
Supplementary Appendix for “Nonparametric Tests for
Treatment Effect Heterogeneity with Duration

Outcomes”by Pedro H. C. Sant’Anna

This supplementary appendix contains details of how to construct tests for the null hypoth-

esis of zero conditional (restricted) local average treatment effect (Section S.1.1), and for the

null hypothesis of homogeneous conditional local average treatment effect (Section S.1.2), and

all the mathematical proofs of the theoretical results presented in the main text (Section S.2).

S.1 Additional Tests under Endogenous Treatment Allocations

S.1.1 Testing for Zero Conditional Local Average Treatment Effect

The goal of this subsection is to show how one can adapt the test of zero conditional average

treatment effect described in Section 4.1 to the local treatment effect setup described in Section

4.3.

Denote the restricted conditional local average treatment effects by

Υ
clate

τ̄ (X) ≡ E [Y (1) 1 {Y (1) ≤ τ̄} |X, pop = comp]

−E [Y (0) 1 {Y (0) ≤ τ̄} |X, pop = comp] ,

Our goal is to test the null hypothesis

H
late

0 : Υ
clate

τ̄ (X) = 0 a.s., (S.1)

against H late
1 , which is simply the negation of (S.1). The null (S.1) is analogous to (4.1) within

the LTE setup.

From Theorem 3.1 of Abadie (2003), we have that under Assumption 4.1,

Υ
1,clate

τ̄ (X) ≡ E [Y (1) 1 {Y (1) ≤ τ̄} |X, pop = comp]

=
1

Γ (X)

(
E
[
TZY 1 {Y ≤ τ̄}

q0 (X)

∣∣∣∣X] (S.2)

−E
[
T (1− Z)Y 1 {Y ≤ τ̄}

1− q0 (X)

∣∣∣∣X]) ,
and

Υ
0,clate

τ̄ (X) ≡ E [Y (0) 1 {Y (0) ≤ τ̄} |X, pop = comp]

=
1

Γ (X)

(
E
[

(1− T ) (1− Z)Y 1 {Y ≤ τ̄}
1− q0 (X)

∣∣∣∣X] (S.3)

−E
[

(1− T )ZY 1 {Y ≤ τ̄}
q0 (X)

∣∣∣∣X])
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where

Γ (X) = E
[(

TZ

q0 (X)
− T (1− Z)

1− q0 (X)

)∣∣∣∣X] ,
and Γ (X) = P (T (1) > T (0) |X) > 0 a.s. see Lemma 2.1 of Abadie (2003).

Combining these results with those analogous to Lemma 1 and Lemma 2 (and Theorem 7),

we have that H late
0 is true if and only if

I
late

τ̄ (x) = 0 a.e. in XX ,

where I
late

τ̄ (x) = I
1,late

τ̄ (x)− I0,late

τ̄ (x), and for t ∈ {0, 1},

I
t,ldte

(x) ≡ (2t− 1)

{
Ekm

[
Q1 {Q ≤ τ̄}
q0 (X)

1 {X ≤ x} |T = t, Z = 1

]
P (T = t, Z = 1)

−Ekm
[
Q1 {Q ≤ τ̄}
1− q0 (X)

1 {X ≤ x} |T = t, Z = 0

]
P (T = t, Z = 0)

}
Then, as discussed in Section 2.3, our KS type test statistic for hypothesis (S.1) is

KSlateτ̄ ,n =
√
n sup

x∈XX

∣∣∣Î lateτ̄ ,n (x)
∣∣∣ ,

where Î lateτ̄ ,n (x) = Î1,late
τ̄ ,n (x)− Î0,late

τ̄ ,n (x),

Î
1,late

τ̄ ,n (x) =
n11

n

n11∑
i=1

Win11

Q1:n111 {Q1:n11 ≤ τ̄} 1
{
X[i:n11] ≤ x

}
q̂n
(
X[i:n11]

)
−n10

n

n10∑
i=1

Win10

Q1:n101 {Q1:n10 ≤ τ̄} 1
{
X[i:n10] ≤ x

}
1− q̂n

(
X[i:n10]

) ,

Î
0,late

τ̄ ,n (x) =
n00

n

n00∑
j=1

Wjn00

Qj:n001 {Qj:n00 ≤ τ̄} 1
{
X[j:n00] ≤ x

}
1− q̂n

(
X[j:n00]

)
−n01

n

n01∑
j=1

Wjn01

Qj:n011 {Qj:n01 ≤ τ̄} 1
{
X[j:n01] ≤ x

}
q̂n
(
X[j:n01]

) ,

with Wintz as defined in (B.4). The discussion for the Cramér-von Mises test is the same and

is therefore omitted.

In the next theorem, we state the asymptotic properties of KS
late

τ̄ ,n . Using an analogous

procedure to the one described in Section 3.4, let c
late,∗
τ̄ ,α,n denote the bootstrap critical value of

the KS
late

τ̄ ,n .

Theorem S.1 Suppose Assumptions 4.1-4.2 are satisfied. Further, suppose that for the sub-

population of compliers, Assumption A.2, A.7, and A.8 are satisfied, and that q0 and its SLE

q̂n satisfy the analogous of Assumptions A.4 and A.5. Then, for a fixed τ̄ ≤ τ ,

1. Under H
late

0 , limn→∞ Pn
{
KS

late

τ̄ ,n > c
late,∗
τ̄ ,α,n

}
= α.
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2. Under H
late

1 , limn→∞ Pn
{
KS

late

τ̄ ,n > c
late,∗
τ̄ ,α,n

}
= 1.

3. Under H
late

1,n : Υ
late

τ̄ (X) = 1√
n
h

late

τ̄ (X) a.s., if h
late

τ̄ (·) is an integrable function, and the set

h
late

τ̄ ,n ≡
{

x ∈ XX : n−1/2h
late

τ̄ (x) 6= 0
}

has positive Lebesgue measure,

limn→∞ Pn
{
KS

late

τ̄ ,n > c
late,∗
τ̄ ,α,n

}
> α.

The proof of Theorem S.1 follows from the same steps as the proofs of Theorems 5 and 7,

and therefore is omitted.

S.1.2 Testing for Homogeneous Conditional Local Average Treat-

ment Effect
The goal of this subsection is to show how one can adapt the test of homogenous conditional

average treatment effect described in Section 4.2 to the local treatment effect setup described

in Section 4.3. More precisely, the goal is to test the null hypothesis

H
l hom

0 : ∃ Υl
τ̄ ∈ R : Υ

clate

τ̄ (X) = Υl
τ̄ a.s., (S.4)

against H
l hom

1 , which is simply the negation of (S.1). The null (S.1) is analogous to (4.2) within

the LTE setup.

From Theorem 3.1 of Abadie (2003) and the results discussed in Section S.1.1, H
l hom

0 is true

if and only if

Υ
1,clate

τ̄ (X)−Υ
0,clate

τ̄ (X) = Υ
late

τ̄ a.s., (S.5)

where Υ
1,clate

τ̄ (X) and Υ
0,clate

τ̄ (X) are defined as in (S.2) and (S.3), respectively, and Υ
late

τ̄ =

Υ
1,late

τ̄ −Υ
0,late

τ̄ with

Υ
1,late

τ̄ =

(
E
[
TZY 1 {Y ≤ τ̄}

q0 (X)

]
− E

[
T (1− Z)Y 1 {Y ≤ τ̄}

1− q0 (X)

])
,

Υ
0,late

τ̄ =
1

Γ

(
E
[

(1− T ) (1− Z)Y 1 {Y ≤ τ̄}
1− q0 (X)

]
− E

[
(1− T )ZY 1 {Y ≤ τ̄}

q0 (X)

])
,

and

Γ = E
[(

TZ

q0 (X)
− T (1− Z)

1− q0 (X)

)]
> 0.

Multiplying both sides of (S.5) by Γ (X) > 0 a.s., and rearranging the terms, we have that

(S.5) is equivalent to

E
[
T

(
Z

q0 (X)
− (1− Z)

1− q0 (X)

)(
Y 1 {Y ≤ τ̄} −Υ

late

τ̄

)∣∣∣∣X]
−E

[
(1− T )

(
(1− Z)

1− q0 (X)
− Z

q0 (X)

)
Y 1 {Y ≤ τ̄}

∣∣∣∣X]
= 0 a.s..
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Combining the aforementioned results with those analogous to Lemma 1 and Lemma 2 (and

Theorem 7), we have that H l hom
0 is true if and only if

I
l hom

τ̄ (x) = 0 a.e. in XX ,

where I
l hom

τ̄ (x) = I
1,l hom

τ̄ (x)− I0,l hom

τ̄ (x),

I
t,l hom

(x)

≡ (2t− 1)

Ekm

(
Q1 {Q ≤ τ̄} − TΥ

late

τ̄

)
1 {X ≤ x}

q0 (X)

∣∣∣∣∣∣T = t, Z = 1

P (T = t, Z = 1)

− Ekm

(
Q1 {Q ≤ τ̄} − TΥ

late

τ̄

)
1 {X ≤ x}

1− q0 (X)

∣∣∣∣∣∣T = t, Z = 0

P (T = t, Z = 1)


Then, as discussed in Section 2.3, our KS type test statistic for hypothesis (S.4) is

KS
l hom

τ̄ ,n =
√
n sup

x∈ XX

∣∣∣I l hom

τ̄ (x)
∣∣∣ ,

where Î
l,hom

τ̄ ,n (x) = Î
1,l hom

τ̄ ,n (x)− Î0,l hom

τ̄ ,n (x),

Î
1,l hom

τ̄ ,n (x) =
n11

n

n11∑
i=1

Win11

(
Q1:n111 {Q1:n11 ≤ τ̄} − Υ̂

late

τ̄ ,n

)
1
{
X[i:n11] ≤ x

}
q̂n
(
X[i:n11]

)
−n10

n

n10∑
i=1

Win10

(
Q1:n101 {Q1:n10 ≤ τ̄} − Υ̂

late

τ̄ ,n

)
1
{
X[i:n10] ≤ x

}
1− q̂n

(
X[i:n10]

) ,

Î
0,l hom

τ̄ ,n (x) =
n00

n

n00∑
j=1

Wjn00

Qj:n001 {Qj:n00 ≤ τ̄} 1
{
X[j:n00] ≤ x

}
1− q̂n

(
X[j:n00]

)
−n01

n

n01∑
j=1

Wjn01

Qj:n011 {Qj:n01 ≤ τ̄} 1
{
X[j:n01] ≤ x

}
q̂n
(
X[j:n01]

) ,

with Wintz as defined in (B.4). The discussion for the Cramér-von Mises test is the same and

is therefore omitted.

In the next theorem, we state the asymptotic properties of KS
l hom

τ̄ ,n . Using an analogous

procedure to the one described in Section 3.4, let c
l hom,∗
τ̄ ,α,n denote the bootstrap critical value of

the KS
l hom

τ̄ ,n .

Theorem S.2 Suppose Assumptions 4.1-4.2 are satisfied. Further, suppose that for the sub-

population of compliers, Assumption A.2, A.7, and A.8 are satisfied, and that q0 and its SLE

q̂n satisfy the analogous of Assumptions A.4 and A.5. Then, for a fixed τ̄ ≤ τ ,

1. Under H l hom
0 , limn→∞ Pn

{
KS

l hom

τ̄ ,n > c
l hom,∗
τ̄ ,α,n

}
= α.
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2. Under H
l hom

1 , limn→∞ Pn
{
KS

l hom

τ̄ ,n > c
l hom,∗
τ̄ ,α,n

}
= 1.

3. Under H l hom
1,n : Υ

clate

τ̄ (X)−Υ
l

τ̄ = n−1/2h
l hom

τ̄ (X) a.s., if h
l hom

τ̄ (·) is an integrable function,

and the set h
l hom

τ̄ ,n ≡
{

x ∈ XX : n−1/2h
l hom

τ̄ (x) 6= 0
}

has positive Lebesgue measure, then

limn→∞ Pn
{
KS

l hom

τ̄ ,n > c
l hom,∗
τ̄ ,α,n

}
> α.

The proof of Theorem S.2 follows from the same steps as the proofs of Theorems 7 and 7,

and therefore is omitted.

S.2 Mathematical Proofs
Before proving the main results of the article, we first introduce some notation. For a generic

set G, let l∞ (G) be the Banach space of all uniformly bounded real functions on G equipped

with the uniform metric ‖f‖G ≡ supz∈G |f (z)|. We consider convergence in distribution of

empirical processes in the metric space
(
l∞ (G) , ‖f‖G

)
in the sense of J. Hoffman-Jørgensen

(see, e.g. , van der Vaart and Wellner (1996)). For any generic Euclidean random vector

ξ on a probability space (Ω,F ,P) , XX denotes its state space and Pξ denotes its induced

probability measure with corresponding distribution function Fξ (·) = Pξ(−∞, ·]. Define W ≡
[−∞, τ ] × X

X
. Throughout the appendix, denote C as a generic finite constant that may

change from expression to expression. Finally, all random variables are defined on a common

probability space (Ω,A,P) .

S.2.1 Proofs of Lemmas 1 and 2
First, we present the proofs of the identification result in Lemma 1, and the characterization

of the null hypothesis in Lemma 2.

Proof of Lemma 1: In the absence of censoring, we have that, for t ∈ {0, 1}, by Assump-

tion 2.1 and the law of total probability,

E [h (Y (t) ,X,t)] = E
[

1 {T = t}h (Y,X,T )

P (T = t|X)

]
=

∫
h (ȳ, x̄,t)FY,X|T (dȳ, dx̄|t)P (T = t) ,

where the first equality is due to Rosenbaum and Rubin (1983). Thus, our result follows from

noticing that, as shown by (Stute, 1993, Remark 1.4) and (Sant’Anna, 2016, Proposition 1),

F km
Q,X|T (y,x|t) =

{
FY,X|T (y,x|t) , if y < τ,

FY,X|T (y−,x|t) + 1 {τ (t) ∈ A (t)}FY,X|T ({τ} ,x|t) if y ≥ τ ,

whenever censoring is present and Assumption 2.2 is satisfied. Conditional results follows from

taking the appropriate Radon-Nikodym derivative of F km
Q,X|T (y,x|t). �
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Proof of Lemma 2: From Lemma 1, we have that, ∀y ∈ [−∞, τ ],

Υ (y|X) = Ekm
[
T1 {Q ≤ y}
p0 (X)

− (1− T ) 1 {Q ≤ y}
1− p0 (X)

∣∣∣∣X] a.s.

Define the finite Borel measure

v (B) =

∫
B

Υ (y|x)PX (dx) ,

where PX is the probability measure associated with X and B ∈ B, with B the Borel σ-field

of Rk in the product topology. Then, the proof follows directly from Lemma 1 of Escanciano

(2006). �

S.2.2 Proofs: Testing for Zero Conditional Distributional Treatment

Effect
Before we proceed to the proof Lemma 3, we introduce the following auxiliary lemma.

Lemma S.1 Under Assumptions 2.1 (ii), A.2, A.4 and A.5, |p̂n (x)− p0 (x)|∞ = oP
(
n−1/4

)
.

Proof of Lemma S.1: Define the pseudo true propensity score ppseudo (x) = L
(
RL (x)′ π0,L

)
,

where

π0,L = arg max
π

E
[
p0 (X) log

(
L
(
RL (X)′ π

))
+ (1− p0 (X)) log

(
1− L

(
RL (X)′ π

))]
.

Let ζ(L) = supx∈X
∣∣RL (x)

∣∣ . Then, it follows from the triangle inequality, the mean value

theorem, and Lemmas 1 and 2 of Hirano et al. (2003),

|p̂n (x)− p0 (x)|∞ =
∣∣p̂n (x)− ppseudo (x) + ppseudo (x)− p0 (x)

∣∣
∞

≤
∣∣p̂n (x)− ppseudo (x)

∣∣
∞ +

∣∣ppseudo (x)− p0 (x)
∣∣
∞

≤ Cζ(L) ‖πn,L − π0,L‖+
∣∣ppseudo (x)− p0 (x)

∣∣
∞

= OP

(
ζ(L)

√
L

n

)
+OP

(
ζ(L)L−s/2k

)
= oP

(
n−1/4

)
where the last equality follow from Assumption A.5. �

In the following we prove Lemma 3. With some abuse of notation, let

I0
1 (y,x, p) = E

[
1− T

1− p (X)
1 {Y ≤ y} 1 {X ≤ x}

]
,

I1
1 (y,x, p) = E

[
T

p (X)
1 {Y ≤ y} 1 {X ≤ x}

]
,

I0
1n (y,x, p) = Ekmn

[
1− T

1− p (X)
1 {Q ≤ y} 1 {X ≤ x}

]
6



I1
1 (y,x, p) = Ekmn

[
T

p (X)
1 {Q ≤ y} 1 {X ≤ x}

]
.

Proof of Lemma 3: Notice that

√
n
(
Î1,n (y,x)− I1 (y,x)

)
=
√
n
(
I1

1n (y,x, p̂n)− I1
1 (y,x, p0)

)
−
√
n
(
I0

1n (y,x, p̂n)− I0
1 (y,x, p0)

)
.

Therefore, we can work with
√
n (I1

1n (y,x, p̂n)− I1
1 (y,x, p)) and

√
n (I0

1n (y,x, p̂n)− I0
1 (y,x, p))

separately. Given that these two functionals have symmetric construction, we only provide

detailed arguments for the linear representation of
√
n (I1

1n (y,x, p̂n)− I1
1 (y,x, p)) .

First, write

√
n
(
I1

1n (y,x, p̂n)− I1
1 (y,x, p0)

)
=
√
n

∫
ϕ1
y,x,p0

(ȳ, x̄, t̄)
[
F km
n (dȳ, dx̄, dt̄)− F (dȳ, dx̄, dt̄)

]
+
√
n

∫ [
ϕ1
y,x,p̂n (ȳ, x̄, t̄)− ϕ1

y,x,p0
(ȳ, x̄, t̄)

] (
F km
n (dȳ, dx̄, dt̄)− F (dȳ, dx̄, dt̄)

)
+
√
n

∫ [
ϕ1
y,x,p̂n (ȳ, x̄, t̄)− ϕ1

y,x,p0
(ȳ, x̄, t̄)

]
F (dȳ, dx̄, dt̄)

= A1n + A2n + A3n,

where, for a generic p (·), ϕ1
y,x,p (ȳ, x̄, t̄) = t̄1 {ȳ ≤ y} 1 {x̄ ≤ x} /p (x̄).

From Theorem 1.1 of Stute (1996), we have that, under Assumptions 2.1, 2.2, and A.6,

A1n =
1√
n

n∑
i=1

(
η1,i (y,x)− I1

1 (y,x)
)
, (S.1)

where η1,i (y,x) is defined as in (3.6).

Next, by a Taylor expansion argument, we have that

A2n =
√
n

∫ (
t̄1 {ȳ ≤ y} 1 {x̄ ≤ x} (p̄ (x̄)− p0 (x̄))

p2
0 (x̄)

)(
F km
n (dȳ, dx̄, dt̄)− F (dȳ, dx̄, dt̄)

)
≤ C |(p̂n (x̄)− p0 (x̄))|∞

√
n

∫
W

(
F km
n (dȳ, dx̄, dt̄)− F (dȳ, dx̄, dt̄)

)
≤ C |p̂n (x̄)− p0 (x̄)|∞OP (1)

= oP
(
n−1/4

)
OP (1)

= oP (1) , (S.2)

where the first inequality follows from |p̄ (X)− p0 (X)| ≤ |p̂n (X)− p0 (X)|, p0 > ε a.s., and

t̄1 {· ≤ y} 1 {· ≤ x} ≤ 1 a.s., the second inequality follows from Theorem 1.1 of Stute (1996),

and the last part follows from Lemma S.1.
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Finally, we analyze the A3n term. Note that we can rewrite A3n as

A3n =
√
n
(
I1

1 (y,x, p̂n)− I1
1 (y,x, p0)− Γ1

1 (y,x, p0) [p̂n − p0]
)

+
√
n
(
Γ1

1 (y,x, p0) [p̂n − p0]
)

= A1
3n + A2

3n,

where

Γ1
1 (y,x, p) [p− p0] = −E

[
T1 {Y ≤ y} 1 {X ≤ x}

p2
0 (X)

(p (X)− p0 (X))

]
is the pathwise derivative of I1

1 (y,x, p0) with respect to p. But notice that∣∣I1
1 (y,x, p̂n)− I1

1 (y,x, p0)− Γ1
1 (y,x, p0) [p̂n − p0]

∣∣
∞

≤ 2

∣∣∣∣E [T1 {Y ≤ y} 1 {X ≤ x}
p3

0 (X)
(p̄ (X)− p0 (X))2

]∣∣∣∣
∞

≤ 2

∣∣∣∣E [T1 {Y ≤ y} 1 {X ≤ x}
p3

0 (X)

]∣∣∣∣
∞
|p (x)− p0 (x)|2∞

≤ C |p (x)− p0 (x)|2∞
= oP

(
n−1/2

)
where the first inequality follows from a Taylor expansion argument, the second inequality

follows from |p̄ (X)− p0 (X)| ≤ |p (X)− p0 (X)|, and the last one from p0 > ε a.s., and

T1 {Y ≤ y} 1 {X ≤ x} ≤ 1 a.s., and Lemma S.1. Thus, we have that

A1
3n = oP (1) , (S.3)

uniformly in (y,x) ∈ W .

To complete the proof of the linear representation of
√
n (I1n (y,x)− I1 (y,x)), we have to

show that

A2
3n = − 1√

n

n∑
i=1

FY (1)|X (y|Xi) 1 {Xi ≤ x}
p0 (Xi)

(Ti − p0 (Xi)) + oP (1) . (S.4)

To this end, notice that by the Law of Iterated Expectations, we have that

Γ1
1 (y,x, p0) [p̂n − p] = E

[
−
FY (1)|X (y|X) 1 {X ≤ x}

p0 (X)
(p̂n (X)− p0 (X))

]
.

Then, by using the same arguments as in Hirano et al. (2003)’s Addendum, we have that

√
nE
[
−
FY (1)|X (y|X) 1 {X ≤ x} (p̂n (X)− p0 (X))

p0 (X)

]
=
−1√
n

n∑
i=1

FY (1)|X (y|Xi) 1 {Xi ≤ x}
p0 (Xi)

(Ti − p0 (Xi))

8



+OP
(
ζ (L)L−

s
2k

)
+OP

(
ζ (L)2

√
n

)
+OP

(√
nζ (L)L

− s
2k

n

)
+OP

(
ζ (L)

11
2

√
n

)
+OP

(
max

(
L−

1
2k , ζ (Ln)L−

s
2k

))
=
−1√
n

n∑
i=1

FY (1)|X (y|Xi) 1 {Xi ≤ x}
p0 (Xi)

(Ti − p0 (Xi))

+OP

(
n−( s

2k
−1)v

)
+OP

(
n2v− 1

2

)
+OP

(
n−( s

2k
−1)v+ 1

2

)
+OP

(
n

11
2
v−1/2

)
+OP

(
max

(
L1− s

2k , L−
1
2k

))
=
−1√
n

n∑
i=1

FY (1)|X (y|Xi) 1 {Xi ≤ x}
p0 (Xi)

(Ti − p0 (Xi)) + oP (1) ,

where the second equality follows from using power series and setting L = a ·N v as in Assump-

tion A.5, and the last equality follows from the conditions we have imposed on v. Then, (S.4)

follows.

By combining (S.1)-(S.4), we have that

√
n
(
I1

1n (y,x, p̂n)− I1
1 (y,x, p)

)
=

1√
n

n∑
i=1

(
η1,i (y,x)− I1

1 (y,x)−
FY (1)|X (y|Xi) 1 {Xi ≤ x}

p0 (Xi)
(Ti − p0 (Xi))

)
+ oP (1) , (S.5)

completing the proof of the asymptotic linear representation of
√
n (I1

1n (y,x, p̂n)− I1
1 (y,x, p)).

Following the same steps as above, we can show that

√
n
(
I0

1n (y,x, p̂n)− I0
1 (y,x, p)

)
=

1√
n

n∑
i=1

(
η0,i (y,x)− I0

1 (y,x) +
FY (0)|X (y|Xi) 1 {Xi ≤ x}

1− p0 (Xi)
(Ti − p0 (Xi))

)
+ oP (1) . (S.6)

Then, the proof of Lemma 3 follows from (S.5) and (S.6). �

Next, we prove our main theorems.

Proof of Theorem 1: From the asymptotic representation in Lemma 3, it suffices to prove

the convergence of the dominant term. To this end, define the class of real-valued measurable

functions

F = {
(
ȳ, x̄, t̄, δ̄

)
→ ϕ(y,x) ≡ η (y,x)

−
(
FY (1)|X (y|x̄)

p0 (x̄)
+
FY (0)|X (y|x̄)

1− p0 (x̄)

)
1 {x̄ ≤ x} (t̄− p (x̄)) : (y,x) ∈ W}

where η (y,x) is defined as in (3.7)

9



Our goal is to show that class of functions F is Donsker. By Theorem 2.10.6 in van der

Vaart and Wellner (1996) it suffices to show that, for t = 0, 1, the classes of functions

G1,t ≡
{(
ȳ, x̄, t̄, δ̄

)
→ ξt (ȳ, x̄, t̄; y,x) : (y,x) ∈ W

}
, (S.7)

G2 ≡
{(

ȳ, x̄, t̄, δ̄
)
→
(
FY (1)|X (y|x̄)

p0 (x̄)
+
FY (0)|X (y|x̄)

1− p0 (x̄)

)
×

{1 {x̄ ≤ x}} (t̄− p0 (x̄)) : (y,x) ∈ W
}

G3,t ≡
{(
ȳ, x̄, t̄, δ̄

)
→ γt,1 (ȳ; y,x) : (y,x) ∈ W

}
, (S.8)

G4,t ≡
{(
ȳ, x̄, t̄, δ̄

)
→ γt,2 (ȳ; y,x) : (y,x) ∈ W

}
, (S.9)

G5,t =
{(
ȳ, x̄, t̄, δ̄

)
→ γt,0 (ȳ)

}
, (S.10)

G6 =
{(
ȳ, x̄, t̄, δ̄

)
→ δ

}
(S.11)

are Donsker. Here, recall that ξ1 and ξ0 are as defined in(3.4) and (3.5), and γt,0 (·), γt,1 (·)
and γt,2 (·) are defined as in Section 3.1. Now, notice that both G1,t and G2 are VC-class with

square integrable envelope functions. Therefore, by Theorem 2.6.8 in van der Vaart and Wellner

(1996), these classes of functions are Donsker. Both G5,t and G6 are not indexed by y nor by x,

and so they are clearly Donsker. Next consider G3,t and G4,t. In order to prove that these classes

of functions are Donsker, by Theorem 2.5.6 of van der Vaart and Wellner (1996), it suffices to

show that, for i = 3, 4, ∫ ∞
0

√
lnN[·] (ε,Gi,t, L2 (P ))dε <∞ (S.12)

where P is the probability measure corresponding to the joint distribution of (Q, δ, T,X), and

L2 (P ) is the L2 − norm. Notice that

γt,2 (ω) =

∫ ∫
1 {v̄ < ω, v̄ < ω̄} ξt (ω̄, x̄, t̄; y,x)

[1−Ht (v̄)]2
γt,0 (ω̄)Ht,0 (dv̄)Ht,11 (dω̄, dx̄) ,

and γt,1 (ω) = −γ−t,1 (ω), where

γ−t,1 (ω) =
−1

1−Ht (ω)

∫
1 {ω̄ > ω} ξt (ω̄, x̄, t̄; y,x) γt,0 (w̄)Ht,11 (dω̄, dx̄)

are non-decreasing, bounded functions. Therefore, by Theorem 2.7.5 in van der Vaart and

Wellner (1996), we have that, for a fixed ε > 0 and i = 3, 4, lnN[·] (ε,Gi,t, L2 (P )) ≤ Kε−1,

where K is an arbitrary constant. Hence the integral in (S.12) is finite, and the classes of

functions G3,t and G4,t, t = 0, 1, are Donsker.

We have just shown that F is Donsker, that is, we have proved that

√
n
(
Î1,n − I1

)
(y,x)⇒ C∞ (y,x)

where C∞ is a tight Gaussian process in l∞ (W) with zero mean and covariance function given

by (3.11). Since under H0, I1 (y,x) = 0 a.e. in W , the proof is completed.�
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Proof of Theorem 2: Notice that we can always write

√
nÎ1,n (y,x) =

√
n
(
Î1,n − I1

)
(y,x) +

√
nI (y,x)

= D1,n (y,x) +D2,n (y,x) .

From the proof of Theorem 1, we have that

√
n
(
Î1,n − I1,n

)
⇒ C∞,

and therefore D1,n (y,x) = OP (1) . On the other hand, under the alternative I1 (y,x) 6= 0 for

some (y,x). Therefore D2,n (y,x) = OP
(
n1/2

)
. Hence, under H1,

√
n sup

(y,x)∈W

∣∣∣Î1,n (y,x)
∣∣∣ p→∞.

Since under H0, I1 (y,x) = 0 for all (y,x), KSn = OP (1), and therefore cKSα = O (1) almost

surely, we conclude that

lim
n→∞

P
{
KSn > cKSα

}
= 1.

Analogously, we have that

lim
n→∞

P
{
CvMn > cCvMα

}
= 1.

�

Proof of Theorem 3: As in the proof of Theorem 2, we can always write

√
nÎ1,n (y,x) =

√
n
(
Î1,n − I1

)
(y,x) +

√
nI (y,x)

= D1,n (y,x) +D2,n (y,x)

From the proof of Theorem 1, we have that

√
n
(
Î1,n − I1

)
(y,x)⇒ C∞,

and therefore D1,n (y,x) = OP (1) . On the other hand, under the local alternatives of the type

H1,n,
√
nI1 (y,x) = E [h (y,x) 1 {X ≤ x}] = OP (1). Hence, under H1,n,

√
nÎ1,n (y,x)⇒ C∞ +R (y,x)

in l∞ (W) .�

Before we proceed with the proof of Theorem 4, we provide the following auxiliary results.

Lemma S.2 Suppose Assumptions 2.1, A.2-A.5 hold. Additionally, assume that, for each y,

FY (t)|X (y|x) is continuously differentiable of order m > k, where k is the dimension of X.

11



Then,

sup
(y,x)∈W

∣∣∣F̂ km
Y (t)|X,n (y|x)− FY (t)|X (y|x)

∣∣∣ = oP (1)

Proof of Lemma S.2: For a matrix A, let ‖A‖ denote the matrix norm of A such that

‖A‖ =
√
tr (A′A). Due to the symmetry of arguments, we only prove that

sup
(y,x)∈W

∣∣∣F̂ km
Y (1)|X,n (y|x)− FY (1)|X (y|x)

∣∣∣ = oP (1) .

Define

ΦL (y) =
1

n

n∑
i=1

δiTi1 {Qi ≤ y} γ1,0 (Qi) RL (Xi)

p̂n (Xi)
,

Φ
KM

L (y) =
n1

n

n1∑
i=1

Win1

1 {Qi:n1 ≤ y}RL
(
X[i:n1]

)
p̂n
(
X[i:n1]

) ,

ζL =
1

n

nRL∑
i=1

(Xi) RL (Xi)
′
.

Notice that from Lemma S.1,

ΦL (y) =
1

n

n∑
i=1

δiTi1 {Qi ≤ y} γ1,0 (Qi) RL (Xi)

p0 (Xi)

− 1

n

n∑
i=1

δiTi1 {Qi ≤ y} γ1,0 (Qi) RL (Xi) (p̂n (Xi)− p0 (Xi))

p̂n (Xi) p0 (Xi)

=
1

n

n∑
i=1

δiTi1 {Qi ≤ y} γ1,0 (Qi) RL (Xi)

p0 (Xi)
+ op

(
n−1/4

)
,

uniformly in (y,x) ∈ W . Analogously,

Φ
KM

L (y) =
n1

n

n1∑
i=1

Win1

1 {Qi:n1 ≤ y}RL
(
X[i:n1]

)
p0

(
X[i:n1]

) + op
(
n−1/4

)
.

Thus, we have that

Φ
KM

L (y)− ΦL (y)

=
n1

n

n1∑
i=1

Win1

1 {Qi:n1 ≤ y}RL
(
X[i:n1]

)
p0

(
X[i:n1]

)
− 1

n

n∑
i=1

δiTi1 {Qi ≤ y} γ1,0 (Qi)R
L (Xi)

p0 (Xi)

+oP
(
n−1/4

)
= oP (1)

where the last equality follows from Theorem 1 of Stute (1993).
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From the above results, we have that

F̂ km
Y (1)|X,n (y|x) = ΦL (y)

′
ζ−1
L RL (x) + oP (1)

uniformly in (y,x) ∈ W . Next, by noticing that the variance of δT1 {Q ≤ ·} γ0 (Q) /p0 (X)

conditional on X is bounded for all (y,x) ∈ W , the uniform bound in Newey (1997) for power

series estimators applies:

sup
(y,x)∈W

∣∣∣ΦL (y)
′
ζ−1
L RL (x)− FY (1)|X (y|x)

∣∣∣ ≤ C
(
L

3
2n−

1
2 + L1−m

k

)
= oP (1)

where the last step follows from Assumption A.5 and that m > k. �

Lemma S.3 Let H be the collection of all distribution functions bounded away from 0 and 1

that satisfy Assumption A.4. For a given (y,x) ∈ W, and p ∈ H, let

ξ0 (ȳ, x̄, t̄; y,x, p) =

(
1− t̄

1− p (x̄)

)
1 {ȳ ≤ y} 1 {x̄ ≤ x} ,

ξ1 (ȳ, x̄, t̄; y,x, p) =

(
t̄

p (x̄)

)
1 {ȳ ≤ y} 1 {x̄ ≤ x} .

Under the same Assumptions as Lemma S.2, the classes of real-valued measurable functions

G0 ≡ {(ȳ, x̄, t̄)→ ξ0 (ȳ, x̄, t̄; y,x, p) : (y,x) ∈ W ,p ∈ H} ,

G1 ≡ {(ȳ, x̄, t̄)→ ξ1 (ȳ, x̄, t̄; y,x, p) : (y,x) ∈ W ,p ∈ H} ,

are Donsker.

Proof of Lemma S.3: From the fact that for some ε > 0, ε < p (·) < 1 − ε a.s.,

the integrability conditions in Assumptions 2.1, and Theorem 2.10.6 of van der Vaart and

Wellner (1996), it suffices to show that the classes of functions {1 {· ≤ y} 1 {· ≤ x} , (y,x)∈W} ,
{p, p ∈ H}, {y} , and {t} are Donsker. To this end, notice that under the smoothness conditions

imposed by Assumptions A.2, A.4 and A.5 it follows that the class of functions {p, p ∈ H} is

Donsker, cf. Theorem 2.7.1 of van der Vaart and Wellner (1996). The functions {y} and

{t} are clearly Donsker because they are not indexed by anything. The class of functions

{1 {· ≤ y} 1 {· ≤ x} , (y,x)∈W} is a VC-class, and hence it is Donsker, cf. Theorem 2.6.4 of

van der Vaart and Wellner (1996). Thus, the proof is completed.�

Lemma S.4 Let HF be the collection of all m-times continuously differentiable conditional

CDF, where m > k, where k is the dimension of the conditioning set. For a given (y,x) ∈ W,

p ∈ H, FY (t)|X ∈ HF , t ∈ {0, 1}, let

α1

(
x̄, t̄; y,x, p, FY (1)|X

)
= −

FY (1)|X (y|x̄) 1 {x̄ ≤ x}
p (x̄)

(t̄− p (x̄)) ,

13



α0

(
x̄, t̄; y,x, p, FY (0)|X

)
=

FY (0)|X (y|x̄) 1 {x̄ ≤ x}
1− p (x̄)

(t̄− p (x̄))

Under the same Assumptions as Lemma S.2, the classes of real-valued measurable functions

G0,0 ≡
{

(x̄, t̄)→ α0

(
x̄; y,x, p, FY (0)|X

)
: (y,x) ∈ W ,p ∈ H,FY (0)|X ∈ HF

}
,

G1,1 ≡
{

(x̄, t̄)→ α1

(
x̄; y,x, p, FY (1)|X

)
: (y,x) ∈ W ,p ∈ H,FY (1)|X ∈ HF

}
,

are Donsker.

Proof of Lemma S.3: From the fact that for some ε > 0, ε < p (·) < 1 − ε a.s., the

integrability conditions in Assumptions 2.1, and Theorem 2.10.6 of van der Vaart and Well-

ner (1996), it suffices to show that the classes of functions {1 {· ≤ x} , (y,x)∈W} , {p, p ∈ H},{
FY (t)|X (y|x̄) , (y,x) ∈ W ,FY (t)|X ∈ HF

}
, t ={0, 1}, and {t} are Donsker. Given that in Lemma

S.3 we already have shown all these but
{
FY (t)|X (y|x̄) , (y,x) ∈ W ,FY (t)|X ∈ HF

}
, it suffices to

show that the later is Donsker. To this end, notice that underthe smoothness conditions im-

posed, it follows that the class of functions
{
FY (t)|X (y|x̄) , (y,x) ∈ W ,FY (t)|X ∈ HF

}
is Donsker,

cf. Theorem 2.7.1 of van der Vaart and Wellner (1996). Thus, the proof is completed.�

Next, we proceed with the proof of Theorem 4.

Proof of Theorem 4: For t ∈ {0, 1}, denote

η̂t,i (y,x, p̂n) = ξ̂t (Qi,Xi, Ti; y,x, p̂n) γ̂t,0 (Qi) δt,i + γ̂t,1 (Qi) (1− δi)− γ̂t,2 (Qi)

and

η̂i (y,x, p̂n) = η̂1,i (y,x, p̂n)− η̂0,i (y,x, p̂n)

and γ̂t,0, γ̂t,1 and γ̂t,2 are the empirical analogous of γt,0, γt,1 and γt,2 as defined in (3.7), with

the true propensity score p0 replaced by the SLE p̂n.

The proof follows two steps. In the first step in this proof is to show that

1√
n

n∑
i=1

(
η̂i(y,x, p̂n) + α̂

KM
(
Xi; y,x, p̂n, F̂

km
Y (1)|X,n, F̂

km
Y (0)|X,n

)
(Ti − p̂n (Xi))

)
=

1√
n

n∑
i=1

(ηi(y,x) + α (Xi; y,x) (Ti − p0 (Xi))) + oP (1) (S.13)

uniformly in (y,x) ∈ W , that is, there is no estimation effect coming from replacing the true

η(y,x), α (X; y,x) and p0 (X) by their nonparametric estimators.

In the second step, we prove that, under H0, H1 or H1,n ,

1√
n

n∑
i=1

(ηi(y,x, p)− α (Xi; y,x) (Ti − p (Xi)))Vi (S.14)

converges weakly to the same limit process as in Theorem 1.
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We proceed with the proof of the first step. To show this, it suffices to show that the classes

of functions {
ηi(y,x, pn)− α

(
Xi; y,x, p, FY (0)|X, FY (1)|X

)
(Ti − p (X)) :

(y,x) ∈ W ,p ∈ H,
(
FY (0)|X, FY (1)|X

)
∈ HF ×HF

}

is Donsker. However, this follows from Lemmas S.3 and S.4. Therefore, by a stochastic equicon-

tinuity argument, the Glivenko-Cantelli Theorem and the triangle inequality,

sup
(y,x)∈W

∣∣∣∣∣ 1√
n

n∑
i=1

(η̂i(y,x, p̂n)− ηi(y,x))

∣∣∣∣∣ = oP (1) . (S.15)

sup
(y,x)∈W

∣∣∣∣∣ 1√
n

n∑
i=1

α̂
KM
(
Xi; y,x, F̂

km
Y (1)|X,n, F̂

km
Y (0)|X,n

)
(Ti − p̂ (Xi))

−α (Xi; y,x) (Ti − p (Xi))

∣∣∣∣∣ = oP (1) . (S.16)

Combining (S.15) and (S.16), we have established (S.13), finishing the proof of the first step.

Next, let’s consider (S.14). Define the classes of real measurable functions

G∗ ≡{
(
w̄, x̄, t̄, δ̄, v̄

)
∈ X

Y
×X

X
× {0, 1} × {0, 1} × Xv →

(η(y,x) + α (x̄; y,x) (t̄− p0 (x̄))) v̄ : (y,x) ∈ W},

The class G∗ is Donsker, since

G ≡
{(
w̄, x̄, t̄, δ̄

)
→ η(y,x) + α (x̄; y,x) (t̄− p0 (x̄)) : (y,x) ∈ W

}
,

is Donsker, see Theorem 2.9.6 in van der Vaart and Wellner (1996). Then, since P∗ng = 0 for

all g ∈ G∗,

I∗1,n (y,x) =
1

n

n∑
i=1

(ηi (y,x) + α (Xi; y,x) (Ti − p (Xi)))Vi + oP∗n
(
n−1/2

)
, (S.17)

uniformly in (y,x) ∈ W .

The expansion (S.17), and the multiplier functional central limit theorem, see Theorem 2.9.6

in van der Vaart and Wellner (1996), imply that
√
nI∗1,n (y,x) converges weakly (in probability)

to the same weak limit as
√
nÎ1,n (y,x) in l∞ (W) under H0, H1 or H1n.

This completes the proof of Theorem 4.�

S.2.3 Proofs: Testing for Zero Conditional Average Treatment Ef-

fects
In this subsection we prove Theorem 5. To this end, we first present two auxiliary lemmas.

The first one, we establish the integrated moment representation of the null H
cate

0 in (4.1). The
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second Lemma establishes the asymptotic linear representation of the two-step Kaplan-Meier

integral.

Lemma S.5 Suppose Assumptions 2.1-2.2 hold. Assume that the parametric family w (X,x)

satisfy Assumption A.1, and let τ̄ ≤ τ . Then

Υ
cate

τ̄ (X) = 0 a.s.⇔ I
cate

τ̄ (x) = 0 a.e in XX ,

where I
cate

τ̄ (x) = I1,cate
τ̄ (x)− I0

τ̄ (x), with

I t,cateτ̄ (x) ≡ Ekm
[

1 {T = t}Q1 {Q ≤ τ̄}
P (T = t|X)

1 {X ≤ x}
]
, t ∈ {0, 1} .

Proof of Lemma S.5: From Lemma 1, we have that for some τ̄ ≤ τ

Υ
cate

τ̄ (X) = Ekm
[
TQ1 {Q ≤ τ̄}

p0 (X)
− (1− T )Q1 {Q ≤ τ̄}

1− p0 (X)

∣∣∣∣X] a.s.,

provided (2.6) is ruled out (as we do). The rest of the proof follows from the exact same

arguments as the proof of Lemma 2 as is therefore omitted. �

Before stating the next Lemma, we need to introduce some notation. Let

ηcateτ̄ (x) = ηcateτ̄ ,1 (x)− ηcateτ̄ ,0 (x) ,

with

ηcateτ̄ ,t (x) = ξcateτ̄ ,t (Q,X, T ; x) γt,0 (Q) δ + γcatet,1,τ̄ (Q; x) (1− δ)− γcatet,2,τ̄ (Q; x) ,

t ∈ {0, 1}, where

ξcateτ̄ ,1 (Q,X, T ; x) =
TQ1 {Q ≤ τ̄} 1 {X ≤ x}

p0 (X)
,

ξcateτ̄ ,0 (Q,X, T ; x) =
(1− T )Q1 {Q ≤ τ̄} 1 {X ≤ x}

1− p0 (X)
,

γt,0 is defined in (3.1), and γcatet,1,τ̄ (Q; x) and γcatet,2,τ̄ (Q; x) are defined as (3.2) and (3.3), re-

spectively, but with ξt replaced by ξcateτ̄ ,t . Furthermore, denote αcateτ̄ (X; x) = αcateτ̄ ,1 (X; x) −
αcateτ̄ ,0 (X; x), with

αcateτ̄ ,1 (X; x) = −E (Y (1)1 {Y (1) ≤ τ̄} |X) 1 {X ≤ x}
p0 (X)

,

αcateτ ,0 (X; x) =
E (Y (0)1 {Y (0) ≤ τ̄} |X) 1 {X ≤ x}

1− p0 (X)
.

Lemma S.6 Under the same assumptions as in Theorem 5, we have that uniformly in x ∈ XX ,

√
n
(
Îcateτ̄ ,n (x)− Icateτ̄ (x)

)
=

1√
n

n∑
i=1

{[
ηcateτ̄ ,i (x)− Icateτ̄ (x)

]
+ αcateτ̄ (Xi; x) (Ti − p0(Xi))

}
+oP (1) ,

(S.18)
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Proof of Lemma S.6: With some abuse of notation, let

I0,cate
τ̄ (x, p) = E

[
1− T

1− p (X)
Y 1 {Y ≤ τ̄} 1 {X ≤ x}

]
,

I1,cate
τ̄ (x, p) = E

[
T

p (X)
Y 1 {Y ≤ τ̄} 1 {X ≤ x}

]
,

I0,cate
τ̄ ,n (x, p) = Ekmn

[
1− T

1− p (X)
Q1 {Q ≤ τ̄} 1 {X ≤ x}

]
I1,cate
τ̄ ,n (x, p) = Ekmn

[
T

p (X)
Q1 {Q ≤ τ̄} 1 {X ≤ x}

]
.

Then, notice that

√
n
(
Îcateτ̄ ,n (x)− Icateτ̄ (x)

)
=
√
n
(
I1,cate
τ̄ ,n (x, p̂n)− I1,cate

τ̄ (x, p0)
)

−
√
n
(
I0
τ̄ ,n (x, p̂n)− I0,cate

τ̄ (x, p0)
)
.

Therefore, we can work with
√
n
(
I t,cateτ̄ ,n (x, p̂n)− I t,cateτ̄ (x, p0)

)
, t ∈ {0, 1}, separately. Given

that these two functionals have symmetric construction, we only provide detailed arguments

for the linear representation of

√
n
(
I1,cate
τ̄ ,n (x, p̂n)− I1,cate

τ̄ (x, p0)
)
.

To consider the most general case, we set τ̄ = τ , implying that 1 {Y ≤ τ̄} = 1 a.s. and

1 {Q ≤ τ̄} = 1 a.s.. This way, to avoid (even more) cumbersome notation, we drop the index

τ̄ .

As in the proof of Lemma 3, we

√
n
(
I1,cate
n (y,x, p̂n)− I1,cate (y,x, p0)

)
=
√
n

∫
ϕ1,cate
x,p0

(ȳ, x̄, t̄)
[
F km
n (dȳ, dx̄, dt̄)− F (dȳ, dx̄, dt̄)

]
+
√
n

∫ [
ϕ1,cate
x,p̂n

(ȳ, x̄, t̄)− ϕ1,cate
x,p0

(ȳ, x̄, t̄)
] (
F km
n (dȳ, dx̄, dt̄)− F (dȳ, dx̄, dt̄)

)
+
√
n

∫ [
ϕ1,cate
x,p̂n

(ȳ, x̄, t̄)− ϕ1,cate
x,p0

(ȳ, x̄, t̄)
]
F (dȳ, dx̄, dt̄)

= Acate
1n + Acate

2n + Acate
3n ,

where, for a generic p (·), ϕ1,cate
x,p (ȳ, x̄, t̄) = t̄ȳ1 {x̄ ≤ x} /p (x̄).

Then, following the same type of arguments as in the proof of Lemma 3, we have that,

uniformly in x ∈ XX ,

Acate
1n =

1√
n

n∑
i=1

(
η1,cate
i (x)− I1,cate (x)

)
+ oP (1) ,

Acate2n = oP (1) ,
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Acate
3n =

−1√
n

n∑
i=1

E (Y (1) |Xi) 1 {Xi ≤ x}
p0 (Xi)

(Ti − p0 (Xi)) + oP (1)

concluding the proof. �

Proof of Theorem 5: Once we have proved the validity of the linear representation

(S.18), the proof of the weak converge of the process
√
n
(
Îcateτ̄ ,n − Icateτ̄

)
(x) under Hcate

0 , Hcate
1

and Hcate
1,n follows the same steps of Theorems 1, 2 and 3, and the validity of the bootstrap

follows the reasoning of Theorem 4 in a routine fashion. Details are omitted.�

S.2.4 Proofs: Testing for Homogeneous Average Treatment Effects
In this subsection we prove Theorem 6. To this end, we first present two auxiliary lemmas.

The first one, we establish the integrated moment representation of the null H
hom

0 in (4.2). The

second Lemma establishes the asymptotic linear representation of the two-step Kaplan-Meier

integral.

Lemma S.7 Suppose Assumptions 2.1-2.2 hold. Assume that the parametric family w (X,x)

satisfy Assumption A.1, and let τ̄ ≤ τ . Then, we have that

H
hom

0 : ∃ Υτ̄ ∈ R : Υ
cate

τ̄ (X) = Υτ̄ a.s.

is true if and only if

Ihom
τ̄ (x) = 0 a.e. in XX ,

where I
hom

τ̄ (x) = I1,hom
τ̄ (x)− I0,hom

τ̄ (x), with, for t ∈ {0, 1},

I t,hom
τ̄ (x) ≡ Ekm

[
1 {T = t}

(
Q1 {Q ≤ τ̄}
P (T = t|X)

− (2T − 1) Iateτ̄

)
1 {X ≤ x}

]
, t ∈ {0, 1} ,

and

Iateτ̄ ≡ Ekm
[
TQ1 {Q ≤ τ̄}

p0 (X)

]
− Ekm

[
(1− T )Q1 {Q ≤ τ̄}

1− p0 (X)

]
.

Proof of Lemma S.7: From Lemma 1, we have that for some τ̄ ≤ τ

Υ
cate

τ̄ (x) = Ekm
[
TQ1 {Q ≤ τ̄}

p0 (X)
− (1− T )Q1 {Q ≤ τ̄}

1− p0 (X)

∣∣∣∣X] a.s.,

and that

Ekm [Y (1) 1 {Y (1) ≤ τ̄} − Y (0) 1 {Y (0) ≤ τ̄}] = Iateτ̄ ,

provided (2.6) is ruled out (as we do). If Υ
cate

τ̄ (·) is a.s. constant, it must be equal to Iateτ̄ .

Thus, we can rewrite H
hom

0 as

H
hom

0 : Ekm
[
TQ1 {Q ≤ τ̄}

p0 (X)
− (1− T )Q1 {Q ≤ τ̄}

1− p0 (X)
− Iateτ̄

∣∣∣∣X] = 0 a.s..
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Note that the aforementioned representation is equivalent to

Ekm
[
TQ1 {Q ≤ τ̄}

p0 (X)
− (1− T )Q1 {Q ≤ τ̄}

1− p0 (X)
−
(
TIateτ̄ + (1− T ) Iateτ̄

)∣∣∣∣X] ,
implying that we can further characterize H

hom

0 as

H
hom

0 : Υ
hom

τ̄ (X) = 0 a.s. (S.19)

where Υ
hom

τ̄ (X) = Υ
1,hom

τ̄ (X)−Υ
0,hom

τ̄ (X), with

Υ
1,hom

τ̄ (X) = Ekm
[
T

(
Q1 {Q ≤ τ̄}
p0 (X)

− Iateτ̄

)∣∣∣∣X] ,
= Ekm

[
T

(
Q1 {Q ≤ τ̄}
p0 (X)

− (2T − 1) Iateτ̄

)∣∣∣∣X] (S.20)

and analogously,

Υ
0,hom

τ̄ (X) = Ekm
[

(1− T )

(
Q1 {Q ≤ τ̄}
1− p0 (X)

+ Iateτ̄

)∣∣∣∣X]
= Ekm

[
(1− T )

(
Q1 {Q ≤ τ̄}
1− p0 (X)

− (2T − 1) Iateτ̄

)∣∣∣∣X] . (S.21)

From (S.19), (S.20) and (S.21), we have thatH
hom

0 can be written as a “standard” conditional

moment restrictions. To conclude the proof, we just need to show that (S.19) is true if and

only if Ihom
τ̄ (x) = 0 a.e. in XX . This follows from the exact same arguments as the proof of

Lemma 2. �

Before stating the next Lemma, we need to introduce some additional notation. Let

ηhom
τ̄ (x) = ηhom

τ̄ ,1 (x)− ηhom
τ̄ ,0 (x) ,

ηateτ̄ = ηateτ̄ ,1 − ηateτ̄ ,0,

with

ηhom
τ̄ ,t (x) = ξhom

τ̄ ,t (Q,X, T ; x) γt,0 (Q) δ + γhom
t,1,τ̄ (Q; x) (1− δ)− γhom

t,2,τ̄ (Q; x) ,

ηateτ̄ ,t = ξateτ̄ ,t (Q,X, T ) γt,0 (Q) δ + γatet,1,τ̄ (Q) (1− δ)− γatet,2,τ̄ (Q) ,

t ∈ {0, 1}, where

ξhom
τ̄ ,1 (Q,X, T ;x) = T

(
Q1 {Q ≤ τ̄}
p0 (X)

− Iateτ̄

)
1 {X ≤ x} ,

ξateτ̄ ,1 (Q,X, T ) =
TQ1 {Q ≤ τ̄}

p0 (X)
,

ξhom
τ̄ ,0 (Q,X, T ;x) = (1− T )

(
Q1 {Q ≤ τ̄}
p0 (X)

+ Iateτ̄

)
1 {X ≤ x}
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ξateτ̄ ,0 (Q,X, T ) =
(1− T )Q1 {Q ≤ τ̄}

1− p0 (X)
,

γt,0 is defined in (3.1), γhom
t,1,τ̄ (Q;x) (γatet,1,τ̄ (Q)) and γhom

t,2,τ̄ (Q;x) (γatet,2,τ̄ (Q)) and are defined as (3.2)

and (3.3), respectively, but with ξt replaced by ξhom
τ̄ ,t (ξateτ̄ ,t ). Furthermore, denote αateτ̄ (X) =

αateτ̄ ,1 (X)− αateτ̄ ,0 (X), with

αateτ̄ ,1 (X) = −E (Y (1)1 {Y (1) ≤ τ̄} |X)

p0 (X)
,

αateτ,0 (X) =
E (Y (0)1 {Y (0) ≤ τ̄} |X)

1− p0 (X)
.

Lemma S.8 Under the same assumptions as in Theorem 6, we have that, uniformly in x ∈ XX ,

√
n
(
Îhom
τ̄ ,n (x)− Ihom

τ̄ (x)
)

=
1√
n

n∑
i=1

[
ηhom
τ̄ ,i (x)− Ihom

τ̄ (x)
]

+ αcateτ̄ (Xi; x) (Ti − p0(Xi))

−
[(
ηateτ̄ ,i − Iateτ̄

)
+ αateτ̄ (Xi) (Ti − p0(Xi))

]
E [1 {X ≤ x}] + oP (1) , (S.22)

Proof of Lemma S.8: With some abuse of notation, let

I0,hom
τ̄

(
x, p, Iate

)
= E

[
(1− T )

(
Y 1 {Y ≤ τ̄}

1− p (X)
+ Iate

)
1 {X ≤ x}

]
,

I1,hom
τ̄

(
x, p, Iate

)
= E

[
T

(
Y 1 {Y ≤ τ̄}

p (X)
− Iate

)
1 {X ≤ x}

]
,

I0,hom
τ̄ ,n

(
x, p, Iate

)
= Ekmn

[
(1− T )

(
Y 1 {Y ≤ τ̄}

1− p (X)
+ Iate

)
1 {X ≤ x}

]
I1,hom
τ̄ ,n

(
x, p, Iate

)
= Ekmn

[
T

(
Y 1 {Y ≤ τ̄}

p (X)
− Iate

)
1 {X ≤ x}

]
,

and denote the true (restricted) ATE by Iate0,τ̄ .

Then, notice that

√
n
(
Îhom
τ̄ ,n (x)− Ihom

τ̄ (x)
)

=
√
n
(
I1,hom
τ̄ ,n

(
x, p̂n, Î

ate
τ̄ ,n

)
− I1,hom

τ̄

(
x, p0, I

ate
0,τ̄

))
−
√
n
(
I0,hom
τ̄ ,n

(
x, p̂n, Î

ate
τ̄ ,n

)
− I0,hom

τ̄

(
x, p0, I

ate
0,τ̄

))
.

Therefore, we can work with
√
n
(
I t,hom
τ̄ ,n

(
x, p̂n, Î

ate
τ̄ ,n

)
− I t,hom

τ̄

(
x, p0, I

ate
0,τ̄

))
for each t ∈ {0, 1} ,

separately. Given that these two functionals have symmetric construction, we only provide de-

tailed arguments for the linear representation of
√
n
(
I1,hom
τ̄ ,n

(
x, p̂n, Î

ate
τ̄ ,n

)
− I1,hom

τ̄

(
x, p0, I

ate
0,τ̄

))
.

To consider the most general case, we set τ̄ = τ , implying that 1 {Y ≤ τ̄} = 1 a.s. and

1 {Q ≤ τ̄} = 1 a.s.. This way we avoid (even more) cumbersome notation, and drop the index

τ̄ .

Notice that

√
n
(
I1,hom
n

(
x, p̂n, Î

ate
n

)
− I1,hom

(
x, p0, I

ate
0

))
20



=
√
n

(
Ekmn

[
T

(
Q

p̂n (X)
− Îaten

)
1 {X ≤ x}

]
−E

[
T

(
Y

p0 (X)
− Iate0

)
1 {X ≤ x}

])
=
√
n

(
Ekmn

[
T

(
Q

p̂n (X)
− Iate0

)
1 {X ≤ x}

]
− I1,hom

(
x, p0, I

ate
0

))
−
√
n
(
Îaten − Iate0

)
Ekmn [T1 {X ≤ x}]

= Ahom
n − Bhom

n .

As in the proof of Lemma 3 and Lemma S.6, we

Ahom
n =
√
n

∫
ϕ1,hom
x,p0

(ȳ, x̄, t̄)
[
F km
n (dȳ, dx̄, dt̄)− F (dȳ, dx̄, dt̄)

]
+
√
n

∫ [
ϕ1,hom
x,p̂n

(ȳ, x̄, t̄)− ϕ1,hom
x,p0

(ȳ, x̄, t̄)
] (
F km
n (dȳ, dx̄, dt̄)− F (dȳ, dx̄, dt̄)

)
+
√
n

∫ [
ϕ1,hom
x,p̂n

(ȳ, x̄, t̄)− ϕ1,hom
x,p0

(ȳ, x̄, t̄)
]
F (dȳ, dx̄, dt̄)

= Ahom
1n + Ahom

2n + Ahom
3n ,

where, for a generic p (·),

ϕ1,hom
x,p (ȳ, x̄, t̄) = t̄

(
ȳ

p (x̄)
− Iate0

)
1 {x̄ ≤ x} .

Then, following the same type of arguments as in the proof of Lemma 3, we have that,

uniformly in x ∈ XX ,

Ahom
1n =

1√
n

n∑
i=1

(
η1,hom
i (x)− I1,hom (x)

)
+ oP (1) ,

Ahom
2n = oP (1) ,

Ahom
3n =

−1√
n

n∑
i=1

E (Y (1) |Xi) 1 {Xi ≤ x}
p0 (Xi)

(Ti − p0 (Xi)) + oP (1) ,

implying that

Ahom
n =

1√
n

n∑
i=1

(
η1,hom
i (x)− I1,hom (x)

)
+ αcateτ̄ ,1 (Xi; x) (Ti − p0(Xi)) + oP (1) , (S.23)

uniformly in x ∈ XX .

Next, we have to show that

Bhom
n =

1√
n

n∑
i=1

[(
ηatei − Iate0

)
+ αate (Xi) (Ti − p0(Xi))

]
E [T1 {X ≤ x}] + oP (1) . (S.24)
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To this end, notice that

√
n
(
Îaten − Iate0

)
=

√
n

∫
ϕatep0 (x̄, t̄)

[
F km
n (dȳ, dx̄, dt̄)− F (dȳ, dx̄, dt̄)

]
+
√
n

∫ [
ϕatep̂n (x̄, t̄)− ϕatep0 (x̄, t̄)

] (
F km
n (dȳ, dx̄, dt̄)− F (dȳ, dx̄, dt̄)

)
+
√
n

∫ [
ϕatep̂n (x̄, t̄)− ϕatep0 (x̄, t̄)

]
F (dȳ, dx̄, dt̄)

= Bate1n + Bate2n + Bate3n ,

here, for a generic p (·),

ϕatep (ȳ, x̄, t̄) =

(
t̄ȳ

p (x̄)
− (1− t̄) ȳ

1− p (x̄)

)
.

Then, following the same type of arguments as in the proof of Lemma 3, we have that

Bate1n =
1√
n

n∑
i=1

(
ηatei − Iate0

)
+ oP (1) , (S.25)

Bate2n = oP (1) , (S.26)

Bate3n =
−1√
n

n∑
i=1

[
E (Y (1) |Xi)

p0 (Xi)
+

E (Y (0) |Xi)

1− p0 (Xi)

]
(Ti − p0 (Xi)) + oP (1) . (S.27)

Finally, by the uniform law of large numbers in Corollary 1.5 of Stute (1993),

Ekmn [T1 {X ≤ x}] = E [T1 {X ≤ x}] + oP (1) , (S.28)

uniformly in x ∈ XX . Thus, (S.24) follows from (S.25)-(S.28).

From (S.23) and (S.24), it follows that

√
n
(
I1,hom
n

(
x, p̂n, Î

ate
n

)
− I1,hom

(
x, p0, I

ate
0

))
=

1√
n

n∑
i=1

([
η1,hom
i (x)− I1,hom (x)

]
+ αcate1 (Xi; x) (Ti − p0(Xi)) (S.29)

−
[(
ηatei − Iateτ̄

)
+ αate (Xi) (Ti − p0(Xi))

]
E [T1 {X ≤ x}]

)
+ oP (1)

Following exactly the same arguments for the untreated sub-group, we have that

√
n
(
I0,hom
n

(
x, p̂n, Î

ate
n

)
− I1,hom

(
x, p0, I

ate
0

))
=

1√
n

n∑
i=1

([
η0,hom
i (x)− I0,hom (x)

]
+ αcate0 (Xi; x) (Ti − p0(Xi)) (S.30)

−
[(
ηatei − Iate0

)
+ αate (Xi) (Ti − p0(Xi))

]
E [(1− T ) 1 {X ≤ x}]

)
+ oP (1) .
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By subtracting (S.30) from (S.29), and putting -
[(
ηateτ̄ ,i − Iateτ̄

)
+ αateτ̄ (Xi) (Ti − p0(Xi))

]
as

a common factor, we have that, uniformly in x ∈ XX ,

√
n
(
Îhom
n (x)− Ihom (x)

)
=

1√
n

n∑
i=1

[
ηhom
i (x)− Ihom (x)

]
+ αcate (Xi; x) (Ti − p0(Xi))

−
[(
ηatei − Iate

)
+ αate (Xi) (Ti − p0(Xi))

]
E [1 {X ≤ x}] + oP (1) ,

concluding the proof. �

Proof of Theorem 6: Once we have proved the validity of the linear representation

(S.22), the proof of the weak converge of the process
√
n
(
Îhom
τ̄ ,n − Ihom

τ̄

)
(x) under Hhom

0 , Hhom
1

and Hhom
1,n follows the same steps of Theorems 1, 2 and 3, and the validity of the bootstrap

follows the reasoning of Theorem 4 in a routine fashion. Details are omitted.�

S.2.5 Proofs: Testing within the Local Treatment Effect setup
In this subsection we prove Theorem 7. We proceed as in the previous subsections by

presenting and proving several auxiliary lemmas, that are the key to establish the proof of the

theorems.

Lemma S.9 Suppose Assumptions 4.1-4.2 hold. Assume that the parametric family w (X,x)

satisfy Assumption A.1, and let τ̄ ≤ τ . Then, we have that

H ldte
0 : Υ

ldte

(y|X) = 0 a.s. ∀y ∈ [−∞, τ ]

is true if and only if

I ldte(y,x) = 0 a.e in W ,

where I ldte(y,x) = I1,ldte(y,x)− I0,ldte(y,x), with, for t ∈ {0, 1},

I
t,ldte

(y,x) ≡ (2t− 1)

{
Ekm

[
1 {Q ≤ y}
q0 (X)

1 {X ≤ x}
∣∣∣∣T = t, Z = 1

]
P (T = t, Z = 1)

−Ekm
[

1 {Q ≤ y}
1− q0 (X)

1 {X ≤ x} |T = t, Z = 0

]
P (T = t, Z = 0)

}
.

Proof of Lemma S.9: From Theorem 3.1 of Abadie (2003), we have that, in the absence

of censoring,

FY (1)|X (y|X, pop = comp) =
1

Γ1 (X)

(
E
[
TZ1 {Y ≤ y}

q0 (X)

∣∣∣∣X]
−E

[
T (1− Z) 1 {Y ≤ y}

1− q0 (X)

∣∣∣∣X]) a.s.,

and
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FY (0)|X (y|X, pop = comp) =
1

Γ0 (X)

(
E
[

(1− T ) (1− Z) 1 {Y ≤ y}
1− q0 (X)

∣∣∣∣X]
−E

[
(1− T )Z1 {Y ≤ y}

q0 (X)

∣∣∣∣X]) a.s.,

where

Γ1 (X) = E
[(

TZ

q0 (X)
− T (1− Z)

1− q0 (X)

)∣∣∣∣X] ,
Γ0 (X) = E

[(
(1− T ) (1− Z)

1− q0 (X)
− (1− T )Z

q0 (X)

)∣∣∣∣X] ,
and Γ1 (X) = Γ0 (X) = P (T (1) > T (0) |X) > 0 a.s. from Assumption 4.1, see Lemma 2.1 of

Abadie (2003).

From these results, we have that H ldte
0 is true if and only if

Υ
1,ldte

(y|X)−Υ
0,dte

(y|X) = 0 a.s. ∀y ∈ [−∞, τ ] ,

where

Υ
1,ldte

(y|X) = E
[
TZ1 {Y ≤ y}

q0 (X)

∣∣∣∣X]
−E

[
T (1− Z) 1 {Y ≤ y}

1− q0 (X)

∣∣∣∣X] ,
Υ

0,dte

(y|X) = E
[

(1− T ) (1− Z) 1 {Y ≤ y}
1− q0 (X)

∣∣∣∣X]
−E

[
(1− T )Z1 {Y ≤ y}

q0 (X)

∣∣∣∣X] .
As in Lemma 1, we have that under Assumption 4.2, each of these conditional expectations

are identified. That is,

Υ
1,ldte

(y|X) = Ekm
[
TZ1 {Q ≤ y}

q0 (X)

∣∣∣∣X]
−Ekm

[
T (1− Z) 1 {Q ≤ y}

1− q0 (X)

∣∣∣∣X] a.s.,

Υ
0,dte

(y|X) = E
[

(1− T ) (1− Z) 1 {Q ≤ y}
1− q0 (X)

∣∣∣∣X]
−Ekm

[
(1− T )Z1 {Q ≤ y}

q0 (X)

∣∣∣∣X] a.s..

From the same arguments as in the proof of Lemma 2, we have that H ldte
0 is true if and only

if

I
1,ldte

(y,x)− I0,ldte

(y,x) = 0 a.e in W ,
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where

I
1,ldte

(y,x) = Ekm
[
TZ1 {Q ≤ y} 1 {X ≤ x}

q0 (X)

]
−Ekm

[
T (1− Z) 1 {Q ≤ y} 1 {X ≤ x}

1− q0 (X)

]
,

I
0,ldte

(y, x) = Ekm
[

(1− T ) (1− Z) 1 {Q ≤ y} 1 {X ≤ x}
1− q0 (X)

]
−Ekm

[
(1− T )Z1 {Q ≤ y} 1 {X ≤ x}

1− q0 (X)

]
.

Finally, to conclude the proof, note that by the Law of Total Probability we can rewrite

I
t,ldte

(y,x), t ∈ {0, 1}, as

I
t,ldte

(y,x) ≡ (2t− 1)

{
Ekm

[
1 {Q ≤ y}
q0 (X)

1 {X ≤ x}
∣∣∣∣T = t, Z = 1

]
P (T = t, Z = 1)

−Ekm
[

1 {Q ≤ y}
1− q0 (X)

1 {X ≤ x} |T = t, Z = 0

]
P (T = t, Z = 0)

}
.

�

Before stating the next Lemma, we need to introduce some additional notation. For t ∈
{0, 1}, z ∈ {0, 1}, letHtz (y) = P (Q ≤ y, T = t, Z = z), Htz,0 (y) = P (Q ≤ y, δ = 0, T = t, Z = z),

and Htz,11 (y, x) = P (Q ≤ y,X ≤ x, T = t, Z = z, δ = 1). Define

γtz,0 (ȳ) = exp

{∫ ȳ−

0

Htz,0 (dw̄)

1−Htz (w̄)

}
,

and put

γtz,1 (ȳ; y,x) =
1

1−Htz (ȳ)

∫
1 {ȳ < w̄} ξldtetz (w̄, x̄, t, z; y,x) γtz,0 (w̄)Htz,11 (dw̄, dx̄)

and

γtz,2 (ȳ; y,x) =

∫ ∫
1 {v̄ < ȳ, v̄ < w̄} ξldtetz (w̄, x̄, t, z; y,x)

[1−Htz (v̄)]2
γtz,0 (w̄)Htz,0 (dv̄)Htz,11 (dw̄, dx̄) ,

where

ξldte11 (Q,X, T, Z; y,x) =
TZ1 {Q ≤ y} 1 {X ≤ x}

q0 (X)
,

ξldte10 (Q,X, T, Z; y,x) =
T (1− Z) 1 {Q ≤ y} 1 {X ≤ x}

1− q0 (X)
,

ξldte01 (Q,X, T, Z; y, x) =
(1− T )Z1 {Q ≤ y} 1 {X ≤ x}

q0 (X)
,

ξldte00 (Q,X, T, Z; y, x) =
(1− T ) (1− Z) 1 {Q ≤ y} 1 {X ≤ x}

1− q0 (X)
.
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Let

ηldte (y,x) =
(
ηldte11 (y,x)− ηldte10 (y,x)

)
−
(
ηldteτ̄ ,00 (y,x)− ηldteτ̄ ,01 (y,x)

)
,

where for t× z ∈ {0, 1}2 ,

ηldtetz (y,x) = ξldtetz (Q,X, T, Z; y,x) γtz,0 (Q) δ + γldtetz,1 (Q; y,x) (1− δ)− γldtetz,2 (Q; y,x) .

Furthermore, denote

αldte (X; y,x) =
(
αldte11 (X; y,x)− αldte10 (X; y,x)

)
−
(
αldte00 (X; y,x)− αldte01 (X; y,x)

)
,

with

αldte11 (X; y,x) = −E (T (1) 1 {Y (1) ≤ y} |X) 1 {X ≤ x}
q0 (X)

,

αldte10 (X; y,x) =
E (T (0) 1 {Y (1) ≤ y} |X) 1 {X ≤ x}

1− q0 (X)
,

αldte01 (X; y,x) = −E ((1− T (1)) 1 {Y (0) ≤ y} |X) 1 {X ≤ x}
q0 (X)

,

αldte00 (X; y,x) =
E ((1− T (0)) 1 {Y (0) ≤ y} |X) 1 {X ≤ x}

1− q0 (X)
.

Lemma S.10 Under the same assumptions as in Theorem 6, we have that, uniformly in

(y,x) ∈ W,

√
n
(
Î ldten (y,x)− I ldte (y,x)

)
=

1√
n

n∑
i=1

[
ηldtei (x)− I ldte (x)

]
+ αldte (Xi; y,x) (Zi − q0(Xi)) + oP (1) , (S.31)

Proof of Lemma S.10: With some abuse of notation, let

I00,ldte (y,x, q) = E
[

(1− T ) (1− Z) 1 {Y ≤ y} 1 {X ≤ x}
1− q (X)

]
,

I01,ldte (y,x, q) = E
[

(1− T )Z1 {Y ≤ y} 1 {X ≤ x}
q (X)

]
I10,ldte (y,x, q) = E

[
T (1− Z) 1 {Y ≤ y} 1 {X ≤ x}

1− q (X)

]
I11,ldte (y,x, q) = E

[
TZ1 {Y ≤ y} 1 {X ≤ x}

q (X)

]
,

I00,ldte
n (y,x, q) = Ekmn

[
(1− T ) (1− Z)

1 {Q ≤ y} 1 {X ≤ x}
1− q (X)

]
I01,ldte
n (y,x, q) = Ekmn

[
(1− T )Z1 {Q ≤ y} 1 {X ≤ x}

q (X)

]

26



I10,ldte
n (y,x, q) = Ekmn

[
T (1− Z) 1 {Q ≤ y} 1 {X ≤ x}

1− q (X)

]
I11,ldte
n (y,x, q) = Ekmn

[
T

1 {Q ≤ y} 1 {X ≤ x}
q (X)

]
.

Then, notice that

√
n
(
Î ldten (y, x)− I ldte (y, x)

)
=
√
n
(
I11,ldte
n (y, x, q̂n)− I11,ldte (y, x, q0)

)
−
√
n
(
I10,ldte
n (y, x, q̂n)− I10,ldte (y, x, q0)

)
+
√
n
(
I01,ldte
n (y, x, q̂n)− I01,ldte (y, x, q0)

)
(S.32)

−
√
n
(
I00,ldte
n (y, x, q̂n)− I00,ldte (y, x, q0)

)
.

Therefore, we can work with
√
n
(
I tz,ldte (y,x, q̂n)− I tz,ldte (y,x, q0)

)
for each t × z ∈ {0, 1}2 ,

separately. Given that these four functionals have symmetric construction, we only provide

detailed arguments for the linear representation of
√
n
(
I11,ldte (y,x, q̂n)− I11,ldte (y,x, q0)

)
.

As in the proof of Lemma 3 but now with q playing the role of p, we have that

√
n
(
I11,ldte
n (y,x, q̂n)− I11,ldte (y,x, q0)

)
=
√
n

∫
ϕ11,ldte
y,x,q0

(ȳ, x̄, t̄, z̄)
[
F km
n (dȳ, dx̄, dt̄, tz)− F (dȳ, dx̄, dt̄, dz̄)

]
+
√
n

∫ [
ϕ11,ldte
y,x,q̂n

(ȳ, x̄, t̄, z̄)− ϕ11,ldte
y,x,q0

(ȳ, x̄, t̄, z̄)
] (
F km
n (dȳ, dx̄, dt̄, dz̄)− F (dȳ, dx̄, dt̄, dz̄)

)
+
√
n

∫ [
ϕ11,ldte
y,x,q̂n

(ȳ, x̄, t̄, z̄)− ϕ11,ldte
y,x,q0

(ȳ, x̄, t̄, z̄)
]
F (dȳ, dx̄, dt̄, dz̄)

= Aldte
1n + Aldte

2n + Aldte
3n ,

where, for a generic q (·), ϕ11,ldte
y,x,p (ȳ, x̄, t̄, z̄) = z̄t̄1 {ȳ ≤ y} 1 {x̄ ≤ x} /q (x̄).

Then, following the same type of arguments as in the proof of Lemma 3, we have that,

uniformly in x ∈ XX ,

Aldte
2n =

1√
n

n∑
i=1

(
ηldte11,i (y,x)− I11,ldte (y,x, q0)

)
+ oP (1) ,

Aldte
2n = oP (1) ,

Aldte
3n =

−1√
n

n∑
i=1

E (T (1) 1 {Y (1) ≤ y} |Xi) 1 {Xi ≤ x}
q0 (Xi)

(Zi − q0 (Xi)) + oP (1) .

Repeating the same arguments for tz ∈ {10, 01, 00}, one established the asymptotic linear

representation of each
√
n
(
I tz,ldte (y,x, q̂n)− I tz,ldte (y,x, q0)

)
. The proof is completed by simply

plugging these asymptotic linear representations into (S.32). �
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