Supplementary Appendix for “Nonparametric Tests for
Treatment Effect Heterogeneity with Duration
Outcomes” by Pedro H. C. Sant’Anna

This supplementary appendix contains details of how to construct tests for the null hypoth-
esis of zero conditional (restricted) local average treatment effect (Section S.1.1), and for the
null hypothesis of homogeneous conditional local average treatment effect (Section S.1.2), and

all the mathematical proofs of the theoretical results presented in the main text (Section S.2).

S.1 Additional Tests under Endogenous Treatment Allocations
S.1.1 Testing for Zero Conditional Local Average Treatment Effect

The goal of this subsection is to show how one can adapt the test of zero conditional average
treatment effect described in Section 4.1 to the local treatment effect setup described in Section
4.3.

Denote the restricted conditional local average treatment effects by

T (X) = E[Y (1) 1{Y (1) < 7} [X, pop = comp)
E[Y (0) 1{Y (0) < 7}|X, pop = comp)],

Our goal is to test the null hypothesis

late clate

H, : Y. (X)=0a.s., (S.1)

against H{**, which is simply the negation of (S.1). The null (S.1) is analogous to (4.1) within
the LTE setup.

From Theorem 3.1 of Abadie (2003), we have that under Assumption 4.1,

1,clate

T (X) = E[Y(1)1{Y (1) <7}|X, pop = comp)]
1 ([ [TzY1 {Y <7}
- v (22520 5
T(1 Yl {Y <7}
=M ).

and

0,clate

TI (X) = E[Y (0)1{Y (0) < 7} [X, pop = comp
1

- (1-T)1—-2)Y1{Yy <7} |
i( >(1(IE [T) ZY1 {1} ; 30}(X) X] (S.3)
()




where
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and I'(X) = P(T' (1) > T'(0) |X) > 0 a.s. see Lemma 2.1 of Abadie (2003).

Combining these results with those analogous to Lemma 1 and Lemma 2 (and Theorem 7),

we have that H{*® is true if and only if

late

I (x) =0 a.e. in Xy,

7

where I (x) = 1" (x) — I (x), and for t € {0,1},

Q{Q <7} 7 g
WHXgx}|T_t,Z_1]IP>(T—t,Z—1)

t,ldte

I'" (x)= (2t —1) {Ekm{

Q1{Q <7}
—EF | S = X <x} | T=t,Z=0|P(T=t,Z =0
aes s T =12 -0)
Then, as discussed in Section 2.3, our KS type test statistic for hypothesis (S.1) is
st = i sup |14
XEXx

where [1¢(x) = L2, (x) — 123" (x),
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with W;,,. as defined in (B.4). The discussion for the Cramér-von Mises test is the same and

is therefore omitted.

In the next theorem, we state the asymptotic properties of K Sl_ate Using an analogous

procedure to the one described in Section 3.4, let cT an - denote the bootstrap critical value of
the KS .

Theorem S.1 Suppose Assumptions j.1-4.2 are satisfied. Further, suppose that for the sub-
population of compliers, Assumption A.2, A.7, and A.8 are satisfied, and that qo and its SLE
Gn satisfy the analogous of Assumptions A.4 and A.5. Then, for a fired T < T,

late . late late,*
1. Under H, im0 Py {KS%; >t } = Q.

T,om



2. Under H™, lim,_,.c P, {Ks:j;j > Cf,lf,’;} _ 1

T n

3. Under Hf: TS (X) = %h:te (X) a.s., if h2" (-) is an integrable function, and the set

he = {x € Xy :n V2hl" (x) # O} has  positive  Lebesque  measure,
lim oo P { S > i > a0

The proof of Theorem S.1 follows from the same steps as the proofs of Theorems 5 and 7,

and therefore is omitted.

S.1.2 Testing for Homogeneous Conditional Local Average Treat-
ment Effect

The goal of this subsection is to show how one can adapt the test of homogenous conditional
average treatment effect described in Section 4.2 to the local treatment effect setup described

in Section 4.3. More precisely, the goal is to test the null hypothesis

lhom clate

Hy”" :3TLeR: T2 (X) =TL as., (S.4)

against H,""", which is simply the negation of (S.1). The null (S.1) is analogous to (4.2) within
the LTE setup.

From Theorem 3.1 of Abadie (2003) and the results discussed in Section S.1.1, H(l)hom is true
if and only if

1,clate

T?‘

O,clate

(X) = T2 (X) =T as., (S.5)
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where T2 (X) and T
T‘lf-,late . Tg-,late Wlth

(X) are defined as in (S.2) and (S.3), respectively, and Yo" =

o - G e
o _ % <E {(1 _T) (1 - i)(};){y < %}] & {(1 - T)qzol&){y < %}D |

and

sl L)

Multiplying both sides of (S.5) by I'(X) > 0 a.s., and rearranging the terms, we have that

X
X

(S.5) is equivalent to

2|7 (o0 Toaeg) (1 =T -T)

O

= 0a.s..



Combining the aforementioned results with those analogous to Lemma 1 and Lemma 2 (and

Theorem 7), we have that H}™™ is true if and only if
lhom

I (x) =0 a.e. in Xx,

Where ];hom (X) _ ];,lhom (X) . I;,lhom (X))

]t,l hom (X)
Z(%—l)IWm_«m{QST}_TTle{XSX}7“—tZ—1_PU“—tZ—1)
- ¢ (X) T T

Em_cm{QSﬂjjTT>HXSX}T—tZ—OIPT—tZ—l
- 1 —go(X) B R

Then, as discussed in Section 2.3, our KS type test statistic for hypothesis (S.4) is

Il hom
KS., =+/n sup

Ifhom (X)’ 7
x€E Xx

7

£1,l hom £0,l hom

where f;}:m (x) =1, (x)—1I, (),

— C~late
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no G (Xjine])
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with W;,,. as defined in (B.4). The discussion for the Cramér-von Mises test is the same and

is therefore omitted.

In the next theorem, we state the asymptotic properties of K S:f;m. Using an analogous
L hom,*

procedure to the one described in Section 3.4, let c. denote the bootstrap critical value of

T,0,N
!l hom
the KS; .

Theorem S.2 Suppose Assumptions 4.1-4.2 are satisfied. Further, suppose that for the sub-
population of compliers, Assumption A.2, A.7, and A.S8 are satisfied, and that qy and its SLE
Gn satisfy the analogous of Assumptions A.J and A.5. Then, for a fired T < T,

{ hom . l hom ! hom,* .
1. Under Hy™™, lim,_,o P, {KS?’H > Cogm (= Q-



TCMn

2. Under H'™™  lim, . P, {KSZ?';'LI“ Lhom, }
(

3. Under H{H™ : TI(X) = Yo = n 20" (X) a.s., if ho°" (+) is an integrable function,
and the set hl-hom = {X € Xy : n*1/2hlhom (x) # } has positive Lebesgue measure, then
lim,, o P, {K S:ﬁm > c;h;mn*} > a.

The proof of Theorem S.2 follows from the same steps as the proofs of Theorems 7 and 7,

and therefore is omitted.

S.2 Mathematical Proofs

Before proving the main results of the article, we first introduce some notation. For a generic
set G, let {*(G) be the Banach space of all uniformly bounded real functions on G equipped
with the uniform metric ||f||; = sup,cg |f (2)[. We consider convergence in distribution of
empirical processes in the metric space (I°°(G), | fllg) in the sense of J. Hoffman-Jorgensen
(see, e.g. , van der Vaart and Wellner (1996)). For any generic Euclidean random vector
¢ on a probability space (Q,F,P), Xx denotes its state space and P denotes its induced
probability measure with corresponding distribution function F¢ (-) = P¢(—00,]. Define W =
[—o0, 7] X X_. Throughout the appendix, denote C as a generic finite constant that may

change from expression to expression. Finally, all random variables are defined on a common

probability space (2,4, P).

S.2.1 Proofs of Lemmas 1 and 2

First, we present the proofs of the identification result in Lemma 1, and the characterization

of the null hypothesis in Lemma 2.

Proof of Lemma 1: In the absence of censoring, we have that, for ¢ € {0, 1}, by Assump-
tion 2.1 and the law of total probability,

1{T =t} h(Y,X,T)
P (T = t|X)

E[h(Y(t),X,0)] = ]E[
_ / h (7, %,0) Fyxr (dg, d=|t) B(T = ¢).

where the first equality is due to Rosenbaum and Rubin (1983). Thus, our result follows from
noticing that, as shown by (Stute, 1993, Remark 1.4) and (Sant’Anna, 2016, Proposition 1),

Fyxr (y,x|t), if y<r,

km —
Foir (v,xIt) = { Fyxpr (y—x[t) + 1{r (t) € A(t)} Fyxir ({7} ,x|t) if y>r,

whenever censoring is present and Assumption 2.2 is satisfied. Conditional results follows from

taking the appropriate Radon-Nikodym derivative of F 5";QT (y,x|t). W



Proof of Lemma 2: From Lemma 1, we have that, Vy € [—o0, 7],

Ti{Q@ <y} (1- )1{Q<y}
po (X) 1—po(X

T(y|X>=Ekm[ ‘x] as.

Define the finite Borel measure
0(B) = [ T (o0 P (dx).
B

where Py is the probability measure associated with X and B € B, with B the Borel o-field
of R¥ in the product topology. Then, the proof follows directly from Lemma 1 of Escanciano
(2006). &

S.2.2 Proofs: Testing for Zero Conditional Distributional Treatment
Effect

Before we proceed to the proof Lemma 3, we introduce the following auxiliary lemma.

Lemma S.1 Under Assumptions 2.1 (ii), A.2, A.4 and A.5, |p, (x) — po (x)|,, = op (R71/4).

Proof of Lemma S.1: Define the pseudo true propensity score pP**® (x) = L (R (x)' mq 1),

where
o, = arg max [po (X)log (£ (R*(X) 7)) + (1 — po (X)) log (1 — £ (R*(X)'7))] .

Let ¢(L) = supycx |R¥(x)|. Then, it follows from the triangle inequality, the mean value
theorem, and Lemmas 1 and 2 of Hirano et al. (2003),

ﬁn (X) . ppseudo (X) + ppseudo (X) — Do (X) |OO
ﬁn (X) o ppseudo (X) ‘OO + ‘ppseudo (X) — Do (X) ‘OO
C(L) [l — o]l + [P (%) — po (%)

O (c@)@) + 08 (L)L)

—1/4)

‘ﬁn (X) —Po (X)|oo

IN

IN

= Op (n

where the last equality follow from Assumption A.5.

In the following we prove Lemma 3. With some abuse of notation, let

1—

Bluxp) = B[l iV < 1ix <x)).

I (y,x,p) = E

=Ty
[p(T}( 1{Y<y}1{X<X}}

R, (y,x,p) = Eﬁmll_p(T)l{Q<y}l{X<X}}



T

B = B[ o snix<x).

Proof of Lemma 3: Notice that

vn (fl,n (y,x) — I (%X)) = Vn (I, (y,x,pn) — I{ (y,%,10))
_\/ﬁ ([?n (yv Xaﬁn) - ]? (yv X7PO)) :
Therefore, we can work with v/n (L, (y %, pn) — Ii (4., p)) and v (I}, (y, %, pn) — I (4, %, 1)

separately. Given that these two functionals have symmetric construction, we only provide

detailed arguments for the linear representation of v/n (I}, (v, %, pn) — I} (y,x,p)).

First, write

v (L, (4, %, 5n) = It (y, %, po))
= Vn / O o (5, %, ) [FE™ (d7, d%, dT) — F (dg, d%, dF)]

+\/ﬁ/ [(pgl/,a:,ﬁn (g7 )_(7 E) - gpg].},:c,po (ga }_(7 E)} (F::m (dga di: df) - F (dga di: df))

+v/n / (005 (0%, 8) — @) (9, %, T)] F (dy, dx, df)
— Aln + AQn + A?ma

where, for a generic p(-), @, (7,%,8) = 71 {7 < y} 1{% < x} /p (8).
From Theorem 1.1 of Stute (1996), we have that, under Assumptions 2.1, 2.2, and A.6,

Ay, = % ; (nl,i (y,X) - ]11 (y,x)) ) (S-l)

where 7, ; (y,x) is defined as in (3.6).
Next, by a Taylor expansion argument, we have that
1 {y < % <x} (P (R) —po (X
A2n _ \/ﬁ/ (tl {y = y} 1 {X —2 (X_})(p (X) Do (X))) (F'r]fm (d?jv d)_(, df) _F (dﬂ, d)_(, df))
Do (X

€15 (%)~ o (Rl Vit | (FE™ (dy. d.df) ~ F (dy. d. d)

w
C[pn (X) = po (X)|c Or (1)
= Op (n_1/4) O[p (1)
= Op (1) ) (82)

IN

IN

where the first inequality follows from [p (X) — po (X)| < |pn (X) — po (X)], po > € a.s., and
t1{- <y}1{ <z} <1 as., the second inequality follows from Theorem 1.1 of Stute (1996),

and the last part follows from Lemma S.1.



Finally, we analyze the Az, term. Note that we can rewrite Ag, as

Az = Vn (I} (y:x,5a) — I} (y,%,p0) — T} (4, %, po) [Pn — P0])
+vn (T} (y, %, po) [Bn — po])
= Ay, +A]

3n

where

Iy (y,%,p) [p— po] = — {Tl {Y <y} 1{X <x}

3 (X)
is the pathwise derivative of I} (y,x,py) with respect to p. But notice that

(0 (X) - po <X>>}

‘111 (Y, X, Pn) — 111 (y,%,po) — F% (Y, %, o) [Pn —POHOO

2|k [“ ik Spy](’;(){x =3 5(X) — po <X>>2]
T1{Y <y} 1{X < x}

? ‘E [ 7 (X)

Clp(x) — po (x)|%

op (n_1/2)

IN

[e.9]

IN

} L () — 7o (O

IN

where the first inequality follows from a Taylor expansion argument, the second inequality
follows from [p(X) —po (X)| < |p(X) —po (X)|, and the last one from py > € a.s., and
TI{Y <y}1{X <x} <1a.s.,and Lemma S.1. Thus, we have that

A:l)m = Op (1) R (S?))

uniformly in (y,x) € W.

To complete the proof of the linear representation of v/n (I, (y,x) — I (y,x)), we have to
show that

2 _ Fyx yIX ) 1{X; < x}
An = \/_ Z 0 (X)) (Ti — po (X3)) +op (1) (S.4)

To this end, notice that by the Law of Iterated Expectations, we have that

Fyx (y1X) 1{X < x}
po (X)

Then, by using the same arguments as in Hirano et al. (2003)’s Addendum, we have that

I (5, %, 7o) [ — 9] = E [— (50 (X) — 1o <X>>] |

 Frax 5% 1{X < x} (9 (X) — po (X))
vk [ P (X) ]
) Frox X 1K <x}

= \/_ ZZ; o (X ) (E Do (X1>)



+0p (¢ (L) L i‘“)‘f‘OP <C\(/Lﬁ) >+OP (\/EC(L)L;i>

D7) 0 (ma (14, ¢ (1) £5))

X (y|X;) 1{X; < x}
X) (Ti_pO(Xi))

) (e h) 4+ 0p (w0

nsv- 1/2> + Op <max (Ll % , L™ 2k>>
ix (X)) 1{X; < x}

Do (X)

A

(T; — po (X)) +op (1),

HM:/-\/\ ||M:

where the second equality follows from using power series and setting L = a- NV as in Assump-
tion A.5, and the last equality follows from the conditions we have imposed on v. Then, (S.4)

follows.

By combining (S.1)-(S.4), we have that

\/ﬁ (]11n (y,X,ﬁn) o Ill (y,X,p)) =
Fyayx (yX;) 1{X; < x}

% Z (nl,i <y7X) - 111 (yyx) - o (XZ) — (7—; — Do (Xz))) + op (1) R (85)

completing the proof of the asymptotic linear representation of \/n (11, (y,x,pn) — I7 (y,%,p)).

Following the same steps as above, we can show that

\/ﬁ (I?n (y7 Xaﬁn) - I? (y7 Xap>) =
% Z <770,¢ (y,x) — I (y,%x) + Fyox (y]Xi) 1{X; < x} (T, = py (Xi))> cop(1). (S.6)

I —po (Xz)

Then, the proof of Lemma 3 follows from (S.5) and (S.6). W

Next, we prove our main theorems.

Proof of Theorem 1: From the asymptotic representation in Lemma 3, it suffices to prove
the convergence of the dominant term. To this end, define the class of real-valued measurable

functions

F = {(ga X, Ea 8) = Puyx) =1 (y’ X)
(FY(1)|X (yx)  Fyox (X
— — + =
po (X) 1 —po (X)

where 7 (y,x) is defined as in (3.7)



Our goal is to show that class of functions F is Donsker. By Theorem 2.10.6 in van der
Vaart and Wellner (1996) it suffices to show that, for ¢ = 0, 1, the classes of functions

G = {(1.%.1.0) = & (7,7.6y.%x) : (y,x) € W}, (S.7)
B I Fyoyx WX)  Fyox (¥X)
02 = {y’x’t’é)% P®  1-p® )

(R <)) (- po(®) : (%) € w}

Gsy = {(?77?_(77? 5) = Vi1 (5 9,%x) = (y,x) € W}, (S.8)
Gay = {(?jai, t, (_5) = V2 (5 9,%x) = (y,x) € W}, (S.9)
Gsp = {(?jait_ 5) — 7t,0 (y)} (S.10)
G = {(y,%1,0) =4} (S.11)

are Donsker. Here, recall that £, and ¢, are as defined in(3.4) and (3.5), and 7,4 (-), V1 ()
and 7, , () are defined as in Section 3.1. Now, notice that both G;; and G, are VC-class with
square integrable envelope functions. Therefore, by Theorem 2.6.8 in van der Vaart and Wellner
(1996), these classes of functions are Donsker. Both Gs; and Gg are not indexed by y nor by z,
and so they are clearly Donsker. Next consider G, and G4 ;. In order to prove that these classes
of functions are Donsker, by Theorem 2.5.6 of van der Vaart and Wellner (1996), it suffices to
show that, for ¢ = 3,4,

/ h \/m Ny (£, Gig, Ly (P))de < o0 (S.12)
0

where P is the probability measure corresponding to the joint distribution of (Q, 0,7, X), and
Lo (P) is the Ly — norm. Notice that

1H{o < w, v <@}, (0,%,ty,x) ~ ~ o
o (@ / / AR o (@) Hio (d0) Hy (d, d)

and 7, (w) = —p; (w), where

.
Yia (W) = T, (@) / Ho > w} & (0,%,8y,X) 740 (w0) Hy i (do, dX)

are non-decreasing, bounded functions. Therefore, by Theorem 2.7.5 in van der Vaart and
Wellner (1996), we have that, for a fixed ¢ > 0 and ¢ = 3,4, In Ny (¢, Gy, Lo (P)) < Ke™t,
where K is an arbitrary constant. Hence the integral in (S.12) is finite, and the classes of

functions Gs; and Ga4, t = 0,1, are Donsker.

We have just shown that F is Donsker, that is, we have proved that

Vi (T = 1) (9:%) = C (3,%)

where Cy, is a tight Gaussian process in (> (W) with zero mean and covariance function given
by (3.11). Since under Hy, I; (y,x) = 0 a.e. in W, the proof is completed.H

10



Proof of Theorem 2: Notice that we can always write

\/ﬁfl,n (y,X) = \/ﬁ (jl,n - ]1> (y,X) + \/ﬁ] (y,X)
- Dl,n (y,X) + DQJL (y,X) :

From the proof of Theorem 1, we have that

Vn (jln - Il,n) = O,

and therefore Dy, (y,x) = Op (1). On the other hand, under the alternative I; (y,x) # 0 for
some (y,x). Therefore D5, (y,x) = Op (n'/?). Hence, under Hi,

A

[1,n (y7 X)‘ ﬁ> 0.

V/n sup

(y,x)eEW

Since under Hy, I (y,x) = 0 for all (y,x), KS,, = Op (1), and therefore ¢&% = O (1) almost

surely, we conclude that
lim P{KS,>ct"} =1.

n—o0
Analogously, we have that
lim P {CvM, > Cg”M} =1

n—0o0

Proof of Theorem 3: As in the proof of Theorem 2, we can always write

Vith (%) = v/ (T = 1) (5,5 + v/l (3,%)
= D1y (y,X) + Dan (y,%)

From the proof of Theorem 1, we have that

NG (fln — ]1> (y,x) = Cx,

and therefore Dy, (y,x) = Op (1) . On the other hand, under the local alternatives of the type
Hy,, /0l (y,x) =E[h(y,x) 1{X < x}| = Op (1). Hence, under Hi ,,

\/ﬁflyn (y,x) = Co + R (y, %)
in >~ (W) R
Before we proceed with the proof of Theorem 4, we provide the following auxiliary results.

Lemma S.2 Suppose Assumptions 2.1, A.2-A.5 hold. Additionally, assume that, for each vy,

Fy@x (y|x) is continuously differentiable of order m > k, where k is the dimension of X.

11



Then,

sup F{;@nx,n (y[x) = Fy@x (y[x)| = op (1)
(y,x)eW

Proof of Lemma S.2: For a matrix A, let ||A|| denote the matrix norm of A such that
|A]| = +/tr (A’A). Due to the symmetry of arguments, we only prove that

sup ‘FY(1)|Xn(y|X> Fyuyx (y|x)| = op (1).

(y,x)€
Define
1 = 6T1{Q; <y} (Qi) R* (X))
P = — o i ,
o (y) =~ Zl 5%
KM . nl Z W, 1 {Qi:nl < y} R* (X[znl])
' ﬁn (X[znl]) 7
1 nRL
(=" (X)RF (X))
i=1

Notice that from Lemma S.1,

1 5T1{Qz<y}%0< )RL(Xz’)
Z po (X5)

1 &OOTH{Qi < yd 1 (Qi) RE (X5) (9 (X)) — po (X))
n- Pn (Xz‘)po (Xz)

1 6, 1;1{Q; < ?ﬂ’%o( )RL (Xi) —1/4
Z 0 (X,) +0p(n )>

o, (y) =

n

uniformly in (y,x) € W. Analogously,

KM n1 1 {Qi:m < y} R” (X[iinl]) —-1/4
Z 1 Po (Xina]) % (1)

Thus, we have that

KM

o, (y) — 2L (y)
_ m 1 {Qi:m < y} R’ (X[iinl])

— Po (X[i:m])
1 2”: 0. Ti1{Qi < y} 710 (Qi) R (X))
n <= po (X5)
top (nf1/4)
= op(1)

where the last equality follows from Theorem 1 of Stute (1993).
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From the above results, we have that

F{;’ﬁnx,n (ylx) = @1 (y) ('R” () + op (1)

uniformly in (y,x) € W. Next, by noticing that the variance of 671{Q < -}, (Q) /po (X)
conditional on X is bounded for all (y,x) € W, the uniform bound in Newey (1997) for power
series estimators applies:

( SI;p 03 (y)/ CleL (x) — Fyyx (y|x)‘ < C <L%n_% + Ll_%>
y,x)eEW

= Oop (1)

where the last step follows from Assumption A.5 and that m > k. B

Lemma S.3 Let H be the collection of all distribution functions bounded away from 0 and 1

that satisfy Assumption A.J. For a given (y,x) € W, and p € H, let

fxn) = (o) LIS 1),

&%y x,p) = (]%))uysw{xm.

kel

50 (ga

Under the same Assumptions as Lemma S.2, the classes of real-valued measurable functions

I
=
Ko
m
=
=
m
X
——

gO = {(gaiﬂ?)_)gO(gvivt_;
gl = {(gai7f>_>€l(gvi7f;

are Donsker.

Proof of Lemma S.3: From the fact that for some ¢ > 0, ¢ < p(-) < 1 — ¢ a.s.,
the integrability conditions in Assumptions 2.1, and Theorem 2.10.6 of van der Vaart and
Wellner (1996), it suffices to show that the classes of functions {1{- <y} 1{- <x},(y,x) eW},
{p,p € H}, {y}, and {¢} are Donsker. To this end, notice that under the smoothness conditions
imposed by Assumptions A.2, A.4 and A.5 it follows that the class of functions {p,p € H} is
Donsker, cf. Theorem 2.7.1 of van der Vaart and Wellner (1996). The functions {y} and
{t} are clearly Donsker because they are not indexed by anything. The class of functions
{1{- <y}1{ <x},(y,x) eEW} is a VC-class, and hence it is Donsker, c¢f. Theorem 2.6.4 of
van der Vaart and Wellner (1996). Thus, the proof is completed.l

Lemma S.4 Let Hgr be the collection of all m-times continuously differentiable conditional
CDF, where m > k, where k is the dimension of the conditioning set. For a given (y,x) € W,
pEeH, Fy(t)‘x € Hp, t € {0, 1}, let

Frox (yx)1{x <x}

aq ()_(7 E;yaxapa FY(1)|X) = p(}_{) (E—p()_()) ,

13



_ Froxx)I{x<x} - _
%] (X7 t7 Y, X, D, FY(0)|X) = Y(O)|X1 “p (ii‘) (t -Dp (X))

Under the same Assumptions as Lemma S.2, the classes of real-valued measurable functions

Go,0
Gia

{()_(a E) — Qg (3_(1 Y, X, D, FY(0)|X) : (yvx) S W7p € HuFY(O)|X € HF} ’
{()_(a E) — ()_(7 Y, X, D, FY(1)|X) : (y,X) S Wap € HaFY(1)|X € %F} >

are Donsker.

Proof of Lemma S.3: From the fact that for some ¢ > 0, ¢ < p(:) < 1 — ¢ a.s., the
integrability conditions in Assumptions 2.1, and Theorem 2.10.6 of van der Vaart and Well-
ner (1996), it suffices to show that the classes of functions {1{- < x}, (y,x) eW}, {p,p € H},
{Friyx Y[X), (v,x) € W, Fyux € Hr},t ={0,1}, and {t} are Donsker. Given that in Lemma
S.3 we already have shown all these but { Fy4)x (y[X), (y,x) € W,Fy@s)x € Hr}, it suffices to
show that the later is Donsker. To this end, notice that underthe smoothness conditions im-
posed, it follows that the class of functions {Fy(t)p( (y|x), (y,x) € W, Fyy)x € HF} is Donsker,
cf. Theorem 2.7.1 of van der Vaart and Wellner (1996). Thus, the proof is completed.ll

Next, we proceed with the proof of Theorem 4.
Proof of Theorem 4: For ¢ € {0, 1}, denote

If]t,i (y7 Xaﬁn) = ét (QZJ Xi? E7 Y, X7ﬁ’ﬂ) fA}/t,O (QZ) 5t7i + rAYt,l (Ql) (1 - 51) - ’A}/t,Q (Ql)

and
ﬁz’ <y7 X7]§n) = 7A71,z' (y7 Xaﬁn) - 770,1’ (y7 Xuﬁn)

and 4, , ¥;; and 9, , are the empirical analogous of 7,4, 7;, and 7, , as defined in (3.7), with

the true propensity score pg replaced by the SLE p,.

The proof follows two steps. In the first step in this proof is to show that
1 < N A KM . km A .
% Z (T]z(yv X7pn> + (Xza Y, X, Pn, F¢(1)|X,n7 Filf'(O)\X,n> (,-Tz — Pn (Xz))>
i=1
1 n
- NG Z (mi(y,x) + o (X559, %) (T — po (Xi))) + op (1) (S.13)
i=1

uniformly in (y,x) € W, that is, there is no estimation effect coming from replacing the true

n(y,x), a(X;y,x) and py (X) by their nonparametric estimators.

In the second step, we prove that, under Hy, H; or Hy, ,

T2 3l x.p) = @ (X ) (T = p (X)) V (5.14)

converges weakly to the same limit process as in Theorem 1.
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We proceed with the proof of the first step. To show this, it suffices to show that the classes

of functions

n:(Y, X, pn) — (Xz’;%X D, FY(o)|x, Fyq )|x) (T; — p (X)) :
(y,x) e Wp e N, (Fyox, Frayx) € Hr x Hp

is Donsker. However, this follows from Lemmas S.3 and S.4. Therefore, by a stochastic equicon-

tinuity argument, the Glivenko-Cantelli Theorem and the triangle inequality,

sup
(y,x)eEW

\/_Z (Y, %, pn) — (Y, ))| p(1). (S-15)

n K M

Xy, x, B 0 PR T =p(X
sup = Z ( 9% Sy Y(°)|X’"> L=p X)) | _ or (1). (5.16)
(y,x)eW \/_ — (Xuy,X) (T; _p(Xl))

Combining (5.15) and (S.16), we have established (S.13), finishing the proof of the first step.

Next, let’s consider (S.14). Define the classes of real measurable functions

G. ={(w,%,1,0,0) € X, x X x{0,1} x {0,1} x X, —
(n(y,x) + a(X;y,x) (t —po (X)) v : (y,x) € W},

The class G, is Donsker, since

G={(0.%10) >0y, x) +aXy.x) ([ —po(X): (y,x) €W},

is Donsker, see Theorem 2.9.6 in van der Vaart and Wellner (1996). Then, since Pfg = 0 for
all g € G,,

n

0= D 00X+ (Xix) (1= pX) Vibons (7). (51D

uniformly in (y,x) € W.

The expansion (S.17), and the multiplier functional central limit theorem, see Theorem 2.9.6
in van der Vaart and Wellner (1996), imply that \/nl{ , (y,x) converges weakly (in probability)
to the same weak limit as \/ﬁfln (y,x) in (*° (W) under Hy, Hy or Hy,.

This completes the proof of Theorem 4.1

S.2.3 Proofs: Testing for Zero Conditional Average Treatment Ef-

fects

In this subsection we prove Theorem 5. To this end, we first present two auxiliary lemmas.
in (4.1). The

cate .

The first one, we establish the integrated moment representation of the null H,,

15



second Lemma establishes the asymptotic linear representation of the two-step Kaplan-Meier

integral.

Lemma S.5 Suppose Assumptions 2.1-2.2 hold. Assume that the parametric family w (X, x)
satisfy Assumption A.1, and let 7 < 1. Then

cate cate

T. (X)=0as < I,

7

(x) =0 a.e in X,

where I (x) = 12 (x) — 12 (x), with

7

];,cate (X) = Ekm [1 {T ;(Z}; nglﬂ{;g)g 77—}1 {X S X}:| 5 t e {0, 1} .

Proof of Lemma S.5: From Lemma 1, we have that for some 7 < 7

e o e [TQIIQ <7} (1-T)QU{Q <7}
T (X)=E [ X T-p(X)

provided (2.6) is ruled out (as we do). The rest of the proof follows from the exact same

X} a.s.,

arguments as the proof of Lemma 2 as is therefore omitted. B

Before stating the next Lemma, we need to introduce some notation. Let

cate cate cate

nEe (x) = ne (x) — ¥ (%),

with
e (%) = &5 (Q, X, T5%) 740 (Q) 0 + 7515 (@5 %) (1 — 6) — 77535 (@i %)
t € {0,1}, where

cate _ TQ]- {Q S 77_} 1 {X S X}
cate _ ( )Ql{Q<T}1{X<X}
Go (@ X Tx) = 1 —po (X)

Yip 18 defined in (3.1), and {9 (Q;x) and %% (Q;x) are defined as (3.2) and (3.3), re-
spectively, but with & replaced by £2%°. Furthermore, denote a2 (X;x) = a24®(X;x) —
aZg® (X;x), with

E(Y(D)1{Y(1) <7}[X)1{X < x}

oF ) = I R—
cate (X ) . E (Y(O)l {Y(O) S 77-} |X) 1 {X S X}
o WHE = 1 —po (X) '

Lemma S.6 Under the same assumptions as in Theorem 5, we have that uniformly in x € Xx,
Vi (T (x) - 12 (%)) = w3 Z [t (x) — 12 (x)] + a2 (X %) (T3 — po(X,)) }+or (1)
(S.18)
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Proof of Lemma S.6: With some abuse of notation, let

1-T
Ig,cate (X,p) _ |:

Tmyuygf}uxgx}},

" (x,p) = E {p (7;( YV1{Yy <7}1{X < x}]

)
IO,cate o Ekm 1—
T,mn (X> p) -

"{1 p(X)

) = B | X <x)).

Ql{Q<r}1{X<x}1

Then, notice that
Vi (e (x) = 12 () ) = V(I () — 12 (. p0)
_\/ﬁ (]79,71 (Xaﬁn) - ]S,Cate (XapO)) .

Therefore, we can work with /n (I;:flate (x,pn) — 12 (x,pp)), t € {0,1}, separately. Given
that these two functionals have symmetric construction, we only provide detailed arguments

for the linear representation of

VT (A2 (3, ) — 127 (3, o)

To consider the most general case, we set 7 = 7, implying that 1{Y <7} = 1 a.s. and
1{Q <7} =1 a.s.. This way, to avoid (even more) cumbersome notation, we drop the index
T.
As in the proof of Lemma 3, we
\/_ (ILCGte (yv X ﬁn) - Il,CatE (ya X7p0))
_ n / pLecte (5. 5 7) [F2 (dy, d, dF) — F (dy, d%, dF)]
it [ [ (1.0 — b (7.%.0)] (EE" (dy. dx.di) — F (dy, %, )
Vit [ [Pk (1.5, ~ el (5,%,0] F (dy,dx. b

— Acate Acate Acate
in 2n

3n >

where, for a generic p (-), o5 (7,%,1) = tyl {x < x} /p (X).

Then, following the same type of arguments as in the proof of Lemma 3, we have that,

uniformly in x € Xy,

A{l:(rthe _ \/_ Z 1 cate Il cate ( )) + op (1) 7

Az = op (1),

17



poe Z = - (X)) 40 )

concluding the proof. B

Proof of Theorem 5: Once we have proved the validity of the linear representation
(S.18), the proof of the weak converge of the process /n (I;C“ﬁe - ];at€> (x) under H§™e, H{e
and Hf%e follows the same steps of Theorems 1, 2 and 3, and the validity of the bootstrap

follows the reasoning of Theorem 4 in a routine fashion. Details are omitted.Hl

S.2.4 Proofs: Testing for Homogeneous Average Treatment Effects

In this subsection we prove Theorem 6. To this end, we first present two auxiliary lemmas.
in (4.2). The

second Lemma establishes the asymptotic linear representation of the two-step Kaplan—Meier

hom .

The first one, we establish the integrated moment representation of the null H,

integral.

Lemma S.7 Suppose Assumptions 2.1-2.2 hold. Assume that the parametric family w (X, x)
satisfy Assumption A.1, and let 7 < 7. Then, we have that

hom cate

Hy :37T:eR:YT. (X)=7; as.

is true if and only if
I'm(x) =0 a.e. in Xy,
where I (x) = IM"™ (x) — I2"™ (x), with, for t € {0,1},

Ibhom (x) = B {1 {T =t} (% — (2T —1) 1;“6) 1{X < x}} , t€{0,1},

and

e [ P )

Proof of Lemma S.7: From Lemma 1, we have that for some 7 < 7

rQi{e <7t (1-7)Q1{Q <7} X} a.s.

po (X) 1 —po (X)
BRT Y (1) 1{Y (1) < 7) — ¥ (0) 1{Y (0) < 7] = 12",

provided (2.6) is ruled out (as we do). If T2 (-) is a.s. constant, it must be equal to %%

7

Tc_ate (X) _ Ekm |:

and that

. hom
Thus, we can rewrite H, as

TQU{Q <7 (1-T)QI{Q <7}
PO(X) 1—p0(X)

hom

H ]Ekm - Igte

X} =0 a.s..

18



Note that the aforementioned representation is equivalent to
TQI{Q<7} (1-T)QU{Q<7}
po (X) 1 —po (X)

hom

implying that we can further characterize H, as

]Ekm

(TI%% + (1 —T) I2%)

hom hom

Hy, Y. (X)=0a.s. (S.19)

Where T:om (X_) _ T;,hom (X_) _ Ti,hom (X>7 Wlth

EFm [T (% — (2T - 1) 1;}“) X] (S.20)
and analogously,
TIU(X) = EM [(1 —T) (% + I;“fe) X}
= [EF™ {(1 —1T) (% — (2T - 1) 1;”@) X] : (S.21)

From (S.19), (S.20) and (S.21), we have that H,"" can be written as a “standard” conditional
moment restrictions. To conclude the proof, we just need to show that (S.19) is true if and

only if It™(x) = 0 a.e. in Xx. This follows from the exact same arguments as the proof of
Lemma 2. W

Before stating the next Lemma, we need to introduce some additional notation. Let

met(x) = (%) =gt (%),
nee = ¥t =0,

with

() = € (Q X, Tix) 7,0 Q)6 + 245 (@5%) (1 - 8) = 5% (@5x)
B = QX T) 70 (Q)F + 755 (Q) (1= 8) =25, (@)

t € {0,1}, where

(R X, Tyz) = T (% - Igte) 1{X < x},
ate TQl {Q S 7_'}
5‘7’,1 (Q? X7 T) —po (X) s

QL{Q <7}

o (@ X Thix) = “‘T)( po (X)

+ ];te> 1{X < x}
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(1- )Ql{Q<T}
1 —po(X)

oo is defined in (3.1), 52 (Q; 2) (194 (@) and 1352 (@; 2) (144 (Q)) and are defined as (3.2)
and (3.3), respectively, but with &, replaced by {hom (€2%). Furthermore, denote a2 (X) =

T,t
a2 (X) — a5 (X), with

6 (Q.X,T)

CEVMI{Y (M) <7}HX)
po (X) ’
ate E( ()1{Y( )S }|X)
oz (X) 1 — po (X)

Lemma S.8 Under the same assumptions as in Theorem 6, we have that, uniformly inx € Xx,

Vi (1 (x) = 12 (%)) = IZ ™ (%) = 120 ()] + a5 (Xi5%) (T; = po(X3))
— [ = 12) + 02 (X0) (T3 — po(X) E[L{X < x}] + 05 (1), (5.22)

Proof of Lemma S.8: With some abuse of notation, let

2T (x,p, 1) = E [(1 ~T) (%&j} + I‘”e> H{X < x}} ,

YI{Y <7
]—;,hom (X,p, Iate) = K [T <M _ Iate) 1 {X < X}] ,

p(X)
1000 (¢ p [0) = Ebm {(1 1) (—Yf?; (SX;} " J“te> 1{X < X}}
e o) = Ep |1 (ST ) s )

and denote the true (restricted) ATE by I§'.

Then, notice that

Vi (B ) = 1)) = v (I (B, 125) = 1 (o, 16) )
_\/ﬁ (I‘T(']:'r};om ( X, Pn; ch—bt;?) - I’T(')’hom (X7p07 Igf;)) .

Therefore, we can work with \/n (I;’Eom ( X, Pn,s Iﬁ'tﬁ) i (x, po, [gf;)) for each ¢t € {0,1},
separately. Given that these two functionals have symmetric construction, we only provide de-
tailed arguments for the linear representation of v/n (I;;ﬁom ( X, P, L ““) — [Lhom (x, po, ]3?)) .
To consider the most general case, we set 7 = 7, implying that 1{Y <7} = 1 a.s. and
1{Q <7} =1 a.s.. This way we avoid (even more) cumbersome notation, and drop the index
T.

Notice that
\/ﬁ <I}L,hom (ny)q’“ fzte) o Il,hom (X,p(), I(()zte))
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- (E : [T <ﬁn?X> - fﬁte) HX < X}]
2|7 (o ) 1x <)

= Vn (Eﬁm [T < @__ Igte) 1{X < x}} — 1o (x, o, ng))

Pn (X)

—/n (fgte - lgte) EF 71 {X < x}]

_ hom
= An —

hom
Bhom,

As in the proof of Lemma 3 and Lemma S.6, we

Ahom _

Vn / pxhom (i, %, 1) [FY™ (dy, d, dt) — F (dy, dx, di)]

+Vn / P (5.%,0) = e (7.%.8)| (Ff™ (dg, dR, df) — F (dy. d%, )

hom

it [ [ 0.5, = ol 5.%.0)] F (dg. i, do)

Ahom Ahom Ahom
1n 2n

3n

where, for a generic p (),

Then, following the same type of arguments as in the proof of Lemma 3, we have that,

uniformly in x € Xy,

hom
A1n -
hom __
A2n -

hom __
A?m -

implying that

n

Ln (771 P (x) — [hhom (x)) +op(1),
op (1)
—1 E(Y (1) [X;) 1{X; < x}
%Z 1 20 (X)) (T; — po (X)) +op (1),

Abe — IZ( PO (o) — 1 (x) ) + a7 (X ) (T = po(Xa) + 0z (1),

uniformly in x € Xx.

Next, we have to show that

Bhom — % Z [(n§*e = I§™) + o™ (X;) (T; — po(Xy)) | E[T1{X < x}] + op (1).

21
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To this end, notice that
Jn ( jate _ Iate> _
Vit [ it (.0 [F™ (dy. s, db) ~ F (dy dx, )
vt [ [ (.0 - i (0] (FE™ (dy, d=.df) — F (dy. d. d)
Vit [ [ (.8 - g3 (%.0] F (dg,dx. b

— Bate ate+Bate

3n >

here, for a generic p (+),

ate (-~ = . Eg _(1_ﬂg
2= (G 1,8)-

Then, following the same type of arguments as in the proof of Lemma 3, we have that

Bate = \/_Z nete — 1) + op (1), (S.25)
B3y = op(1), (S.26)
we . I [EV(D)X)  EX0)X)] .. Wi o

B = \/ﬁzl{ po (X:) i 1 —po (X;) T~ po (X)) + e (1), (5:27)

Finally, by the uniform law of large numbers in Corollary 1.5 of Stute (1993),
EF T1{X <x}| =E[T1{X <x}]+o0p(1), (S.28)

uniformly in x € Xx. Thus, (S.24) follows from (S5.25)-(S.28).
From (S.23) and (S.24), it follows that

Jn (I;,hom ( X, p n,[gte) _ Jlhom (X’po’jgte)>
= % ; ([t o) = 10em ()] + a7 (X %) (T = po(X0)) (8.29)
— [(nf" = I2) + ™ (Xi) (T; — po(Xa))| E[T1{X < x}]) + op (1)
Following exactly the same arguments for the untreated sub-group, we have that
R (1 e ) o )
- Z ([ (o) = 190 ()] + e (%353 (7 = (X)) (530

= [(nf" = I5") + ™ (Xi) (T; — po(X3)) | E[(1 = T) 1{X < x}]) +0p (1).
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By subtracting (S.30) from (S.29), and putting - [ (72 — I2%) + a2 (X;) (T; — po(X;))] as

T

a common factor, we have that, uniformly in x € Xy,

Vi (1 (x) = 1 (x)) = % D [ () = 1 ()] + % (Xii0) (T, = po(X:)
— (e = 1) + 0 (X) (T = po(X0) E[1{X < x}] + 0n (1),

concluding the proof. B

Proof of Theorem 6: Once we have proved the validity of the linear representation
(S.22), the proof of the weak converge of the process \/n (f??lm - [ﬁom) (z) under Hpom, [hom
and H ﬁ%m follows the same steps of Theorems 1, 2 and 3, and the validity of the bootstrap

follows the reasoning of Theorem 4 in a routine fashion. Details are omitted.H

S.2.5 Proofs: Testing within the Local Treatment Effect setup
In this subsection we prove Theorem 7. We proceed as in the previous subsections by
presenting and proving several auxiliary lemmas, that are the key to establish the proof of the

theorems.

Lemma S.9 Suppose Assumptions /.1-4.2 hold. Assume that the parametric family w (X, x)
satisfy Assumption A.1, and let 7 < 7. Then, we have that

H(l)dte e (y|X) =0 a.s. Yy € [—o0, 7]
is true if and only if
[ldte<y7x) =0 a.ein Wa

where 1'%(y, x) = Yt (y x) — 104 (y x) with, for t € {0,1},

t,ldte

H{Q <y}

I' (y,x)=(2t—1) {Ekm [ X 1{X < x}

T:t,Zzl]IP’(T:t,Zzl)

—EFm {%1{ng}w:t,zzo}P(T:t,Z:O)}.

Proof of Lemma S.9: From Theorem 3.1 of Abadie (2003), we have that, in the absence

of censoring,

1 TZ1{Y <
Fyyx (y|X, pop = comp) = (E [{—_y} X}

'y (X) 0 (X)
E [T“;_Z)qigfy} XD a.s.

and
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Fyoyx (y|X, pop = comp) =

moo (B[
_E {(1 _TLOZ(;{;/ <y} XD a.s.,

where

o) = o (o - o))

To(X) = E [((1 = 3151&)2) - (1%—&))2) ‘ X] |

and I'y (X) =Ty (X) = P(T'(1) >T(0)|X) > 0 a.s. from Assumption 4.1, see Lemma 2.1 of
Abadie (2003).

From these results, we have that H}® is true if and only if

1,ldte

T

0,dte (

(yX) =7 y|X) =0 a.s. Yy € [—o0, 7],

where

T (YX) = E[—TZl{YSy} X]

q0 (X)
L [Ta=-2)1{y <y}
g { 1 —qo(X) X} 7
U X) = E [(1 ~T) 51_—%2();){1/ <y} ‘ X}
@ =T)Z1{Y <y}
. { o (X) X} '

As in Lemma 1, we have that under Assumption 4.2, each of these conditional expectations
are identified. That is,

1,ldte

T = | T

g [L0-21(0 <0
1 —qo (X)
To*dte (mX) ) |:(1 B T) 51__(102();){62 < y} ’ X:|
wm | (L =T) Z1{Q <y}
-k { g0 (X)

TZ1{Q < y} X}

X} a.s.,

‘X} a.s..

From the same arguments as in the proof of Lemma 2, we have that Hl* is true if and only
if

1,ldte 0,ldte

I

(y,x) = 1" (y,x) =0 a.ein W,
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where

Fhie (1, %) — Ekm {TZl {Q <y}1{X< X}}

QO(X)
o [TO=2)1{Q <y} 1{X <x}
B { 1 —qo(X) ]’
0,ldte em | (L=T)(1—=2)1{Q <y} 1{X < x}
TR =g (X) |
_Ekm{(l_T)Zl{ng}l{ng}}
1 —qo (X) ’

Finally, to conclude the proof, note that by the Law of Total Probability we can rewrite
t,ldte
I (y,x),t€{0,1}, as

1" (y,x) = (2t — 1) {Ekm [—1 {q?(;)y}l{x <x}T=t7= 1] P(T=t2=1)
_ [ml{xgx}w_t,z_o]P(T_t,z_o)}.

Before stating the next Lemma, we need to introduce some additional notation. For ¢t €
{0,1}, 2 € {0, 1}, let Hy, (y) =P(Q <y, T =t,Z=2),H,o(y) =P(Q <y, 0 =0,T =t,Z = z2),
and Hy, 11 (y,2) =P(Q <y, X <x,T=1t,Z=2,6=1). Define

%z,o(ﬂ)Zexp{ " Hiso (@0 (w))}’

0 11— th
and put
_ 1 o o - _ _ o
Ytz 1 (y7 Y, X) = T 7 / 1 {y < w} gvlfit (w7 X,t, z; Y, X) Ytz,0 (w) th,ll (dwv dX)
1- th (y)
and
H{o<y,o<w Ldte t,z;y,X B _ o
Yooy = [ [HESREE IS LI, ) g @0) Hoes (0, %),
[1— Hy, (v)]

where

ldte(QXTZy ) — TZl{QSy}l{ng}

g0 (X)
0 (QXT,Zy,%) = T<1_Z>11{f2q0§<§<})1{xgx},
e (0. X.T. 7y x) = (1—T)Zl{§§(§?§}1{X§x}7
e (Q.X.T, Z:y.1) — (1—T)(1—f)_1;1{52(§)y}1{X§X}'
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Let

7' (y, %) = (m1° (v, %) = 19° (%)) — (6 (9, %) — 055 (4. %))
where for t x z € {0,1}*,
M (%) = &7 (Q, X, T, Z39,%) Y40 (Q) 8 + 7121 (@3, %) (1= 6) — 7125 (Q3 9, %) -
Furthermore, denote
o (Xsy,x) = (o (Xiy,x) — a55° (X3 9,%))
— (aft® (X5, %) — agi (X5 9,%))
with
PR (VI (UL ST EL )
PR YT E ) TS
) = -EQZTOIYO0 01X <)
() = EO=TONLO XX )

Lemma S.10 Under the same

(y,x) €W,
Vi (18 g, x) = 1 (y, x))
\/_ Z ldte

assumptions as in Theorem 6, we have that, uniformly in

— 1M (x )] + o' (X5 y,%x) (Z; — qo(Xi)) + op (1), (S.31)

Proof of Lemma S.10: With some abuse of notation, let

1904 (y %, q)

1M (y %, q)

IlO,ldte (y’ X, Q)

I (y x, q)

1904 (y %, q)

1004 (y %, q)

. ‘(1—T)(1—Z)1{ng}1{xgx}]
i 1-q(X) ’
E '(1—T)Zl{Y§y}1{X§X}]
i q(X)
. 'T(l—Z)l{ng}l{ng}l
i 1 —q(X)
E 'TZl{YSy}l{Xﬁx}]
q(X) ’
fhm [(1—T)Zl{Q§y}1{XSX}]
" q(X)
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[i0ddie (y ) = REm {T(l - 72)1{Q < y}1{X < X}l

" 1—q(X)
HQSy}l{XSX}}
q (X) '

qulLlete (y’ X, q) — El;:bm |:T

Then, notice that

Jn (jédte (y,x) — I (y,x)) - vn (Iil,ldte (y, z, ) — THH4te (y o q0)>
_\/ﬁ ([10,ldte (y’ x @L) _ Jl0.ldte (y’ z, qo))
(121 ldte y’ T qn) [Ol,ldte (y’ z, q0)> (832)
(ISO ldte ) IOO ldte (y7 z, qo)) )

Therefore, we can work with v/n (1! (y,x, ¢,) — I**!%¢ (y,x, qo)) for each t x z € {0,1}?,
separately. Given that these four functionals have symmetric construction, we only provide

detailed arguments for the linear representation of v/n (I (y, x, G,) — I'*"¥ (y,x, qo)) .

As in the proof of Lemma 3 but now with ¢ playing the role of p, we have that

\/_ ([11,ldte (y,X,dn) o ]11,ldte <y7x,q0))
- n / pLLE (5 5 F2) [FF™ (dg, d%, dF, t2) — F (dy, d, dF, dz)]

+vn / Cpdte (,%,1,7) — il (7,%, ¢, z)] (FF™ (dy, dx, dt, dZ) — F (dg, dx, dt, dz))
+\/_/ Cpdie (7,%,1,2) — idie (7,%, ¢, 2)] F (dy, dx, dt, dz)

— Aldte Aldte Aldte
1n 2n

3n

where, for a generic q (-), g} /4 (,%,1,2) = 2t1{y < y} 1 {X < x} /q ().

Then, following the same type of arguments as in the proof of Lemma 3, we have that,
uniformly in x € Xy,
€ 1 - e €
Alﬁf = \/ﬁ Z nllcitz y? Ill’ldt (y7 X, qO)) + op (1) )
Ay = op (1)7
; —1 ¢~ ET () 1{Y (1) <y} [Xi) 1{X; < x}
Agn > (Z:

\/n “ 00 (X;) —qo (X)) +op(1).

Repeating the same arguments for ¢tz € {10,01,00}, one established the asymptotic linear
representation of each /n (1'% (y,x, ,) — I'*!¥"* (y,x, qo)). The proof is completed by simply
plugging these asymptotic linear representations into (S.32). W
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