

(B.7)

The first three terms on the right-hand side coincide with the influence function of the classical empirical
copula process; see Gänssler and Stute (1987) and Fermanian, Radulovic and Wegkamp (2004). The last
two terms account for the estimation effects of α̂ and β̂d induced by the plug-in procedure; see Van der
Vaart (2000). Here, BαCdpλq denotes the total derivative. By the chain rule,

BαCdpλq “ BαHdpv1, v2, F
´1
P puq;α, βdq ` BuCdpλq fP pF´1

P puqq BαF
´1
P pu;αq,

where Hdpv1, v2, t;α, βdq “ Prpv1 ď Vdi ď v2, Di “ d, Pi ď tq. Equivalently, using BαF
´1
P “ ´f´1

P BαFP ,
BαCd “ BαHd ´ BuCd BαFP . Thus, BαCdpλq incorporates both the direct effect of α on Hd and the indirect
effect through the rank transformation. The second term is the derivative of the quantile map. Thus, when
BαĈd is computed by perturbing α, the propensity scores, empirical distribution, quantiles, and ranks must
be recomputed under the perturbed value of α.

For implementation, we replace the unknown quantities by their sample analogues and define the plug-in
estimator:

ζ̂Md pYi, Di, Zi;λ, α̂, β̂dq

“1pv1 ď V̂di ď v2, Di “ d, F̂P pP̂iq ď uq ´ Ĉdpλq ´ BuĈdpλqt1pF̂P pP̂iq ď uq ´ uu

`l̂Jd pYi, Zi; β̂d, α̂qBβd
Ĉdpλq ` l̂JpDi, Zi; α̂qBαĈdpλq,

where BuĈdpλq and the remaining derivative terms are consistent estimators of their population counterparts.
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In practice, no fully data-driven optimal choice is currently available for estimating BuCdpλq, and rule-of-
thumb smoothing such as h “ n´1{2 is commonly adopted; see Bücher and Dette (2010). In addition, the
aggregate contribution

1
?
n

n
ÿ

i“1

ξi
“

l̂Jd pYi, Zi; β̂d, α̂qBβd
Ĉdpλq ` l̂JpDi, Zi; α̂qBαĈdpλq

‰

is computed using the same numerical perturbation scheme described above, perturbing α̂ and β̂d by their
bootstrap counterparts and recording the induced change in Ĉdpλq. When perturbing α̂, the resulting
empirical ranks are recomputed as described above, so that the numerical derivative estimates the total
derivative BαCdpλq.

To approximate the limiting copula process
?
ntĈdpλq ´ Cdpλqu, we employ a multiplier bootstrap

procedure, which is justified under conditional weak convergence in probability; see Theorem 2.9.6 of Van der
Vaart and Wellner (1996).

B.3 The LCM Operator and Its Functional Derivative

We first recall the definition of the least concave majorant (LCM) operator on an interval ra, bs. For a
bounded function f : ra, bs Ñ R, define

θra,bspfp¨qqpuq ” inftgp¨q : g is concave in t and gptq ě fptq for all t P ra, bsu, (B.8)

and we write θ as shorthand for θr0,1s.
We next introduce the partial LCM operator acting on a function f defined on Λ “ tpv1, v2, uq : v1 ď

v2, u P r0, 1su. The operator applies the LCM in the u direction for each fixed pv1, v2q. Formally, the partial
LCM operator θ̃ is defined by

θ̃pfqpv1, v2, uq ” θ
`

fpv1, v2, ¨q
˘

puq, (B.9)

that is,

θ̃pfqpv1, v2, uq ” inftgv1,v2puq : gv1,v2 is concave in u and gv1,v2puq ě fpv1, v2, uq for all u P r0, 1su.

The partial LCM operator θ̃ : l8pΛq Ñ l8pΛq is Hadamard directionally differentiable tangentially to
CpΛq; see Shapiro (1990) and Fang and Santos (2018). This property allows us to apply the functional delta
method to derive the asymptotic distribution of T̂M .

For λ “ pv1, v2, uq P Λ and f P l8pΛq, the directional derivatives of the partial LCM operator θ̃ at the
relevant concave functions C0pv1, v2, ¨q and ´C1pv1, v2, ¨q are obtained by applying the LCM to the direction
f over the maximal intervals of affinity of C0pv1, v2, ¨q and ´C1pv1, v2, ¨q:

θ̃C0fpλq “ θ̃I0,λpfqpλq, θ̃´C1fpλq “ θ̃I1,λ
`

f
˘

pλq, (B.10)

where I0,λ and I1,λ are the maximal intervals containing u on which the concave functions C0pv1, v2, ¨q and
´C1pv1, v2, ¨q are affine in u, respectively.
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Consequently, the directional derivatives of the gap operators are

9T0pfqpλq “ θ̃I0,λpfqpλq ´ fpλq, 9T1pfqpλq “ θ̃I1,λp´fqpλq ` fpλq. (B.11)

Note that for the gap operator T1pfq “ θ̃p´fq`f when d “ 1, the chain rule introduces a sign change inside
the LCM directional derivative of 9T1. Moreover, if C0pv1, v2, ¨q is strictly concave or C1pv1, v2, ¨q is strictly
convex at u, then I0,λ “ u and I1,λ “ u, respectively, so that the corresponding derivatives reduce to the
zero map.

The contact set BC “ BC1 YBC0 is defined as

BCd
“ tλ P Λ : Cdpv1, v2, ¨q is locally affine at uu. (B.12)

A non-trivial contact set implies that Cdpv1, v2, ¨q is affine in u on a set of positive measure for some v1 ă v2,
so that the monotonicity inequalities bind with positive measure.

The LCM operator itself can be computed using standard algorithms as in Delgado and Escanciano
(2012); Seo (2018). For its directional derivative, one may either use the numerical approximation in (3.9)
or estimate the contact set BC explicitly following Beare and Moon (2015) and Seo (2018). Because the
contact set based approach requires additional tuning parameters and is computationally more burdensome,
we adopt the numerical estimator for stability and ease of implementation.

C Proof for Section 2

Proposition 2.1. Parts (i) and (ii) are the observable implications of Assumptions 1–3 established by Heck-
man and Vytlacil (2005). Part (i) follows by taking GpY q “ 1pY ď yq in their characterization, and part
(ii) follows by taking GpY q “ 1py1 ď Y ď y2q.

It remains to prove the sharpness claim in part (iii). Throughout this proof all probabilities are condi-
tional on X “ x, for a fixed x P XX . Let Px denote the support of P pZq conditional on X “ x. By the
index sufficiency restriction, for any z, z1 with P pzq “ P pz1q “ p P Px,

PrpY P B,D “ d | Z “ zq “ PrpY P B,D “ d | Z “ z1q

for every Borel set B Ď XY and d P t0, 1u; the equality first holds for half-lines by (2.4) and then extends
to Borel sets by the monotone class theorem. Hence the following subdistributions are well defined:

Q1,xpB, pq “ PrpY P B,D “ 1 | P “ p,X “ xq, Q0,xpB, pq “ PrpY P B,D “ 0 | P “ p,X “ xq.

They satisfy
Q1,xpXY , pq “ p, Q0,xpXY , pq “ 1 ´ p.

Moreover, (2.5) implies that, for every Borel set B Ď XY and any p1 ď p in Px,

Q1,xpB, pq ´Q1,xpB, p1q ě 0, Q0,xpB, p1q ´Q0,xpB, pq ě 0.

Again, the extension from intervals to Borel sets follows by a monotone class argument.
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We now construct the latent distribution explicitly. Extend Q1,xpB, ¨q and Q0,xpB, ¨q from Px to r0, 1s

as follows. For u P Px, set

Q̄1,xpB, uq “ Q1,xpB, uq, Q̄0,xpB, uq “ Q0,xpB, uq.

At the endpoint u “ 0, if 0 P Px, then Q̄1,xp¨, 0q and Q̄0,xp¨, 0q are already determined by the observed
subdistributions. If 0 R Px, let p

x
“ inf Px, set

Q̄1,xp¨, 0q “ 0,

and define
Q̄0,xp¨, 0q “ Q0,xp¨, p

x
q ` p

x
R0,xp¨q,

where R0,x is an arbitrary probability measure on XY ; this yields Q̄0,xpXY , 0q “ 1.
At the endpoint u “ 1, if 1 P Px, then Q̄1,xp¨, 1q and Q̄0,xp¨, 1q are already determined by the observed

subdistributions. If 1 R Px, let p̄x “ supPx, set

Q̄0,xp¨, 1q “ 0,

and define
Q̄1,xp¨, 1q “ Q1,xp¨, p̄xq ` p1 ´ p̄xqR1,xp¨q,

where R1,x is an arbitrary probability measure on XY ; this yields Q̄1,xpXY , 1q “ 1.
Then, on each connected component pa, bq of r0, 1szpPx Y t0, 1uq, define for u P pa, bq

Q̄d,xpB, uq “
b´ u

b´ a
Q̄d,xpB, aq `

u´ a

b´ a
Q̄d,xpB, bq, d P t0, 1u.

By construction, u ÞÑ Q̄1,xpB, uq is nondecreasing and u ÞÑ Q̄0,xpB, uq is nonincreasing for every Borel set
B Ď XY , and

Q̄1,xpXY , uq “ u, Q̄0,xpXY , uq “ 1 ´ u, u P r0, 1s.

Define set functions on rectangles by XY ˆ r0, 1s by

µ1,xpB ˆ ps, tsq “ Q̄1,xpB, tq ´ Q̄1,xpB, sq, 0 ď s ă t ď 1,

and
µ0,xpB ˆ ps, tsq “ Q̄0,xpB, sq ´ Q̄0,xpB, tq, 0 ď s ă t ď 1.

The monotonicity just established implies that the rectangle increments above are nonnegative. For fixed
u, Q̄d,xp¨, uq is countably additive in the outcome set B, while in the u-coordinate the increments telescope
over adjacent intervals, i.e. µd,xpB ˆ ps, tsq “ µd,xpB ˆ ps, rsq ` µd,xpB ˆ pr, tsq for s ă r ă t. Hence, these
formulas define nonnegative finitely additive set functions on finite disjoint unions of rectangles B ˆ ps, ts.
Moreover, countable additivity on this ring follows from the countable additivity of Q̄d,xp¨, uq in B together
with continuity from above of the monotone increment maps in the interval coordinate.
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Their second marginals are Lebesgue measure. Indeed,

µ1,xpXY ˆ ps, tsq “ t´ s, µ0,xpXY ˆ ps, tsq “ t´ s,

and the intervals ps, ts generate Bpr0, 1sq. Thus the second marginal of each µd,x is du.
Since XY and r0, 1s are Borel spaces, Kallenberg’s conditional distribution theorem (Kallenberg, 1997,

Theorem 5.3) yields a well defined probability kernel Kd,xp¨ | uq such that

µd,xpB ˆAq “

ż

A
Kd,xpB | uq du, d P t0, 1u.

The kernel representation recovers the extended subdistributions. For every p P r0, 1s,

Q̄1,xpB, pq “ µ1,xpB ˆ p0, psq “

ż p

0
K1,xpB | uq du,

and
Q̄0,xpB, pq “ µ0,xpB ˆ pp, 1sq “

ż 1

p
K0,xpB | uq du.

We now construct a latent model that reproduces the observable distribution. Let ŨD satisfy

PrpŨD ď u | X “ x, Z0 “ z0q “ u, u P r0, 1s,

so that ŨD | X “ x „ U r0, 1s and ŨD K Z0 | X “ x. Define the treatment rule

D̃ “ 1tP pZq ě ŨDu.

Next, for each d P t0, 1u, define the marginal conditional law of Ỹ pdq | ŨD “ u,X “ x, Z0 “ z0 by

PrpỸ pdq P B | ŨD “ u,X “ x, Z0 “ z0q “ Kd,xpB | uq, B P BpXY q.

Then, define the joint law of the two potential outcomes by choosing any measurable coupling of the two
marginals K1,xp¨ | uq and K0,xp¨ | uq; for example, take their product coupling. Since only one potential
outcome is observed in each treatment state, any coupling yields the same observable distribution.

Since these conditional laws depend on pu, xq but not on z0, we have

pỸ p1q, Ỹ p0q, ŨDq K Z0 | X “ x.

Because the construction is carried out separately for each x, it follows that

pỸ p1q, Ỹ p0q, ŨDq K Z0 | X,

and Assumptions 1–3 are satisfied: exclusion holds because Ỹ pdq does not depend on z0, random assignment
holds by the display above, and monotonicity holds by the threshold rule D̃ “ 1tP pZq ě ŨDu.

It remains to show observational equivalence. It is enough to consider z “ px, z0q in the conditional
support of Z given X “ x. Then p “ P pzq P Px, so the extended subdistributions coincide with the
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observed subdistributions at this value of p. For any Borel set B Ď XY ,

PrpỸ P B, D̃ “ 1 | Z “ zq “ PrpỸ p1q P B, ŨD ď p | X “ x, Z0 “ z0q

“

ż p

0
K1,xpB | uq du

“ Q̄1,xpB, pq

“ Q1,xpB, pq

“ PrpY P B,D “ 1 | P “ p,X “ xq

“ PrpY P B,D “ 1 | Z “ zq,

where the fourth equality uses p P Px and the last equality uses index sufficiency. Similarly,

PrpỸ P B, D̃ “ 0 | Z “ zq “ PrpỸ p0q P B, ŨD ą p | X “ x, Z0 “ z0q

“

ż 1

p
K0,xpB | uq du

“ Q̄0,xpB, pq

“ Q0,xpB, pq

“ PrpY P B,D “ 0 | P “ p,X “ xq

“ PrpY P B,D “ 0 | Z “ zq.

Thus, conditional on every Z “ z, the joint distribution of pỸ, D̃q coincides with that of pY,Dq. Therefore
pỸ, D̃, Zq and pY,D,Zq have the same observable distribution. This proves the sharpness claim in part (iii).

Proof of Proposition 2.2. We first prove parts (i) and (ii). Under Assumptions 1 and 4, write Y pdq “ XJβd`

V pdq. Under Assumption 5, pV pdq, UDq K Z for d P t0, 1u. After the usual normalization, Assumption 3
gives D “ 1tP pZq ě UDu. For d “ 1 and p “ P pzq,

PrpV ď v | Z “ z,D “ 1q “ PrpV p1q ď v | Z “ z, UD ď pq “ PrpV p1q ď v | UD ď pq,

where the last equality uses pV p1q, UDq K Z. The right-hand side depends on z only through p, and hence
equals PrpV ď v | P “ p,D “ 1q. The proof for d “ 0 is identical with UD ą p. This proves (2.8). For any
Borel set B Ď XV ,

PrpV P B,D “ 1 | P “ pq “ PrpV p1q P B,UD ď pq “

ż p

0
PrpV p1q P B | UD “ uq du,

which is nondecreasing in p, while

PrpV P B,D “ 0 | P “ pq “ PrpV p0q P B,UD ą pq “

ż 1

p
PrpV p0q P B | UD “ uq du,

which is nonincreasing in p. Taking B “ rv1, v2s gives (2.9).
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It remains to prove sharpness (iii). Let P “ supptP pZqu Ď r0, 1s. For p P P and Borel B Ď XV , define

Q1pB, pq “ PrpV P B,D “ 1 | P “ pq, Q0pB, pq “ PrpV P B,D “ 0 | P “ pq.

Residual index sufficiency implies that, if P pzq “ p, then QdpB, pq “ PrpV P B,D “ d | Z “ zq for d P t0, 1u.
Moreover,

Q1pXV , pq “ p, Q0pXV , pq “ 1 ´ p,

and the residual nesting inequalities imply that Q1pB, ¨q is nondecreasing and Q0pB, ¨q is nonincreasing on
P.

Extend Q1 and Q0 from P to r0, 1s by the same concrete linear interpolation construction used in the
proof of Proposition 2.1, now with XY replaced by XV . Denote the extensions by Q̄1pB, uq and Q̄0pB, uq,
with Q̄1pXV , uq “ u and Q̄0pXV , uq “ 1 ´ u.

Exactly as in the proof of Proposition 2.1, there exist well defined probability kernels K1p¨ | uq and
K0p¨ | uq such that

µdpB ˆAq “

ż

A
KdpB | uq du, d P t0, 1u.

Therefore,

Q̄1pB, pq “

ż p

0
K1pB | uq du, Q̄0pB, pq “

ż 1

p
K0pB | uq du,

and hence, for every observable p P P,

Q1pB, pq “

ż p

0
K1pB | uq du, Q0pB, pq “

ż 1

p
K0pB | uq du.

Now let ŨD „ U r0, 1s be independent of Z and set D̃ “ 1tP pZq ě ŨDu. Conditional on ŨD “ u, choose
any measurable coupling of the two marginal kernels K1p¨ | uq and K0p¨ | uq; for example, draw Ṽ p1q and
Ṽ p0q independently conditional on u, with marginals K1p¨ | uq and K0p¨ | uq. The conditional laws do not
depend on Z, so pṼ p1q, Ṽ p0q, ŨDq K Z.

For any z in the support of Z, let p “ P pzq P P. Then, for every Borel B Ď XV ,

PrpṼ P B, D̃ “ 1 | Z “ zq “

ż p

0
K1pB | uq du “ Q̄1pB, pq “ Q1pB, pq “ PrpV P B,D “ 1 | Z “ zq,

and similarly

PrpṼ P B, D̃ “ 0 | Z “ zq “

ż 1

p
K0pB | uq du “ Q̄0pB, pq “ Q0pB, pq “ PrpV P B,D “ 0 | Z “ zq.

Thus pṼ, D̃, Zq and pV,D,Zq have the same distribution.
Finally define

Ỹ pd, z0q “ XJβd ` Ṽ pdq, Ỹ “ D̃ Ỹ p1, Z0q ` p1 ´ D̃q Ỹ p0, Z0q.

Then Assumptions 1, 3, 4, and 5 hold, and Assumption 2 follows from Assumption 5. Since conditioning on
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Z “ z fixes X “ x,

PrpỸ ď y, D̃ “ d | Z “ zq “ PrpṼ ď y ´ xJβd, D̃ “ d | Z “ zq “ PrpY ď y,D “ d | Z “ zq,

so pỸ, D̃, Zq and pY,D,Zq have the same distribution.

D Proof of Theorem 3.1

Proof of Theorem 3.1. The proof of part (i) is based on the conditional multiplier central limit theorem,
namely, Theorem 2.9.6 in Van der Vaart and Wellner (1996), together with the weak convergence result
established above. For later use, define

F̂V |P,Dpv|P̂i, d; β̂d, α̂q “

řn
j“1 1pDj “ dq1pV̂dj ď vqKhpP̂j ´ P̂iq

řn
j“1 1pDj “ dqKhpP̂j ´ P̂iq

,

f̂P,DpP̂i, dq “
1

n

n
ÿ

j“1

1pDj “ dqKhpP̂j ´ P̂iq.

(D.1)

Consider the infeasible multiplier process

?
nU‹

d pωq “
1

?
n

n
ÿ

i“1

ξiζ
I
dpYi, Di, Zi;ω, α, βdq. (D.2)

By Theorem 2.9.6 in Van der Vaart and Wellner (1996), conditional on the original sample tpYi, Di, Ziquni“1,

?
nU‹

d pωq ù
ξ

GUd
pωq in l8pW q, (D.3)

where ù
ξ

means that

sup
fPBL1

ˇ

ˇEξ

“

fp
?
nU‹

d q
‰

´ E
“

fpGUd
q
‰ˇ

ˇ Ñ 0

and BL1 denotes the class of all Lipschitz functions bounded by one.
It remains to show that the feasible bootstrap process Û‹

d pωq in (3.7) is asymptotically equivalent to
U‹
d pωq in (D.2). As both ζ̂IdpYi, Di, Zi;ω, α̃, β̃dq and ζIdpYi, Di, Zi;ω, α̃, β̃dq are Donsker classes by Lemma

E.1, it suffices to show that

sup
ωPW

?
n
ˇ

ˇ

ˇ
Û‹
d pω;α, βdq ´ U‹

d pω;α, βdq

ˇ

ˇ

ˇ
“ opp1q,

sup
ωPW

?
n
ˇ

ˇ

ˇ
U‹
d pω; α̂, β̂dq ´ U‹

d pω;α, βdq

ˇ

ˇ

ˇ
“ opp1q.

(D.4)

To show the first line above, we decompose the difference
?
npÛ‹

d pω;α, βdq´U‹
d pω;α, βdqq into three terms

that capture the nonparametric kernel estimation error and a correction term that captures the parametric
first step estimation effect. Specifically, we keep the parameters fixed at their true values and suppress
pα, βdq from the notation in the subsequent decomposition.

?
npÛ‹

d pω;α, βdq ´ U‹
d pω;α, βdqq
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“
1

?
n

n
ÿ

i“1

ξi

”

ζ̂IdpYi, Di, Zi;ω, α, βdq ´ ζIdpYi, Di, Zi;ω, α, βdq

ı

“
1

?
n

n
ÿ

i“1

ξi

”

1pVdi ď vq ´ F̂V |P,Dpv|Pi, dq

ı

ψ̂K
i pp, z, dq

´
1

?
n

n
ÿ

i“1

ξi
“

1pVdi ď vq ´ FV |P,Dpv|Pi, dq
‰

ψK
i pp, z, dq

1
?
n

n
ÿ

i“1

ξi

”

ÂJ
d lpDi, Zi;αq ` B̂J

d ldpYi, Zi;βd, αq

ı

´
1

?
n

n
ÿ

i“1

ξi
“

AJ
d lpDi, Zi;αq `BJ

d ldpYi, Zi;βd, αq
‰

“ ´B1npωq ´B2npωq ´B3npωq ` Cnpωq, (D.5)

where

B1npωq “
1

?
n

n
ÿ

i“1

ξi
`

1pVi ď vq ´ FV |P,Dpv|Pi, dq
˘`

ι̂dpPiq ´ ιdpPiq
˘

1pDi “ dq, (D.6)

B2npωq “
1

?
n

n
ÿ

i“1

ξi
`

F̂V |P,Dpv|Pi, dq ´ FV |P,Dpv|Pi, dq
˘

ψK
i pp, z, dq, (D.7)

B3npωq “
1

?
n

n
ÿ

i“1

ξi
`

F̂V |P,Dpv|Pi, dq ´ FV |P,Dpv|Pi, dq
˘`

ι̂dpPiq ´ ιdpPiq
˘

1pDi “ dq. (D.8)

Cnpωq “
1

?
n

n
ÿ

i“1

ξi

”

pÂJ
d ´AJ

d qlpDi, Zi;αq ` pB̂J
d ´BJ

d qldpYi, Zi;βd, αq

ı

. (D.9)

where ιdpPiq “ Erψipp, z, dq | P “ Pi, Di “ ds and let ι̂dpPiq denote its NW estimator:

ι̂dpPiq “

řn
j“1KhpPi ´ Pjqψjpp, z, dq

řn
j“1KhpPi ´ Pjq1pDj “ dq

As both processes
?
nUdpω; α̃, β̃dq and

?
nÛdpω; α̃, β̃dq form Donsker classes by Lemma E.1, it suffices to

show that the conditional variances of B1npωq, B2npωq, and B3npωq given the original sample are all opp1q.
Define

∆Fipωq :“ F̂V |P,Dpv | Pi, dq ´ FV |P,Dpv | Pi, dq, ∆ιipωq :“ ι̂dpPiq ´ ιdpPiq.

By Assumptions A.2–A.4, both ∆Fipωq and ∆ιipωq converge to zero in L2 norm and are uniformly bounded
in absolute value by a constant (say, two).

The conditional variance of B1npωq, B2npωq and B3npωq on the original sample can be written as follows:

Varξ
`

B1npωq | Zn

˘

“
1

n

n
ÿ

i“1

p1pVi ď vq ´ FV |P,Dpv|Pi, dqq2∆ιipωq21pDi “ dq

Varξ
`

B2npωq | Zn

˘

“
1

n

n
ÿ

i“1

ψK
i pp, z, dq2∆Fipωq21pDi “ dq

Varξ
`

B3npωq | Zn

˘

“
1

n

n
ÿ

i“1

∆Fipωq2∆ιipωq21pDi “ dq.

(D.10)

Notice that p1pVi ď vq ´ FV |P,Dpv|Pi, dqq2 and ψK
i pp, z, dq2 are uniformly bounded by a constant one.
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Therefore,

sup
ωPW

Varξ
`

B1npωq | Zn

˘

ď C sup
ωPW

1

n

n
ÿ

i“1

∆ιipωq2 “ opp1q.

sup
ωPW

Varξ
`

B2npωq | Zn

˘

ď C sup
ωPW

1

n

n
ÿ

i“1

∆Fipωq2 “ opp1q.

sup
ωPW

Varξ
`

B3npωq | Zn

˘

ď C sup
ωPW

1

n

n
ÿ

i“1

∆ιipωq2 “ opp1q.

(D.11)

Finally, the correction term Cnpωq in (D.9) is opp1q uniformly in ω once Âd and B̂d are uniformly
consistent for Ad and Bd, respectively. Let r denote the size of a local joint perturbation of pα, βdq. Inspect-
ing (B.4), the numerical coefficients are finite-difference approximations to derivatives of the conditional
CDF FV |P,D and of the joint distribution FV,P,Z,D. The relevant local stability condition is

sup
pPXP , vPXV

sup
}pα̃,β̃dq´pα,βdq}ďr

ˇ

ˇ

ˇ
FV |P,Dpv | p, d; β̃d, α̃q ´ FV |P,Dpv | p, d;βd, αq

ˇ

ˇ

ˇ
ď Cr.

Both the βd-perturbation and α-perturbation are controlled by the continuous differentiability of FV |P,D

imposed in Assumption A.6(ii).
For the joint distribution term, use the representation

FV,P,Z,Dpv, p, z, d;βd, αq “

ż

XP Xp´8,ps

ż

XZXp´8,zs

FV |P,Dpv | p̄, d;βd, αq fZ|P,Dpz̄ | p̄, d;αqfP,Dpp̄, d;αq dz̄ dp̄.

The preceding local stability bound, together with the bounded and smooth density terms in Assump-
tions A.2 and A.6, provides an integrable envelope, so dominated convergence justifies passing the local
derivatives through the integral. Hence the population finite differences converge uniformly to the deriva-
tives defining Ad and Bd. For the sample analogues, uniform consistency of F̂V |P,D and of the empirical
(smoothed) joint distribution estimator implies that each perturbed distributional object is uniformly close
to its population counterpart over pv, p, z, α, βdq. Moreover, the associated empirical and kernel processes are
stochastically equicontinuous in pα, βdq because of the boundary mass control by Assumption A.6. Therefore
the sample finite differences are uniformly close to the corresponding population finite differences.

Combining the bounds for B1npωq, B2npωq, B3npωq, and Cnpωq yields

sup
ωPW

?
n
ˇ

ˇ

ˇ
Û‹
d pω;α, βdq ´ U‹

d pω;α, βdq

ˇ

ˇ

ˇ
“ opp1q. (D.12)

Next, since the class tζIdpYi, Di, Zi;ω, α, βdq : ω P W , pα, βdq P Cα ˆ Cβd
u is Donsker by Lemma E.1,

the associated multiplier empirical process is asymptotically equicontinuous in pα, βdq. Together with the
consistency of pα̂, β̂dq, this implies

sup
ωPW

?
n
ˇ

ˇ

ˇ
U‹
d pω; α̂, β̂dq ´ U‹

d pω;α, βdq

ˇ

ˇ

ˇ
“ opp1q. (D.13)
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Therefore,
sup
ωPW

?
n
ˇ

ˇ

ˇ
Û‹
d pωq ´ U‹

d pωq

ˇ

ˇ

ˇ
“ opp1q. (D.14)

It follows that the feasible multiplier process
?
nÛ‹

d and the infeasible multiplier process
?
nU‹

d have the
same conditional weak limit. Hence,

?
nÛ‹

d pωq ù
ξ

GUd
pωq in probability. (D.15)

This completes the proof of part (1).

The proof of part (ii) consists of two main steps: (1) establishing the bootstrap consistency for the copula
process, i.e., for each d P t0, 1u,

Ĝ‹
Cd

pλq “
1

?
n

n
ÿ

i“1

ξiζ̂
M
d pYi, Di, Zi;λ, α̂, β̂dq ù

ξ
GCd

pλq in probability in ℓ8pΛq. (D.16)

and (2) verifying the consistency of the numerical LCM operator, so that the numerical delta bootstrap
method for directionally differentiable maps can be applied to the LCM gap operator Td.

Step 1: Bootstrap consistency for the copula process.
Lemma E.2 establishes two facts for each d P t0, 1u: (i) the class tζMd p¨;λq : λ P Λu is P -Donsker, and

(ii) the uniform asymptotic linear representation
?
npĈd´Cdqpλq “ n´1{2

řn
i“1 ζ

M
d pYi, Di, Zi;λ, α, βdq`opp1q

holds in ℓ8pΛq. By the multiplier central limit theorem (Theorem 2.9.6 of Van der Vaart and Wellner (1996)),
the infeasible multiplier process therefore converges conditionally:

1
?
n

n
ÿ

i“1

ξiζ
M
d pYi, Di, Zi;λ, α, βdq ù

ξ
GCd

pλq in probability in ℓ8pΛq.

To replace ζMd by the feasible version ζ̂Md , it suffices to establish the L2pPnq plug-in consistency

sup
λPΛ

Pntζ̂Md pY,D,Z;λ, α̂, β̂dq ´ ζMd pY,D,Z;λ, α, βdqu2 “ opp1q, (D.17)

since the multiplier maximal inequality applied conditionally on the data then gives supλ |Ĝ‹
Cd

pλq´n´1{2
ř

ξiζ
M
d pλq| “

opp1q.
To verify (D.17), first separate the influence function into a nonparametric copula component and a

parametric nuisance component:

ζMd0 pYi, Di, Zi;λ, α, βdq “ 1pv1 ď Vdi ď v2, Di “ d, FP pPiq ď uq ´ Cdpλq

´ BuCdpλqt1pFP pPiq ď uq ´ uu,

ζMd1 pYi, Di, Zi;λ, α, βdq “ lJd pYi, Zi;βd, αq Bβd
Cdpλq ` lJpDi, Zi;αq BαCdpλq.

(D.18)

Consider first ζMd0 . Let ζ̃Md0 denote the intermediate quantity obtained by replacing the nonparametric
ingredients pVdi, Pi, Cd, FP q with their estimates pV̂di, P̂i, Ĉd, F̂P q, while keeping the derivative coefficient
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BuCdpλq at its population value. The same argument used in the proof of Lemma E.2 implies

sup
λPΛ

Pntζ̃Md0 pλq ´ ζMd0 pλqu2 “ opp1q.

The fully feasible version ζ̂Md0 differs from ζ̃Md0 only by replacing BuCdpλq with the numerical estimator
BuĈdpλq. Hence

ζ̂Md0 pλq ´ ζ̃Md0 pλq “ tBuCdpλq ´ BuĈdpλqut1pF̂P pP̂iq ď uq ´ uu,

whose L2pPnq norm is bounded by |BuĈdpλq ´ BuCdpλq|.
For ζMd1 , the feasible version ζ̂Md1 replaces pα, βdq by pα̂, β̂dq, the derivatives Bβd

Cd and BαCd by their
numerical perturbation estimators, and the influence functions l, ld by l̂, l̂d. The L2pPnq consistency of l̂
and l̂d is guaranteed by Assumption A.1(iv), and the population derivatives BαCd and Bβd

Cd are uniformly
bounded over Λ by Assumption A.6. Hence the L2pPnq-consistency of ζ̂Md for ζMd follows once we establish

sup
λPΛ

|BuĈdpλq ´ BuCdpλq| “ opp1q,

sup
λPΛ

}Bβd
Ĉdpλq ´ Bβd

Cdpλq} “ opp1q,

sup
λPΛ

}BαĈdpλq ´ BαCdpλq} “ opp1q.

(D.19)

All three statements in (D.19) are therefore the only remaining verification; they are proved by the same
numerical perturbation argument.

(a) Uniform consistency of BuĈd. Write λ “ pv1, v2, uq and estimate BuĈd by the symmetric difference
quotient

BuĈdpλq “

?
n

2

”

Ĉdpv1, v2, u` n´1{2q ´ Ĉdpv1, v2, u´ n´1{2q

ı

,

with the obvious one-sided modification at the boundary. Then

sup
λPΛ

ˇ

ˇBuĈdpλq ´ BuCdpλq
ˇ

ˇ ď An `Bn,

where
An “ sup

λPΛ

ˇ

ˇ

ˇ

ˇ

?
n

2

”

Cdpv1, v2, u` n´1{2q ´ Cdpv1, v2, u´ n´1{2q

ı

´ BuCdpλq

ˇ

ˇ

ˇ

ˇ

,

and
Bn “

1

2
sup
λPΛ

ˇ

ˇ

ˇ

?
npĈd ´ Cdqpv1, v2, u` n´1{2q ´

?
npĈd ´ Cdqpv1, v2, u´ n´1{2q

ˇ

ˇ

ˇ
.

Under Assumptions A.2 and A.6, the copula function Cdpλq is continuously differentiable in u, with
a uniformly continuous derivative BuCdpλq over Λ; hence An “ op1q by the mean-value theorem and the
uniform continuity of the derivative. Lemma E.2 implies that the empirical copula process

?
npĈd ´Cdqpλq

is asymptotically equicontinuous on Λ, so Bn “ opp1q. Therefore the first line of (D.19) holds.

(b) Uniform consistency of Bβd
Ĉd and BαĈd. We give the argument for Bβd

Ĉd; the proof for BαĈd is analogous,
with the additional ingredient that α-perturbations affect both the propensity score threshold and the rank
transform, whose stability is guaranteed by the quantile boundary-mass control implied by Assumption A.6.
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For the k-th component of βd, set an “ n´1{2 and estimate the derivative by the symmetric difference
quotient

Bβd,k
Ĉdpλq “

1

2an

”

Ĉdpλ; α̂, β̂d ` anekq ´ Ĉdpλ; α̂, β̂d ´ anekq

ı

.

Define the population counterpart centered at the estimated parameter values:

Bβd,k
C̃dpλq “

1

2an

”

Cdpλ; α̂, β̂d ` anekq ´ Cdpλ; α̂, β̂d ´ anekq

ı

.

Then
ˇ

ˇBβd,k
Ĉdpλq ´ Bβd,k

Cdpλ;α, βdq
ˇ

ˇ

ď
ˇ

ˇBβd,k
Ĉdpλq ´ Bβd,k

C̃dpλq
ˇ

ˇ `
ˇ

ˇBβd,k
C̃dpλq ´ Bβd,k

Cdpλ; α̂, β̂dq
ˇ

ˇ

`
ˇ

ˇBβd,k
Cdpλ; α̂, β̂dq ´ Bβd,k

Cdpλ;α, βdq
ˇ

ˇ.

The first term is a stochastic equicontinuity term Bn,k: it involves the difference of the empirical copula
process

?
npĈd ´ Cdq evaluated at perturbed residuals, and is opp1q uniformly in λ by the asymptotic

equicontinuity established in Lemma E.2.
The second term is a deterministic bias term An,k. Perturbing β̂d by ˘anek shifts the residual cutoffs

by ˘anXik. Because Cdpλ; a, bq is continuously differentiable in b with uniformly continuous and bounded
derivatives (Assumptions A.2 and A.6) and the perturbation step an Ñ 0, the mean-value theorem gives
supλ |An,k| “ op1q.

The third term is opp1q uniformly in λ by the consistency of pα̂, β̂dq and the uniform continuity of
Bβd

Cdpλ; α̃, β̃dq in its parameter arguments. Hence

sup
λPΛ

}Bβd
Ĉdpλq ´ Bβd

Cdpλq} “ opp1q,

and the same argument, incorporating the quantile boundary mass control, yields the analogous statement
for BαĈd. This verifies the last two lines of (D.19).

With (D.19) established, the discussion above shows that ζ̂Md is L2pPnq-consistent for its population
counterpart. Hence the full plug-in consistency (D.17) holds, and the conditional weak convergence (D.16)
follows.

Step 2: Consistency of the numerical LCM operator
Lemma E.2 gives

?
npĈd´Cdq ù GCd

in ℓ8pΛq. Under HM
0 , TdCd “ 0. The partial LCM gap operators

Td are Hadamard directionally differentiable tangentially to CpΛq; see Shapiro (1990) and Fang and Santos
(2018). Therefore the extended delta method for directionally differentiable maps (Proposition 2.1 of Fang
and Santos (2018)) gives the limit distribution of T̂M stated in the theorem.

For the bootstrap validity, we apply Theorem 3.2 of Fang and Santos (2018), which requires four condi-
tions: (i) the domain and range are Banach spaces (here ℓ8pΛq and R); (ii) the original estimator satisfies
a weak convergence statement (Lemma E.2); (iii) the bootstrap process consistently estimates the law of
the limit (established in Step 1 above); and (iv) the numerical derivative estimator 9̂Td in (3.9) consistently
estimates the Hadamard directional derivative 9Td of Td such that, for each h P CpΛq,

9T0phq “ θ̃C0phq ´ h, 9T1phq “ θ̃´C1p´hq ` h.
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Then, condition (iv) is verified by the Lemma S.3.8 of Fang and Santos (2018) as the tuning parameter κ
in (3.9) satisfies κ Ñ 0 and

?
nκ Ñ 8.

When the contact set is empty, θ̃C0 and θ̃´C1 reduce to the identity map, so that θ̃C0phq “ h and
θ̃´C1p´hq “ ´h for every h P CpΛq. Hence 9T0phq “ θ̃C0phq ´ h “ 0 and 9T1phq “ θ̃´C1p´hq ` h “ 0, and
the delta method gives T̂M Ñp 0. For any fixed η ą 0, the regularized bootstrap critical value č‹

M,α is
asymptotically bounded below by η, so PrpT̂M ě č‹

M,αq Ñ 0.
(3) The conclusion of Theorem 3.1(iii) is the direct result of parts (1) and (2).

E Lemmas and Intermediary Results

E.1 Asymptotic Null Distribution of Index Statistics

This subsection derives the asymptotic null distribution of T̂I , which depends on the influence function of
the empirical process Ûdpωq. To characterize the influence function ζId , we introduce the following empirical
process for a generic parameter value pα̃, β̃dq P Cα ˆ Cβd

:

Ûdpω; α̃, β̃dq “
1

n

n
ÿ

i“1

”

1pṼdi ď vq ´ F̂V |P,Dpv|P̃i, d; β̃d, α̃q

ı

ψipp, z, d; α̃q, (E.1)

where Ṽdi “ Yi ´XJ
i β̃d, P̃i “ P pZi, α̃q, and ψipp, z, d; α̃q “ 1pP̃i ď p, Zi ď z,Di “ dq.

The next lemma formalizes the application of EJL14 to our process Ûdpωq in (B.1).

Lemma E.1. Suppose HI
0 in (3.2) holds, and let Assumptions A.1–A.5 be satisfied. Then, for each d P t0, 1u,

the following statements hold.
(i) Uniform approximation. We have

sup
ωPW

sup
pα̃,β̃dqPCαˆCβd

?
n|Ûdpω; α̃, β̃dq ´ UK

d pω; α̃, β̃dq| “ opp1q. (E.2)

where the weighted empirical process UK
d pω; α̃, β̃dq is expressed as

UK
d pω; α̃, β̃dq “

1

n

n
ÿ

i“1

”

1pṼdi ď vq ´ FV |P,Dpv|P̃i, d; β̃d, α̃q

ı

ψK
i pp, z, d, α̃q,

(ii) Asymptotic linear representation. The process
?
nÛdpωq admits the uniform expansion

sup
ωPW

?
n

ˇ

ˇ

ˇ

ˇ

Ûdpωq ´
1

n

n
ÿ

i“1

ζIdpYi, Di, Zi;ω, α, βdq

ˇ

ˇ

ˇ

ˇ

“ opp1q, (E.3)

and hence

?
nÛdpωq ù GUd

pωq in l8pW q, (E.4)
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where GUd
pωq is a mean-zero Gaussian process with covariance function

E
“

ζIdpYi, Di, Zi;ω1, α, βdqζIdpYi, Di, Zi;ω2, α, βdq
‰

.

Consequently,
T̂I ù max

dPt0,1u
}GUd

pωq}8. (E.5)

Proof of Lemma E.1. The proof follows from Theorems 3.1 and 3.2 of Escanciano et al. (2014), which imply
parts (i) and (ii) of Lemma E.1, respectively. The only difference from their setting is that our empirical
process Udpω; α̃, β̃dq contains parametric generated regressors, while no trimming indicator is needed here.

(1) For pα̃, β̃dq P Cα ˆ Cβd
, we first rewrite Ûdpω; α̃, β̃dq by adding and subtracting the population

counterpart FV |P,Dpv|P̃i, d; β̃d, α̃q. This algebraic decomposition separates the empirical process term from
the kernel estimation term. Theorem 2.11.9 of Van der Vaart and Wellner (1996) will then be used to verify
stochastic equicontinuity of the former.

To verify the stochastic equicontinuity conditions, define

Znipυq “
1

?
n

“

gipv, β̃dq ´ qdpP pZi, α̃q | v, β̃d, α̃q
‰

ψipp, z, d; α̃q,

where υ “ pg, qd, ψq P Υ “ Id ˆ Fη ˆ Ψ, with

Id “

!

gipv, β̃dq “ 1pYi ´XJ
i β̃d ď vq : pv, β̃dq P XV ˆ Cβd

)

,

Ψ “

!

ψipp, z, d; α̃q “ 1pP̃i ď p, Zi ď z,Di “ dq : pp, z, α̃q P XP ˆ XZ ˆ Cα

)

.

Here Fη is exactly the function class introduced in Assumption A.5; we do not restate its definition. In
particular, for each pv, β̃d, α̃q, the map z ÞÑ qdpP pz, α̃q | v, β̃d, α̃q belongs to Fη, and its estimator q̂d also
belongs to Fη with probability approaching one by Assumption A.5.

With this convention,
υ “ pg, qd, ψq, qdp¨q :“ FV |P,D

`

v | ¨, d; β̃d, α̃
˘

,

corresponds to the population conditional CDF along the composite map, and

υ̂ “ pg, q̂d, ψq, q̂dp¨q :“ F̂V |P,D

`

v | ¨, d; β̃d, α̃
˘

,

to the kernel estimator.
Let υ1 “ pg1, qd1, ψ1q and υ2 “ pg2, qd2, ψ2q and define ρpυ1,υ2q be the semimetric

ρ2pυ1,υ2q :“}g1 ´ g2}22 ` }qd1 ´ qd2}28 ` }ψ1 ´ ψ2}22

To apply Theorem 2.11.9, we verify the following conditions.

(a) Envelope and Lindeberg condition. Since
?
nZnipυq is bounded by a constant one as both the indicator
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and the weighting function are bounded by one, we have

n
ÿ

i“1

Ersup
υ

|Znipυq|1psup
υ

|Znipυq| ě δqs ď 0

This yields the required Lindeberg-type condition for the triangular array.

(b) Local oscillation bound. For a fixed υ1 “ pg1, qd1, ψ1q and υ2 “ pg2, qd2, ψ2q such that ρpυ1,υ2q ď δ,
the qd component is Opδq by the Lipschitz property in Assumption A.5. For the indicator components,
perturbations in β̃d or pp, α̃q change gi or ψi only when an observation lies within an Opδq neighborhood of
the relevant threshold; the boundary-mass bounds implied by Assumption A.6 therefore yield the same L2

order. Hence,
n
ÿ

i“1

E
”

sup
ρpυ1,υ2qďδ

|Znipυ1q ´ Znipυ2q|2
ı

ď Cδ2.

This is the asymptotic equicontinuity modulus required by the theorem.

(c) Entropy bound. It remains to verify that Nrspϵ,Υ, }.}2q is bounded by three components: the indicator
class in Id, the smooth class Fη, and the class of weighting functions Ψ indexed by pp, z, α̃q as following:

Nrspϵ,Υ, ρq ď Nrspϵ, Id, }.}2q ˆNrspϵC,Fη, }.}8q ˆNrspϵ,Ψ, }.}2q

where Id and Ψ are the indicator classes defined above. Each class is obtained by composing a threshold
indicator function with a finite-dimensional parametric index: Yi´XJ

i β̃d for Id and P pZi, α̃q for Ψ. Therefore,
both bracketing numbers Nrspϵ, Id, } ¨ }2q and Nrspϵ,Ψ, } ¨ }2q are of polynomial order in ϵ´1.

To control NrspϵC,Fη, } ¨ }8q, note that under Assumption A.5(c), the v-dimension can be truncated to
r´Mϵ,Mϵs with uniformly negligible error. Since in Assumption A.5 the Hölder smoothness is imposed only
in p, uniformly over pv, β̃d, α̃q, we obtain

NrspϵC,Fη, } ¨ }8q ď N
`

ϵ, Cα ˆ Cβd
ˆ r´Mϵ,Mϵs, | ¨ |

˘

ˆN
`

ϵ, CηpXP q, } ¨ }8

˘

.

The first term is of polynomial order in ϵ´1. Moreover, by the uniform exponential tail condition in As-
sumption A.5(c), the truncation level Mϵ need only grow at a logarithmic rate in ϵ´1, so its contribution is
asymptotically negligible relative to the polynomial entropy bound. Moreover, it is well known that for the
Hölder ball CηpXP q, logN

`

ϵ, CηpXP q, } ¨ }8

˘

À
`

1{ϵ
˘1{η. Therefore,

ż 1

0

b

logNrspϵ,Υ, ρq dϵ ă 8.

(d) Consequence. It follows from Theorem 2.11.9 of Van der Vaart and Wellner (1996) that the empirical
process

Gnpυq :“
n
ÿ

i“1

´

Znipυq ´ ErZnipυqs

¯

is asymptotically stochastically equicontinuous on pΥ, ρq. In particular, consider υ̂ “ pg, q̂d, ψq and υ “

pg, qd, ψq such that ρpυ̂,υq Ñ 0,
Gnpυ̂q ´ Gnpυq “ opp1q. (E.6)
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Hence, we can decompose Ûdpω; β̃d, α̃q as the sum of an empirical process term and a term capturing the
difference between the kernel estimator F̂V |P,D and the true function FV |P,D as following:

?
nÛdpω; β̃d, α̃q “

1
?
n

n
ÿ

i“1

”

1pṼdi ď vq ´ FV |P,Dpv|P̃i, d; β̃d, α̃q

ı

ψipp, z, d; α̃q

´
?
nEZn

”

`

F̂V |P,Dpv|P̃i, d; β̃d, α̃q ´ FV |P,Dpv|P̃i, d; β̃d, α̃q
˘

ψipp, z, d; α̃q

ı

` opp1q.

(E.7)

where EZn denotes the conditional mean on the original sample Zn, henceforth, EZnrĝpXqs “ ErĝpXq|Zns,
and the remaining task is to linearize the second term involving the kernel estimator F̂V |P,D in further steps.

For all β̃d P Cβd
and α̃ P Cα, we want to show that

?
nEZn

”

pF̂V |P,Dpv|Pi, d; β̃d, α̃q ´ FV |P,Dpv|Pi, d; β̃d, α̃qqψipp, z, d; α̃q

ı

“
1

?
n

n
ÿ

i“1

!

1pṼdi ď vq ´ FV |P,Dpv|Pi, d; β̃d, α̃q

)

ιdpP̃i, α̃q1pDi “ dq ` opp1q,
(E.8)

where ιdpP̃i, α̃q denotes Erψipp, z, d; α̃q | P̃i, D “ ds.
The above projection step, which converts the nonparametric estimation effect into an influence-function

representation, is a general result for nonparametric conditional mean estimators (see, e.g., Newey (1994);
Escanciano et al. (2014)). The argument below for establishing (E.8) follows the same kernel linearization
steps as in the verification of A.20 in Escanciano et al. (2014). The key ingredients are Assumptions A.4
and A.5, which control the bias of the kernel estimators so that

?
n
`

F̂V |P,Dpv|P, d; β̃d, α̃q ´ FV |P,Dpv|P, d; β̃d, α̃q
˘

“ f´1pP, d; α̃q

”

T̂V |P,Dpv|P, d; β̃d, α̃q ´ TV |P,Dpv|P, d; β̃d, α̃q

´ FV |P,Dpv|P, d; β̃d, α̃q
`

f̂pP, d; α̃q ´ fpP, d; α̃q
˘

ı

` opp1q,

(E.9)

where

TV |P,Dpv|P, d; β̃d, α̃q “ FV |P,Dpv|P, d; β̃d, α̃qfpP, d; α̃q,

T̂V |P,Dpv|P, d; β̃d, α̃q “
1

n

n
ÿ

i“1

1pṼdi ď v,Di “ dqKhpP ´ P̃iq,

f̂pP, d; α̃q “
1

n

n
ÿ

i“1

1pDi “ dqKhpP ´ P̃iq.

Using (E.9), we can rewrite (E.8) as

?
nEZn

”

pF̂V |P,Dpv|P, d; β̃d, α̃q ´ FV |P,Dpv|P, d; β̃d, α̃qqψipp, z, d; α̃q

ı

“
?
n

ż

“

T̂V |P,Dpv|p̄, d; β̃d, α̃q ´ TV |P,Dpv|p̄, d; β̃d, α̃q
‰

ιdpp̄; α̃q dp̄ (E.10)

´
?
n

ż

FV |P,Dpv|p̄, d; β̃d, α̃q
“

f̂pp̄, d; α̃q ´ fpp̄, d; α̃q
‰

ιdpp̄; α̃q dp̄` opp1q. (E.11)

where, with a slight abuse of notation, we write ιdpp̄; α̃q “ Erψipp, z, d; α̃q | P̃i “ p̄, D “ ds.
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By Assumptions A.4 and A.5 on the bandwidth and kernel function, the bias term between TV |P,Dpv|p̄, d; β̃d, α̃q

and ErT̂V |P,Dpv|p̄, d; β̃d, α̃qs is opn´1{2q uniformly over pβ̃d, α̃q. Hence,

?
n

ż

“

T̂V |P,Dpv|p̄, d; β̃d, α̃q ´ TV |P,Dpv|p̄, d; β̃d, α̃q
‰

ιdpp̄; α̃q dp̄

“
?
n

ż

“

T̂V |P,Dpv|p̄, d; β̃d, α̃q ´ ET̂V |P,Dpv|p̄, d; β̃d, α̃q
‰

ιdpp̄; α̃q dp̄` opp1q

“
1

?
n

n
ÿ

i“1

!

ιdpP̃iq1pṼdi ď v,Di “ dq ´ E
“

ιdpP̃iq1pDi “ dqFV |P,Dpv|Pi, d; β̃d, α̃q
‰

)

` opp1q.

(E.12)

Similarly,

?
n

ż

FV |P,Dpv|p̄, d; β̃d, α̃q
`

f̂pp̄, d; α̃q ´ fpp̄, d; α̃q
˘

ιdpp̄; α̃q dp̄

“
1

?
n

n
ÿ

i“1

!

ιdpP̃iq1pDi “ dqFV |P,Dpv|Pi, d; β̃d, α̃q ´ E
“

ιdpP̃iq1pDi “ dqFV |P,Dpv|Pi, d; β̃d, α̃q
‰

)

` opp1q.

(E.13)

Combining the two displays yields (E.8) holds. This establishes the desired claim.

(2) To establish part (ii), set pα̂, β̂dq for specific values of pα̃, β̃dq. By part (i),

?
nÛdpωq “

1
?
n

n
ÿ

i“1

!

1pV̂di ď vq ´ F̂V |P,Dpv|Pi, d; β̂d, α̂q

)

ψipp, z, d; α̂q

“
1

?
n

n
ÿ

i“1

!

1pV̂di ď vq ´ FV |P,Dpv|Pi, d; β̂d, α̂q

)

ψK
i pp, z, d; α̂q ` opp1q.

(E.14)

To further decompose this empirical process, we follow equation (4) in Escanciano et al. (2014) and write

1
?
n

n
ÿ

i“1

!

1pV̂di ď vq ´ FV |P,Dpv|P̂i, d; β̂d, α̂q

)

ψK
i pp, z, d; α̂q

“
1

?
n

n
ÿ

i“1

␣

1pVdi ď vq ´ FV |P,Dpv|Pi, d;βd, αq
(

ψK
i pp, z, d;αq

`
?
nEZn

”!

1pV̂di ď vq ´ FV |P,Dpv|P̂i, d; β̂d, α̂q

)

ψK
i pp, z, d; α̂q

´

!

1pVdi ď vq ´ FV |P,Dpv|Pi, d;βd, αq

)

ψK
i pp, z, d;αq

ı

.

(E.15)

This decomposition separates the leading empirical process from the contribution of the generated regressors.
In our setting, the latter only depends on parametric first-step estimators pα̂, β̂dq.

Let the second term on the right-hand side of (E.15) be decomposed as

A1npωq “
?
nEZn

”!

1pV̂di ď vq ´ 1pVdi ď vq

)

ψK
i pp, z, d; α̂q

ı

, (E.16)

A2npωq “ ´
?
nEZn

”!

FV |P,Dpv|P̂i, d; β̂d, α̂q ´ FV |P,Dpv|Pi, d;βd, αq

)

ψK
i pp, z, d; α̂q

ı

, (E.17)

A3npωq “ ´
?
nEZn

“␣

1pVdi ď vq ´ FV |P,Dpv|Pi, d;βd, αq
(
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ˆ
␣

ψK
i pp, z, d; α̂q ´ ψK

i pp, z, d;αq
(‰

. (E.18)

For the term in (E.16), consider ψK
i pp, z, d; α̂q “ ψipp, z, d; α̂q´ιdpP̂i; α̂q1pDi “ dq, a first-order expansion

yields

A1npωq “
?
nEZn

”!

1pV̂di ď vq ´ 1pVdi ď vq

)

ψipp, z, d; α̂q

ı

´
?
nEZn

”!

1pV̂di ď vq ´ 1pVdi ď vq

)

ιdpP̂i; α̂q1pDi “ dq

ı

“
?
npβ̂d ´ βdqJ

”

Bβd
FV,P,Z,Dpv, p, z, d;βd, αq

´ E
!

Bβd
FV |P,Dpv|Pi, d;βd, αqιdpPi;αq1pDi “ dq

)ı

` opp1q.

(E.19)

For the second term on the right-hand side of (E.19), the law of iterated expectations gives:

?
nEZn

”!

1pV̂di ď vq ´ 1pVdi ď vq

)

ιdpP̂i; α̂q1pDi “ dq

ı

“
?
nEZn

”

E
´

1pV̂di ď vq ´ 1pVdi ď vq | P̂i, Di “ d
¯

ιdpP̂i; α̂q1pDi “ dq

ı

“
?
npβ̂d ´ βdqJEZn

”

Bβd
FV |P,Dpv|P̂i, d; β̂d, α̂qιdpP̂i; α̂q1pDi “ dq

ı

` opp1q.

The second equality in the display above follows from a first-order Taylor expansion of FV |P,Dpv|P̂i, d; β̂d, α̂q

around pPi, βd, αq and the continuous differentiability of FV |P,Dpv|P, d;βd, αq under Assumption A.2 and
A.6.

Next, the term in (E.17) reflects the effect of estimating both α and βd inside FV |P,Dpv|P, d;βd, αq. A
first-order expansion gives

A2npωq “ ´
?
nEZn

”!

FV |P,Dpv|P̂i, d; β̂d, α̂q ´ FV |P,Dpv|Pi, d;βd, αq

)

ψK
i pp, z, d; α̂q

ı

“ ´
?
npβ̂d ´ βdqJE

␣

Bβd
FV |P,Dpv|Pi, d;βd, αqψK

i pp, z, d;αq
(

´
?
npα̂ ´ αqJE

␣

BαFV |P,Dpv|Pi, d;βd, αqψK
i pp, z, d;αq

(

` opp1q.

(E.20)

Finally, the term A3npωq in (E.18) is opp1q because

E
“

1pVdi ď vq ´ FV |P,Dpv|Pi, d;βd, αq | Pi, Zi, Di “ d
‰

“ 0,

Combining (E.16)–(E.18) yields

A1npωq `A2npωq `A3npωq

“
?
npβ̂d ´ βdqJ

”

Bβd
FV,P,Z,Dpv, p, z, d;βd, αq ´ E

!

Bβd
FV |P,Dpv|Pi, d;βd, αqψipp, z, d;αq

)ı

´
?
npα̂ ´ αqJE

␣

BαFV |P,Dpv|Pi, d;βd, αqψK
i pp, z, d;αq

(

` opp1q

“
1

?
n

n
ÿ

i“1

”

BJ
βd
FV,P,Z,Dpv, p, z, d;βd, αq ´ E

!

BJ
βd
FV |P,Dpv|Pi, d;βd, αqψipp, z, d;αq

)ı

ldpYi, Zi;βdq

´
1

?
n

n
ÿ

i“1

E
␣

BJ
αFV |P,Dpv|Pi, d;βd, αqψK

i pp, z, d;αq
(

lpDi, Zi;αq ` opp1q.

(E.21)
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where the second equality follows from the asymptotic linearity of the first-step estimators in Assump-
tion A.1(iv).

It remains to verify that the influence-function class

ZI
d “

␣

ζIdp¨;ω, α, βdq : ω P W
(

is P -Donsker. Write ZI
d as the sum of three classes,

ZI
d,0 “

␣“

1pVd ď vq ´ FV |P,Dpv|P, d;βd, αq
‰

ψKpp, z, d;αq : ω P W
(

,

ZI
d,α “

␣

AdpωqJlpD,Z;αq : ω P W
(

, ZI
d,β “

␣

BdpωqJldpY, Z;βd, αq : ω P W
(

.

Under Assumption A.1(iv), the first step estimators admit fixed asymptotic linear representations with
influence functions lpD,Z;αq and ldpY, Z;βd, αq that are square integrable. This condition already incor-
porates the regularity of any nonparametric nuisance estimators used to obtain the Robinson first-step
estimator. Hence, in the present Donsker verification, l and ld are treated as fixed population influence
functions, while the indexing over ω enters only through the scalar coefficient functions Adpωq and Bdpωq.
Because α and βd are finite-dimensional and Adpωq and Bdpωq are bounded and uniformly continuous over
ω, the classes ZI

d,α and ZI
d,β are finite-dimensional linear spans of fixed L2pP q functions and are therefore

P -Donsker.
Indeed, the first class ZI

d,0 is a bounded product class of the residual component

Hd,1 “

!

1pVd ď vq ´ FV |P,Dpv|P, d;βd, αq : v P XV

)

and the weighting component

Hd,2 “

!

ψKpp, z, d;αq : pp, zq P XP ˆ XZ

)

.

For Hd,1, the integrability of the bracketing entropy follows directly from the entropy bound for Fη

established in part (1) and the fact that FV |P,Dpv|¨, d;βd, αq P Fη by Assumption A.5. Also, for the weighting
class Hd,2

tψKpp, z, d;αq : pp, zq P XP ˆ XZu

has the same entropy order as the VC class Ψ, up to the projected component ιdpP q. By definition,

ιdpP q “ 1pP ď pqGpz | P ;αq, Gpz | p;αq :“ PrpZ ď z | P “ p,D “ dq,

and Assumption A.5 implies that Gpz | ¨;αq P Gη. Hence the projection term is obtained from a bounded
indicator class multiplied by a class with the same entropy order as Gη, so it does not alter the integrability
of the bracketing entropy.

Since ZI
d,0 “ Hd,1 ¨ Hd,2 is a bounded product of two classes with integrable bracketing entropy, its

bracketing entropy is again integrable. Therefore,
ż 1

0

b

logNrspϵ,ZI
d,0, L2pP qq dϵ ă 8.
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This proves part (ii). In addition, the same entropy argument also applies to the feasible analogue
obtained by replacing FV |P,D and G with F̂V |P,D and Ĝ, since these estimators belong to Fη and Gη with
probability approaching one.

E.2 Asymptotic Null Distribution of Monotonicity Statistics

To derive the asymptotic null distribution of T̂M , we first establish the weak convergence of the empirical
copula process

?
npĈdpλq ´ Cdpλqq as follows:

Lemma E.2. Under Assumptions A.1, A.2, and A.6, for d P t0, 1u,

sup
λPΛ

|
?
npĈdpλq ´ Cdpλqq ´

1
?
n

n
ÿ

i“1

ζMd pYi, Di, Zi, λ, α, βdq| “ opp1q, (E.22)

where
ζMd pYi, Di, Zi;λ, α, βdq “ 1tv1 ď Vdi ď v2, Di “ d, Pi ď F´1

P puqu ´ Cdpλq

´ BuCdpλqt1pPi ď F´1
P puqq ´ uu

` lpDi, Zi;αqJBαCdpλq ` ldpYi, Zi;βd, αqJBβd
Cdpλq.

Furthermore,
?
npĈdpλq ´ Cdpλqq ù GCd

pλq in l8pΛq, (E.23)

where GCd
pλq denotes a zero mean Gaussian process with covariance structure

ErζMd pYi, Di, Zi, λ1, α, βdqζMd pYi, Di, Zi, λ2, α, βdqs

.

Proof. Let Pn denote the empirical measure and let Gn “
?
npPn ´ P q. For λ “ pv1, v2, uq, define

fλpY,D,Z; a, b, tq “ 1tv1 ď Y ´XJb ď v2, D “ d, P pZ; aq ď tu,

where the rank u and the propensity threshold t are linked by u “ FP pt; aq (equivalently t “ F´1
P pu; aq). In

Steps 1–2 below, t varies freely and u is understood through this relation; in Steps 3–5, u is the primary
variable and t is set to the corresponding quantile.

Step 1: Empirical process regularity. Consider the two classes

GP “ t1pP pZ; aq ď tq : pa, tq P Cα ˆ XP u,

and
Fd “ tfλpY,D,Z; a, b, tq : λ P Λ, pa, b, tq P Cα ˆ Cβd

ˆ XP u.

By Lemmas 2.6.15, 2.6.16, and 2.6.18 of Van der Vaart and Wellner (1996), the propensity-score threshold
class GP is VC-subgraph. Indeed, P pZ; aq is a finite-dimensional parametric transformation of Z, and the
sets tz : P pz; aq ď tu are generated by thresholding this parametric index over pa, tq P Cα ˆ XP . The
same argument applies to the residual threshold classes t1pY ´ XJb ď vq : pv, bq P XV ˆ Cβd

u. Therefore,
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1tv1 ď Vdpbq ď v2u is the intersection of two such threshold classes and is VC-type. Since D “ d is
a fixed treatment indicator, the class Fd is formed by finite intersections of the treatment indicator, the
residual threshold sets, and the propensity score threshold set. Finite intersections of VC-subgraph classes
are VC-type. Hence both GP and Fd are pointwise measurable, uniformly bounded, and P -Donsker.

The boundary mass bounds implied by Assumption A.6 give L2pP q-continuity of these classes in their
finite-dimensional indices. For example, perturbing v1, v2, b, a, or t only changes the indicator on sets where
either Y ´ XJb is close to a residual boundary or P pZ; aq is close to a propensity-score boundary. These
sets have probability of order equal to the perturbation size. Therefore, the Donsker processes indexed by
GP and Fd are stochastically equicontinuous in the relevant parameters.

Step 2: Quantile expansion. By the Donsker property and stochastic equicontinuity of GP , together
with the first step expansion for α̂,

sup
tPXP

ˇ

ˇ

ˇ

?
ntF̂P pt; α̂q ´ FP pt;αqu ´ Gnt1pP pZ;αq ď tqu ´ BαFP pt;αqJ

?
npα̂ ´ αq

ˇ

ˇ

ˇ
“ opp1q.

By Assumptions A.1(iii), A.2, and A.6, fP p¨;αq is bounded away from zero on XP . The standard Bahadur
representation for empirical quantiles (Lemma 3.9.23 of Van der Vaart and Wellner (1996)) applies on
compact subsets of p0, 1q. At the endpoints u “ 0 and u “ 1, the empirical copula process and the rank-
correction term are handled directly by their boundary values. Stochastic equicontinuity on Λ (Step 1) then
extends the interior representation to the closed interval r0, 1s.

sup
uPr0,1s

ˇ

ˇ

ˇ

ˇ

ˇ

?
n
`

F̂´1
P pu; α̂q ´ F´1

P pu;αq
˘

` f´1
P

`

F´1
P pu;αq

˘

ˆ

”

Gnt1pFP pP ;αq ď uq ´ uu ` BαFP

`

F´1
P pu;αq;α

˘J?
npα̂ ´ αq

ı

ˇ

ˇ

ˇ

ˇ

ˇ

“ opp1q.

Step 3: Decomposition of the copula process. For each λ “ pv1, v2, uq,

?
ntĈdpλq ´ Cdpλqu “ GnfλpY,D,Z;α, βd, F

´1
P pu;αqq

`
?
ntPfλpY,D,Z; α̂, β̂d, F̂

´1
P pu; α̂qq ´ PfλpY,D,Z;α, βd, F

´1
P pu;αqqu ` rnpλq,

where
rnpλq “ GntfλpY,D,Z; α̂, β̂d, F̂

´1
P pu; α̂qq ´ fλpY,D,Z;α, βd, F

´1
P pu;αqqu.

The stochastic equicontinuity established in Step 1, together with pα̂, β̂d, F̂
´1
P p¨; α̂qq Ñp pα, βd, F

´1
P p¨;αqq,

gives
sup
λPΛ

|rnpλq| “ opp1q.

Step 4: Drift expansion. Since

PfλpY,D,Z; a, b, tq “ Hdpv1, v2, t; a, bq “

ż t

0

“

FV |P,Dpv2 | p, d; b, aq ´ FV |P,Dpv1 | p, d; b, aq
‰

fP,Dpp, d; aq dp,
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the differentiability of Hd implied by Assumption A.6 gives the uniform first-order expansion

?
ntPfλpY,D,Z; α̂, β̂d, F̂

´1
P pu; α̂qq ´ PfλpY,D,Z;α, βd, F

´1
P pu;αqqu

“ BαHdpv1, v2, F
´1
P pu;αq;α, βdqJ

?
npα̂ ´ αq ` Bβd

Hdpv1, v2, F
´1
P pu;αq;α, βdqJ

?
npβ̂d ´ βdq

` BtHdpv1, v2, F
´1
P pu;αq;α, βdq

?
ntF̂´1

P pu; α̂q ´ F´1
P pu;αqu ` opp1q,

uniformly in λ P Λ.
Substituting the quantile expansion from Step 2 and using

BtHdpv1, v2, F
´1
P pu;αq;α, βdq “ fP pF´1

P pu;αq;αqBuCdpλq,

we obtain ?
ntPfλpY,D,Z; α̂, β̂d, F̂

´1
P pu; α̂qq ´ PfλpY,D,Z;α, βd, F

´1
P pu;αqqu

“ Bβd
CdpλqJ

?
npβ̂d ´ βdq ` BαCdpλqJ

?
npα̂ ´ αq

´ BuCdpλqGnt1pP pZ;αq ď F´1
P pu;αqq ´ uu ` opp1q,

where BαCd is the total derivative defined above.

Step 5: Influence function representation. Substituting the asymptotic linear representations of α̂
and β̂d into the display in Step 4 and combining with the empirical-process term from Step 3 gives

?
ntĈdpλq ´ Cdpλqu “

1
?
n

n
ÿ

i“1

ζMd pYi, Di, Zi;λ, α, βdq ` opp1q

uniformly in λ P Λ.
Finally, the influence-function class is the sum of a VC-type centered indicator class, the rank correction

class tBuCdpλqp1pPi ď F´1
P pu;αqq ´uq : λ P Λu, and finite dimensional linear spans of the first step influence

functions multiplied by bounded smooth coefficients. These classes are Donsker under the conditions above
and the moment conditions implicit in the first step linear representations. Hence the uniform expansion
implies weak convergence in ℓ8pΛq to the Gaussian process stated in the lemma.

F Simulation Results: All Significance Levels

This appendix reports the full simulation results at the 1%, 5%, and 10% significance levels. Tables 1, 2,
and 3 correspond to Tables 1, 2, and 3 in the main text, respectively.
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Table 1: Simulation Results for Size (All Significance Levels)

n “ 200 n “ 500 n “ 1000 n “ 2000
DGP Test 0.01 0.05 0.10 0.01 0.05 0.10 0.01 0.05 0.10 0.01 0.05 0.10

N1

T̂I 0.008 0.044 0.091 0.005 0.043 0.078 0.003 0.041 0.077 0.013 0.059 0.113
T̂M 0.000 0.002 0.008 0.000 0.002 0.009 0.000 0.002 0.005 0.000 0.002 0.013
T̂Max 0.000 0.002 0.009 0.001 0.007 0.016 0.000 0.013 0.026 0.007 0.039 0.077
T̂Sum 0.000 0.006 0.020 0.001 0.004 0.016 0.001 0.005 0.014 0.001 0.008 0.024
T̂BC 0.005 0.024 0.046 0.003 0.020 0.044 0.001 0.019 0.043 0.009 0.032 0.061

N2

T̂I 0.014 0.056 0.112 0.008 0.040 0.084 0.008 0.054 0.099 0.010 0.043 0.076
T̂M 0.000 0.002 0.010 0.000 0.002 0.009 0.000 0.004 0.012 0.000 0.002 0.009
T̂Max 0.000 0.004 0.014 0.001 0.004 0.018 0.002 0.012 0.046 0.006 0.027 0.050
T̂Sum 0.001 0.008 0.021 0.002 0.013 0.025 0.002 0.010 0.027 0.003 0.013 0.024
T̂BC 0.009 0.026 0.058 0.005 0.025 0.042 0.005 0.033 0.058 0.006 0.022 0.045

N3

T̂I 0.002 0.046 0.092 0.008 0.050 0.094 0.014 0.058 0.109 0.008 0.046 0.090
T̂M 0.000 0.003 0.022 0.000 0.005 0.026 0.001 0.016 0.029 0.002 0.016 0.033
T̂Max 0.000 0.003 0.021 0.000 0.005 0.028 0.002 0.019 0.044 0.001 0.021 0.047
T̂Sum 0.002 0.008 0.025 0.001 0.011 0.039 0.005 0.026 0.055 0.003 0.017 0.042
T̂BC 0.001 0.018 0.048 0.006 0.026 0.055 0.011 0.040 0.074 0.007 0.027 0.061

N4

T̂I 0.005 0.039 0.081 0.004 0.035 0.083 0.011 0.049 0.091 0.014 0.056 0.099
T̂M 0.000 0.011 0.040 0.000 0.023 0.060 0.004 0.032 0.076 0.009 0.050 0.102
T̂Max 0.000 0.011 0.042 0.000 0.023 0.057 0.004 0.032 0.077 0.010 0.048 0.099
T̂Sum 0.002 0.015 0.039 0.001 0.021 0.056 0.004 0.034 0.087 0.009 0.058 0.114
T̂BC 0.004 0.023 0.049 0.002 0.023 0.057 0.014 0.047 0.081 0.017 0.057 0.102

Table 2: Power Performance under Violations of HI
0 (All Significance Levels)

n “ 200 n “ 500 n “ 1000 n “ 2000
DGP Test 0.01 0.05 0.10 0.01 0.05 0.10 0.01 0.05 0.10 0.01 0.05 0.10

ALT1(I)
T̂I 0.068 0.178 0.285 0.282 0.535 0.663 0.686 0.876 0.936 0.991 0.998 1.000
T̂M 0.000 0.005 0.013 0.000 0.000 0.007 0.001 0.006 0.011 0.005 0.025 0.041
T̂Max 0.002 0.020 0.037 0.069 0.205 0.312 0.505 0.740 0.831 0.980 0.998 0.999
T̂Sum 0.004 0.041 0.093 0.059 0.212 0.315 0.315 0.613 0.738 0.872 0.971 0.984
T̂BC 0.046 0.125 0.181 0.230 0.428 0.535 0.624 0.807 0.876 0.982 0.998 0.998

ALT2(I)
T̂I 0.025 0.106 0.202 0.067 0.227 0.364 0.290 0.646 0.788 0.892 0.991 0.997
T̂M 0.000 0.002 0.007 0.000 0.005 0.009 0.000 0.006 0.015 0.001 0.010 0.021
T̂Max 0.001 0.011 0.020 0.011 0.044 0.101 0.152 0.420 0.587 0.849 0.982 0.994
T̂Sum 0.003 0.022 0.047 0.008 0.049 0.111 0.064 0.232 0.386 0.541 0.843 0.934
T̂BC 0.018 0.060 0.108 0.046 0.135 0.229 0.229 0.498 0.649 0.835 0.974 0.991

ALT3(I)
T̂I 0.015 0.062 0.134 0.019 0.102 0.201 0.089 0.313 0.480 0.452 0.802 0.915
T̂M 0.000 0.000 0.010 0.000 0.005 0.017 0.000 0.005 0.023 0.000 0.012 0.030
T̂Max 0.000 0.002 0.013 0.000 0.015 0.034 0.026 0.107 0.207 0.340 0.690 0.815
T̂Sum 0.001 0.014 0.036 0.003 0.026 0.061 0.012 0.107 0.194 0.158 0.467 0.639
T̂BC 0.011 0.038 0.062 0.014 0.055 0.107 0.064 0.186 0.316 0.386 0.692 0.807

ALT4(I)
T̂I 0.007 0.047 0.085 0.007 0.051 0.105 0.030 0.122 0.223 0.176 0.457 0.620
T̂M 0.000 0.002 0.008 0.000 0.004 0.008 0.000 0.003 0.006 0.000 0.000 0.008
T̂Max 0.000 0.003 0.011 0.001 0.010 0.025 0.011 0.066 0.113 0.145 0.390 0.539
T̂Sum 0.000 0.005 0.015 0.002 0.007 0.022 0.004 0.032 0.061 0.027 0.136 0.256
T̂BC 0.003 0.029 0.049 0.006 0.025 0.055 0.020 0.081 0.124 0.133 0.319 0.457
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Table 3: Power Performance under Violations of HM
0 (All Significance Levels)

n “ 200 n “ 500 n “ 1000 n “ 2000
DGP Test 0.01 0.05 0.10 0.01 0.05 0.10 0.01 0.05 0.10 0.01 0.05 0.10

ALT1(M)

T̂I 0.014 0.062 0.107 0.010 0.053 0.106 0.005 0.041 0.099 0.009 0.057 0.118
T̂M 0.256 0.666 0.825 0.973 0.998 1.000 1.000 1.000 1.000 1.000 1.000 1.000
T̂Max 0.256 0.665 0.826 0.973 0.998 1.000 1.000 1.000 1.000 1.000 1.000 1.000
T̂Sum 0.184 0.532 0.715 0.921 0.991 0.999 1.000 1.000 1.000 1.000 1.000 1.000
T̂BC 0.189 0.528 0.687 0.955 0.998 0.998 1.000 1.000 1.000 1.000 1.000 1.000

ALT2(M)

T̂I 0.010 0.060 0.113 0.007 0.056 0.102 0.013 0.046 0.098 0.014 0.054 0.100
T̂M 0.001 0.016 0.044 0.047 0.223 0.383 0.540 0.926 0.980 0.997 1.000 1.000
T̂Max 0.001 0.017 0.049 0.045 0.201 0.357 0.474 0.883 0.960 0.994 1.000 1.000
T̂Sum 0.005 0.029 0.082 0.028 0.155 0.284 0.239 0.687 0.848 0.890 0.998 0.999
T̂BC 0.009 0.041 0.076 0.030 0.152 0.272 0.416 0.818 0.928 0.993 1.000 1.000

ALT3(M)

T̂I 0.008 0.060 0.111 0.010 0.055 0.102 0.016 0.042 0.094 0.011 0.067 0.105
T̂M 0.000 0.010 0.046 0.013 0.084 0.164 0.045 0.207 0.362 0.216 0.491 0.658
T̂Max 0.000 0.010 0.046 0.013 0.081 0.161 0.045 0.211 0.352 0.210 0.474 0.635
T̂Sum 0.001 0.024 0.068 0.006 0.056 0.141 0.026 0.157 0.281 0.118 0.368 0.543
T̂BC 0.005 0.027 0.070 0.013 0.071 0.137 0.044 0.151 0.242 0.176 0.384 0.530

ALT4(M)

T̂I 0.009 0.043 0.077 0.007 0.042 0.091 0.009 0.056 0.100 0.011 0.055 0.105
T̂M 0.000 0.010 0.033 0.004 0.027 0.067 0.022 0.100 0.207 0.124 0.460 0.672
T̂Max 0.000 0.011 0.034 0.003 0.029 0.068 0.020 0.096 0.195 0.099 0.390 0.606
T̂Sum 0.001 0.013 0.036 0.004 0.025 0.068 0.012 0.076 0.161 0.049 0.232 0.418
T̂BC 0.006 0.028 0.052 0.007 0.034 0.069 0.025 0.067 0.152 0.097 0.318 0.504
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