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Some open questions that remain and why they matter

■ Take an applied researcher with several pre-treatment periods and multiple untreated /
not-yet-treated cohorts. Concrete design choices arise:

▶ Which pre-treatment periods to use as baseline?
▶ Which not-yet-treated cohorts to use as comparison groups?
▶ Should we report and compareresults from multiple estimators?

■ These are not innocuous — they raise open questions with first-order stakes:

▶ Precision: how much do existing estimators sacrifice?
▶ Discipline: which baselines & comparison groups should we include or report?
▶ Sensitivity: how much do conclusions depend on these choices?

■ Empirical DiD paper makes these choices, usually implicitly.
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Same data, same estimand — very different precision

■ Under the same parallel-trends assumptions, prominent DiD estimators on the same data
deliver near-identical point estimates

■ Yet their asymptotic variances can differ by a factor of two or more.

▶ They are not targeting different parameters.
▶ They simply use different subsets of the available identifying information.

■ In our application, widely used alternatives would need up to 104% more observations to
match the precision of the efficient estimator.

■ With a small comparison group, that gap decides which effects you can detect at all.
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DiD is (often) over-identified — and that is the engine

■ With multiple pre-treatment periods or staggered timing, the DiD framework is typically
nonparametrically over-identified.(Chen and Santos, 2018)

▶ Many distinct estimators follow from the same assumptions; modern methods use only some of the
moments.

■ Over-identification is not only a source of precision. It is what makes the other design
questions tractable — it governs:

▶ how precise a DiD estimator can be;
▶ which comparisons drive each estimate;
▶ diagnostics for restrictions in tension with the data;
▶ how to trade off precision against bias when assumptions are uncertain.
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What we do in this paper

■ 1. Efficiency. We derive the semiparametric efficiency bound for cohort-specific ATT(g, t) and
event-study ES(e) parameters, give closed-form efficient influence functions, and propose
easy-to-compute estimators that attain the bound.

■ 2. Design diagnostics.Different weighting choices can target different estimands under
misspecification, so the same over-identification also yields:
▶ incremental over-identification tests for additional baseline / comparison-group restrictions;
▶ robustness frontiers: how far a headline estimate moves as restrictions are relaxed, at a stated
precision cost (Andrews, Chen and Tecchio, 2025)

▶ weight decompositions: what accounts for differences across estimators.

■ 3. Adaptive estimation. An adaptive shrinkage estimator that trades precision gains against
potential bias.(Armstrong, Kline and Sun, 2024)

■ Single & staggered timing; with or without covariates; extension to instrumented DiD.
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A taste of the econometrics



DiD framework

■ “Short” panel {Wi}ni=1 = {(Yi,1, . . . , Yi,T, X′i,Gi)
′}ni=1: n large, T finite and fixed.

■ Treatment is binary, an absorbing state, with possibly different starting dates.

■ Yi,t(g): potential outcome for unit i at time t if first treated in period g.

■ Gi: period unit i is first treated, with Gi = ∞ if never treated by T; Gi ∈ G ⊆ {2, . . . , T,∞}.
▶ Single date: Gi = g (treated) or Gi = ∞ (untreated). Let Gg = 1{G = g}.
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Target parameters

■ Group-time average treatment effects on the treated:

ATT(g, t) := E[Yt(g)− Yt(∞) |G = g].

■ Aggregate over cohorts into event-study summaries (e = t− g):

ES(e) := E
[
ATT(G,G+ e)

∣∣G+ e ∈ [1, T]
]
,

ESavg := 1
|E | ∑e∈E ES(e).
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Maintained Assumption: Sampling, Overlap, and No-anticipation

Assumption (Maintained Assumption (M))

(i) (S) {(Yi,t=1, . . . , Yi,t=T, X′i,Gi)
′}ni=1 is a random sample from (Yt=1, . . . , Yt=T, X′,G)′.

(ii) (O) For each g ∈ G , E[Gg|X] ∈ (0, 1) almost surely (a.s.).

(iii) (NA) For every g ∈ Gtrt, and every pre-treatment periods t < g,
E[Yi,t(g)|G = g, X] = E[Yi,t(∞)|G = g, X] almost surely.

■ The maintained Assumption M is not enough to identify ATT or ES type parameters.

■ DiD methods impose parallel trends assumptions to identify these parameters: we will discuss
them in a bit.
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DiD with Single Treatment Time



No variation in treatment timing

■ Single treatment period at time g: Gi = g (treated) or Gi = ∞ (untreated).

■ ES(e) = ATT(g,g+ e).

1 2 3 4 5 6 7 8 9 10
time: t = 1, · · · , T = 10

Treated Untreated
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Parallel Trends Assumption: Post-treatment periods

Assumption (PT in the post-treatment periods)

For each t ∈ {2, . . . , T} such that t ≥ g,
E[Yt(∞)− Yt−1(∞)|G = g, X] = E[Yt(∞)− Yt−1(∞)|G = ∞, X] a.s.

■ Impose parallel trends only for post-treatment periods.

■ Uses only period g− 1 as the baseline.

■ Without covariates, easy to show that, for any t ≥ g,

ATT(g, t) = E[Yt − Yg−1|G = g]− E[Yt − Yg−1|G = ∞].

■ Limitation: If we were gifted 10 more pre-treatment data periods, the estimand for ATT(g, t)
would not be allowed to use any of that.
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PT-Post: Implications

■ ES(e) = ATT(g,g+ e) for any e ≥ 0

1 2 3 4 5 6 7 8 9 10
time: t = 1, · · · , T = 10

Treated Untreated 13
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Parallel Trends Assumption: All periods

Assumption (PT in all periods)

For each t ∈ {2, . . . , T},

E[Yt(∞)− Yt−1(∞)|G = g, X] = E[Yt(∞)− Yt−1(∞)|G = ∞, X] a.s.

■ Impose parallel trends in all periods.

■ Allows us to use any pre-treatment period as a baseline.

■ Without covariates, easy to show that for any t ≥ g and any t′ < g,

ATT(g, t) = E[Yt − Yt′ |G = g]− E[Yt − Yt′ |G = ∞].

■ If we were gifted 10 more pre-treatment periods of data, we could easily use all of them to
compute ATT(g, t).

■ How to do that efficiently, such that we maximize precision?
14



Characterization of the DiDmodel based on seq. conditional moment restrictions

Lemma (Moment-restrictions for over-identified DiD with single treatment time)

The family of prob. dist. of (Yt=1 · · · , Yt=T, X′,G) satisfying Assumptions M and PT-All-g are
observationally equivalent to the family of prob. dist. of (Yt=1 · · · , Yt=T, X′,G) satisfying
Assumption M(i)(ii), and the set of moment restrictions: for all t ∈ {g, . . . , T}, with prob. one,

E[Gg(ATT(g, t)− CATT(g, t, X))] = 0,

E

[
CATT(g, t, X)− Gg(Yt − Yg−1)

pg(X)
+
G∞(Yt − Yg−1)

p∞(X)

∣∣∣∣∣X
]
= 0,

E

[
Gg(Yt′ − Y1)

pg(X)
− G∞(Yt′ − Y1)

p∞(X)

∣∣∣∣∣X
]
= 0, for all 2 ≤ t′ ≤ g− 1,

E[Gg − pg(X)|X] = 0.

■ Semiparametric efficient bound for ATT(g, t): apply Ai and Chen (2012) for seq. moments.
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Understanding the sources of over-identification

1 2 3 4 5 6 7 8 9 10
time: t = 1, · · · , T = 10

Treated Untreated
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Understanding the sources of over-identification

1 2 3 4 5 6 7 8 9 10
time: t = 1, · · · , T = 10

Treated Untreated

t′ t

ATT(g, t = 8) using t′ = 1 as baseline: DiD for ATT with Y = Yt=8 − Yt=1
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Understanding the sources of over-identification

1 2 3 4 5 6 7 8 9 10
time: t = 1, · · · , T = 10

Treated Untreated

t′ t

ATT(g, t = 8) using t′ = 2 as baseline: DiD for ATT with Y = Yt=8 − Yt=2
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Understanding the sources of over-identification

1 2 3 4 5 6 7 8 9 10
time: t = 1, · · · , T = 10

Treated Untreated

t′ t

ATT(g, t = 8) using t′ = 3 as baseline: DiD for ATT with Y = Yt=8 − Yt=3
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Understanding the sources of over-identification

1 2 3 4 5 6 7 8 9 10
time: t = 1, · · · , T = 10

Treated Untreated

t′ t

ATT(g, t = 8) using t′ = 4 as baseline: DiD for ATT with Y = Yt=8 − Yt=4
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Understanding the sources of over-identification

1 2 3 4 5 6 7 8 9 10
time: t = 1, · · · , T = 10

Treated Untreated

t′ t

ATT(g, t = 8) using t′ = 5 as baseline: DiD for ATT with Y = Yt=8 − Yt=5
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Intuition on how to get semiparametric efficiency

■ For each 1 ≤ t′ ≤ g− 1, we fix the baseline period at t′, and compute the “efficient influence
function” for ATT(g, t) as-if there were only 2 groups, G = g and G = ∞, and two periods, t
(post-treatment) and t′ (pre-treatment)

▶ Akin to compute the “DR scores” in DML language.

■ Stack all the non-collinear influence functions into a vector, IFatt(g,t).

■ Compute the covariance of IFatt(g,t) given covariates, Vgt(X) = Cov
(

IFatt(g,t)|X
)
.

■ Efficient Influence Function for ATT(g, t) is given by

EIFatt(g,t) =
1′Vgt(X)−1
1′Vgt(X)−11

IFatt(g,t).

■ Next, we explore these results to obtain EIF-based estimands for ATT(g, t), which serve as a
blueprint for efficient estimation.
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Using EIF as a blueprint for estimating ATT(g,t)

■ The key is to explore that E[EIFatt(g,t)] = 0 to get IF-based estimand:

ATT(g, t) = E

[ 1′Vgt(X)−1
1′Vgt(X)−11

θg,t(W)

]
, (1)

where pg(X) = E[Gg|X], θg,t(W) = (θg,t,1(W), . . . , θg,t,g−1(W))′ is a (g− 1)× 1 column vector with

θg,t,t′(W) =
1

P(G = g)

(
Gg −

(1− Gg)pg(X)
1− pg(X)

)
(Yt − Yt′ − E[Yt − Yt′ |G = ∞, X]) .

■ Here, θg,t(W) is a vector of DR DiD “integrands”, each being computed pretending we were in
the 2× 2 DiD setup of Sant’Anna and Zhao (2020).

■ Efficient DiD estimators: apply plug-in principle, or do DML.
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DiD with Single Treatment Time
What do these results teach us?



A practical surprise: clustering moves the estimate, not just the SE

■ For conventional DiD — TWFE, Callaway and Sant’Anna (2021), imputation (Borusyak, Jaravel and
Spiess, 2024; Gardner, 2021; Wooldridge, 2021) — the weights are fixed in advance. Clustering only
rescales standard errors; the point estimate is untouched.

■ The efficient estimator weights the moments by the inverse covariance of the influence
functions, Vgt(X)−1. Clustering changes that covariance⇒ it changes the efficient weights⇒ it
changes the efficient point estimate — not only its SE.

■ So “the efficient estimate” is not defined until you commit to a dependence structure.

■ Our discipline: use the dependence structure the design has — the same clustering as the
original study — and keep it throughout. Clustering is part of the estimand, not a post-hoc
inference knob.
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So how should you weight the pre-treatment periods?

The efficient baseline solves a one-line problem: choose weights ω on the pre-periods, summing
to one, that minimize the variance of the counterfactual you difference against:

ω⋆ = Σ−1
[

σpre,post +
1−1′Σ−1σpre,post

1′Σ−11 1
]
, Σ = Var(upre).

The answer turns on one feature of the data — the serial correlation of the outcome — with a
clean closed form in three canonical cases:

error structure efficient baseline weights ω⋆(e) matches the baseline of

iid uniform (long pre-average), any horizon e imputation / BJS
AR(1), ρ head + tail; recency fades as e grows — (interpolates)
unit root last pre-period Yg−1, any horizon e CS, SA, Marcus–Sant’Anna

The named estimators each fix this baseline choice; only the efficient bound adapts it to the data.
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Synthetic baseline: persistence sets the shape

iid  (−> uniform) AR(1), rho=0.5 AR(1), rho=0.9 random walk (−> last)
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■ Lines are the closed-form GLS weights; points are what the estimator delivers on simulated panels —
they coincide: the formula is the estimator.

■ iid⇒ uniform. Persistence makes it head + tail — a level anchor on the first pre-period + dominant
mass on the last; a pure random walk puts it entirely on the last.
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Every fixed baseline is optimal at exactly one persistence
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Uniform (BJS imputation)

Last period (CS / SA base)

Illustrative (T0 = 8 pre-periods, AR(1)); the gap grows with the number of
pre-periods.

On the baseline dimension, today’s
estimators are two fixed choices:

■ BJS / imputation ≈ uniform: efficient
only at ρ = 0; pays up to 3× near a unit
root.

■ CS, SA, Marcus–Sant’Anna difference
against the last period: efficient as
ρ→1; waste 78% under iid.

The bound is the lower envelope — optimal
at every ρ.
You no longer have to guess.
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Kline and Moretti (2014): pooling a century of baselines

■ The question. Did the Tennessee Valley Authority — the New Deal’s flagship place-based “Big Push”
(dams, electrification, cheap power, from 1933) — create lasting agglomeration in manufacturing?

■ Their finding. A durable positive effect on manufacturing employment (with a roughly offsetting decline
in agriculture); parallel trends were judged by eye, never formally tested. (Kline and Moretti, 2014)

■ The data. U.S. counties, decennial census 1900–2000 (11 waves); ∼2,763 counties — 187 TVA-area (treated,
G = 1940) vs. 2,576 never-treated. Outcome: log county manufacturing employment.

■ Our spec. No covariates — so the efficient weights use the unconditional covariance of the pre-period
changes (saturated cells, no working models to defend). SEs state-clustered, exactly as K–M. Four
decennial baselines, 1900–1930.

■ One date + a long pre-window⇒ baseline pooling is the whole efficiency story.
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Kline and Moretti (2014): the efficient weights spread
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recency−anchored on 1930, mass back to 1900 (no covariates)

TVA efficient baseline weights for  ES(0) = ATT(g=1940, t=1940) Weights for ES(0) = ATT(1940, 1940). With one treated
cohort and four decennial baselines, the only question
is how to weight 1900–1930.

The efficient weights are recency-anchored on 1930
(0.50) yet spread mass back to 1900 (spread 0.42 vs.
uniform’s 0) — not the last period alone (CS), not a flat
average (imputation).

Gain. ARE = 2.21× on the ES average vs. CS=last-pre (a
33% shorter CI); 1.40× vs. BJS-G-W imputation (4.38×
at e = 0) — imputation leaves the baselines flat; the
efficient weights exploit their covariance.
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Kline and Moretti (2014): the efficient event study
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Kline & Moretti (2014): efficient DiD vs Callaway−−Sant'Anna

■ Manufacturing employment over the 60-year post-window: EDiD (efficient) tracks the same path as Callaway and
Sant’Anna (2021) — they agree on the effect.

■ But the efficient bands are visibly tighter at every horizon — the precision the baseline pooling buys, in the units the
reader takes straight off the plot.

25



Le Moglie and Sorrenti (2022): organized crime and firm birth

■ The question. Does organized crime expand into the legal economy during downturns — did the 2007
credit crunch lead high-mafia provinces to register relatively more new firms (“Mafia Inc.”)?

■ Their finding. Yes — high-mafia provinces established relatively more new enterprises after 2007
(β ≈ 0.041), consistent with criminal infiltration as legal credit dried up; parallel trends shown only
visually. (Le Moglie and Sorrenti, 2022)

■ The data. 84 Italian provinces × annual 2003–2013; 28 high-mafia (treated, g = 2007) vs. 56 never-treated.
Outcome: log new enterprises.

■ Our spec. One covariate — a binary Northern-Italy indicator (xformla = ~north); SEs province-clustered
(the paper controls for North×year, clusters at province).

■ The mirror image of TVA: a short, recent pre-window (2003–2006)⇒ parallel trends is easy to defend, but
little over-identification to exploit.
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Le Moglie and Sorrenti (2022): The gains are very modest
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Le Moglie−−Sorrenti (2022): efficient DiD vs Callaway−−Sant'Anna Same estimate, modest gain. ARE ≈ 1.0–1.2× across
horizons, ES ≈ 1.11 — the efficient and conventional
points coincide to sampling noise: pure precision, not
bias.

The lesson. The gain scales with how much credible
over-identification the design has: large for TVA (a
century of baselines), modest here (a four-year
window). A thin pre-window simply leaves less on the
table.
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Le Moglie–Sorrenti: the efficient weights are covariate-dependent
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efficient weight w(X) by the covariate north (profiles differ by up to 0.19); each sums to 1; recency−anchored on 2006

Le Moglie−−Sorrenti efficient baseline weights for  ES(0) = ATT(g=2007, t=2007) Efficient baseline weights for
ES(0) = ATT(2007, 2007), over the four pre-periods
2003–2006.

Both profiles are recency-anchored on 2006 — but
they differ with the covariate north (up to 0.19 on
the 2006 baseline).

The efficient weights vary with X — unlike GMM or
the conventional estimators, which fix one baseline
rule for everyone.
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“But can I trust those extra restrictions?”

■ These gains come from imposing parallel trends over more periods (and, soon, more groups)
than the bare minimum — that is the over-identification the efficient estimator exploits.

■ So you should be asking: are those extra restrictions credible? Hold that thought.

■ The same over-identification that buys the precision also lets us test it, bound how far a
headline can move, and shrink adaptively when it is in doubt.

■ We devote a whole section to exactly this — right after the staggered case.
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DiD with Staggered Treatment Adoption



Staggered Adoption

■ Multiple treatment starting periods, leading to several treatment groups defined by treatment
starting date.

■ Each group has their ATT(g, t).

time: t = 1, · · · , T = 10
1 2 3 4 5 6 7 8 9 10

G = 3

G = 5

G = 8

G = ∞
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PT for all periods

Assumption (Parallel Trends for all groups and periods (PT-All))

For each t ∈ {2, . . . , T} and (g,g′) ∈ Gtrt × G ,

E[Yt(∞)− Yt−1(∞)|G = g, X] = E[Yt(∞)− Yt−1(∞)|G = g′, X] a.s.

i.e., conditional on covariates, the average evolution of untreated potential outcomes is the same across treatment groups,
in all available periods.

■ Two sources of nonparametric over-identification (in the sense of Chen and Santos (2018)):
multiple baseline periods and multiple comparison groups.
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Understanding the sources of over-identification

ATT(g = 3, t = 5), using one active comparison group G = ∞:

1 2 3 4 5 6 7 8 9 10

G = 3

G = 5

G = 8

G = ∞
Active
Comp.

Active
Treated
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Understanding the sources of over-identification

ATT(g = 3, t = 5), using one active comparison group G = ∞:

1 2 3 4 5 6 7 8 9 10

t′ = 1 t = 5

ATT(g = 3, t = 5) using t′ = 1 and G = ∞

G = 3

G = 5

G = 8

G = ∞
Active
Comp.

Active
Treated
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Understanding the sources of over-identification

ATT(g = 3, t = 5), using one active comparison group G = ∞:

1 2 3 4 5 6 7 8 9 10

t′ = 2 t = 5

ATT(g = 3, t = 5) using t′ = 2 and G = ∞

G = 3

G = 5

G = 8

G = ∞
Active
Comp.

Active
Treated
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Understanding the sources of over-identification

ATT(g = 3, t = 5), using two active comparison groups G = 8, and G = ∞:

1 2 3 4 5 6 7 8 9 10

t′ = 1 t = 5 t′′ = 7

G = 8
G = ∞

ATT(g = 3, t = 5) using t′ = 1, t′′ = 7, and G = ∞, 8

G = 3

G = 5

G = 8

G = ∞

Active
Comp.

Active
Treated
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Exploring all the content of PT

Lemma (Over-identification in staggered designs)

Under Assumptions M and PT-All, for every group (g,g′) ∈ Gtrt × Gtrt and time periods
(t, t′, t′′) ∈ T × T × T such that t ≥ g, g > t′, and g′ > max{t′, t′′}, with probability one,

CATT(g, t, X) = E[Yt − Yt′ |G = g, X]︸ ︷︷ ︸
≡mg,t,t′ (X)

−
(

E[Yt − Yt′′ |G = ∞, X]︸ ︷︷ ︸
≡m∞,t,t′′ (X)

+E[Yt′′ − Yt′ |G = g′, X]︸ ︷︷ ︸
≡mg′ ,t′′ ,t′ (X)

)
, (2)

and, as a consequence,

ATT(g, t) = E
[
Yt − Yt′

∣∣G = g
]
− E

[ (
m∞,t,t′′(X) +mg′,t′′,t′(X)

) ∣∣G = g
]
. (3)

More generally, for any covariate-specific weights wg,tg′,t′,t′′(X) that sum up to one, we have that

ATT(g, t) = E

[
∑

(g′,t′,t′′)∈Hg,t
wg,tg′,t′,t′′(X)

[
mg,t,t′(X)−

(
m∞,t,t′′(X) +mg′,t′′,t′(X)

)] ∣∣∣∣G = g
]
.
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Semiparametric Efficient Staggered DiD

■ We will now fix t′ = 1 for simplicity (no loss of generality).

■ For g′ ∈ Gtrt and 1 ≤ t′′ ≤ g′ − 1, let πg = E[Gg] and

IF
att(g,t)
g′,t′′ =

1
πg

(
Gg((mg,t,1(X)−m∞,t,t′′(X)−mg′,t′′,1(X))− ATT(g, t))

)
+
Gg
πg

(Yt − Y1 −mg,t,1(X))

− G∞

πg

pg(X)
p∞(X) (Yt − Yt′′ −m∞,t,t′′(X))−

Gg′
πg

pg(X)
pg′(X)

(Yt′′ − Y1 −mg′,t′′,1(X)). (4)

■ We then stack all the non-collinear IF terms to form IF
att(g,t)
stg .
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Efficient Staggered DiD

■ Here follows the efficient staggered DiD estimand

ATT(g, t) = E

[ 1′Ωgt(X)−1

1′Ωgt(X)−11
θatt(g,t)stg (W)

]
, (5)

where Ωgt(X) = Cov(IF
att(g,t)
stg |X), θatt(g,t)stg (W) is the column vector

θatt(g,t)stg (W) = (θatt(g,t)g′ (W)′,g′ ∈ Gtrt)′, , (6)

such that, for g′ = g,
θatt(g,t)g′ (W) = (θatt(g,t)g,1 (W), . . . , θatt(g,t)g,g−1 (W))′,

and, for g′ ̸= g,
θatt(g,t)g′ (W) = (θatt(g,t)g′ ,2 (W), . . . , θatt(g,t)g′ ,g′−1(W))′,

with
θatt(g,t)g′ ,t′′ (W) =

1
πg

Gg(Yt − Y1 −m∞,t,t′′ (X)−mg′ ,t′′ ,1(X))

−
(
G∞

πg

pg(X)
p∞(X) (Yt − Yt′′ −m∞,t,t′′ (X)) +

Gg′
πg

pg(X)
pg′ (X)

(Yt′′ − Y1 −mg′ ,t′′ ,1(X))
)
. (7)
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Semiparametric efficiency result

Theorem (Efficient DiD with staggered treatment adoption)

Under Assumptions M and PT-All, the efficient influence function for ATT(g, t), t ≥ g, is given by

EIF
att(g,t)
stg =

1′Ωgt(X)−1
1′Ωgt(X)−11

IF
att(g,t)
stg .

The semiparametric efficient variance bounds are obtained as the second moments of the efficient
influence functions, provided they are finite.

See our paper for the efficient influence function of a ES(e), e ≥ 0.
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The efficient weights — and why existing estimators fall short

■ Optimal aggregation across pre-periods and comparison groups is governed by Vgt(X)−1. The
weights:

▶ depend on the covariance of outcome changes within each group;
▶ vary with the event time t;
▶ are covariate-dependent (unlike GMM) — e.g. optimal weights for men may differ from women;
▶ are generally not constant across pre-treatment periods.

■ Most DiD / ES estimators are not efficient — they either:

▶ use a single pre-period t′ : Dynamic TWFE (DTWFE), de Chaisemartin and D’Haultfœuille (2020),
Callaway and Sant’Anna (2021), Sun and Abraham (2021); or

▶ take a simple average over t′ < g: TWFE, Wooldridge (2021), Gardner (2021), Borusyak et al. (2024).
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DiD with Staggered Treatment Adoption
What do these results teach us? (staggered)



Staggering adds a second dial: which cohorts to compare to

■ Single date: only the baseline (time) dial is live — the synthetic-baseline DiD against the one
control group.

■ Staggered: a second dial appears — which cohorts to compare to (never- and not-yet-treated
g′ > t). The efficient weight factorizes into a baseline factor × a comparison factor:

wi,s(g, t) ≈ ωs(g)︸ ︷︷ ︸
persistence (time)

× ψg(i)(g, t)︸ ︷︷ ︸
precision (groups)

■ Exact when the time and group covariances separate (e.g. a unit root); approximate otherwise
— the not-yet comparison tilts the per-cohort baseline.

40



The comparison dial: precision, not size

On the comparison dimension the efficient closed form is precision-weighting:
ψg′ ∝ Ng′/σ2g′ (a precision-weighted pool of every valid control).
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CS−dCDH = efficient (size−pool all)

CS−SA (never only)

Sun−Abraham (last cohort) ■ Callaway and Sant’Anna (2021) (not-yet) and
de Chaisemartin and D’Haultfœuille (2020) pool all
valid controls by size — comparison-efficient.

■ Callaway and Sant’Anna (2021) (never) and Sun and
Abraham (2021) (last-treated cohort) discard controls
— the loss grows with the share dropped.

■ Borusyak et al. (2024) (BJS-G-W) pool all untreated, but
average the baseline rather than fixing Yg−1 — the iid
corner (next).

■ The bound pools the comparison by precision and
optimizes the baseline.
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BJS-G-W, opened up: the closed form of the iid corner

Imputation (Borusyak et al. (2024) / Gardner (2021) / Wooldridge (2025)) fits a two-way-FE model on
the untreated cells, imputes, and averages — a black box. But it is linear, so we can open it up: for
any ATT(g, t), under iid its implied weight factorizes into our two dials in closed form:

w⋆
s,g′(g, t) = 1

g−1︸︷︷︸
ω⋆
s : uniform, s=1,...,g−1

×
Ng′

∑c∈C(t) Nc︸ ︷︷ ︸
ψ⋆
g′ : size=N/V at V≡σ2

(full BJS at e=0).

■ s runs over the g−1 pre-periods; C(t) = {g′ > t} (valid controls: never + eventually-treated). Under iid
the dials keep the same form for every t — but this is the clean-subpanel BJS; full BJS at e > 0 adds the
interlopers (next slide).

■ Baseline: Σ = σ2I, σpre,t = 0⇒ GLS collapses to the uniform 1/(g−1); comparison: ψg′ ∝Ng′/Vg′
collapses to size at V ≡ σ2 (oracle: baseline→uniform < 0.004; comparison→ N/V < 0.001).

■ ⇒ BJS-G-W = this product, the iid corner on both dials, so ARE = 1.00 under iid (oracle self-test). Its
homoskedasticity theorem is recovered.
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The full closed form — own long-difference minus clean time-jumps

The product above is full BJS only at e=0 (it drops the interlopers). For any ATT(g, t), full BJS is still
closed form — the base case with one clean time-jump per extra period, no inverse, no sweep:

yATT(g, t) =
[
Ȳg,t − 1

g−1 ∑
s<g

Ȳg,s
]

︸ ︷︷ ︸
treated own long-difference

−
[

∆t−1 +
t−2
∑

j=g−1

1
j+1 ∆j

]
︸ ︷︷ ︸

untreated time movement (controls)

.

The clean time-jump ∆j is a pure size-weighted average over the cohorts still clean at j+1 — pool
C(j+1)={g′>j+1}+never:

∆j = ∑
g′∈C(j+1)

Ng′
NC(j+1)

(
Ȳg′,j+1 − 1

j∑
r≤j
Ȳg′,r

)
.

It measures how far period j+1 sits above the pool’s own 1:j average — built by averaging, no
regression.
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Stringing the jumps: the dynamic chain

Dynamics just add one jump per period. Writing Ȳg,1:g−1= 1
g−1 ∑s<g Ȳg,s, for t > g BJS is the treated

own long-difference minus the jumps, newest first:

yATT(g, t) =
(
Ȳg,t − Ȳg,1:g−1

)
−
[

∆t−1︸︷︷︸
newest, wt 1

+ 1
t−1∆t−2 + · · ·+ 1

g+1∆g + 1
g∆g−1︸ ︷︷ ︸
oldest

]
.

■ Why the damping? The treated baseline averages all g−1 pre-periods, not just the last. The
newest jump pins the level at t directly (weight 1); each older jump only nudges that baseline,
so it enters progressively discounted ( 1

j+1 ).

■ e=0: only ∆g−1 survives→ the four-step DiD (treated gain minus pooled control gain). Each
extra horizon appends one fresh jump, on a shrinking clean pool.

■ Exact vs the genuine BJS hat matrix to 10−14 — every e, equal or unequal cohort sizes (closed
form + oracle).
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BJS-G-W in one idea: leave-treated-out prediction

The whole estimator in one sentence: predict the missing untreated outcome, then compare.

1 2 3 4 5 6

time t

comparison
pool C

treated
g=4 ⋆

clean (fit αg+ηt here)

treated (impute, ⋆ = target)

yATT(g, t) = Ȳg,t︸︷︷︸
observed

−
(
pαg + pηt

)︸ ︷︷ ︸
imputed pȲg,t(∞)

.

■ Fit on clean cells only: estimate Ȳ = αg + ηt on the
untreated cohort-periods, then plug in for the
treated cell.

■ iid-optimal: under homoskedastic, serially
uncorrelated errors this is the best linear unbiased
prediction — the efficient estimator’s iid corner.

■ (The general efficient estimator just relaxes the iid
restriction — the dials in backup.)
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Does it matter? Two empirical applications



The causal effect of hospitalization on out-of-pocket spending

■ Dobkin, Finkelstein, Kluender and Notowidigdo (2018) study the effect of hospitalization on
out-of-pocket medical spending using a DiD / Event-Study strategy on the timing of
hospitalization.

■ We follow the sample construction of Sun and Abraham (2021), using the publicly available
Health and Retirement Study (HRS) data from the Dobkin et al. (2018) replication package:

▶ Adults hospitalized at ages 50–59, excluding pregnancy-related admissions.

▶ Balanced panel spanning waves 7–11 (2004–2012).

▶ Final sample: 652 individuals in 4 treatment groups — Gi = 8 (252), Gi = 9 (176), Gi = 10 (163), Gi = ∞
(only 65 never-treated).

■ Small comparison group⇒ power is binding, and precision matters.
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Point estimates are similar across estimators

Estimator ATT(8, 8) ATT(8, 9) ATT(8, 10) ATT(9, 9) ATT(9, 10) ATT(10, 10) ES(0) ES(1) ES(2) ESavg
EDiD 3072 1112 1038 3063 90 2908 3024 692 1038 1585

(806) (637) (817) (690) (641) (894) (486) (471) (816) (521)

CS-SA 2826 825 800 3031 107 3092 2960 530 800 1430
(1035) (909) (1008) (702) (651) (995) (539) (585) (1008) (647)

CS-dCDH 3029 1248 800 3324 107 3092 3134 779 800 1571
(913) (861) (1008) (959) (651) (995) (536) (570) (1008) (566)

BJS-G-W 3029 1285 1021 3239 77 2758 3017 788 1021 1609
(916) (767) (851) (862) (729) (957) (555) (587) (851) (582)

■ As expected when PT is plausible — the estimators agree on the point estimates.
SEs in parentheses. EDiD: efficient DiD. CS-SA /CS-dCDH: Callaway and Sant’Anna (2021) & Sun and Abraham
(2021) / de Chaisemartin and D’Haultfœuille (2020) (never- / not-yet-treated). BJS-G-W: imputation (Borusyak et al.,
2024; Gardner, 2021; Wooldridge, 2021). 47



Our efficient DiD delivers substantial gains in efficiency

■ Asymptotic relative efficiency (ARE) of EDiD vs. the other estimators — heuristically, the relative
sample size they would need to match EDiD’s precision.

Estimator ATT(8, 8) ATT(8, 9) ATT(8, 10) ATT(9, 9) ATT(9, 10) ATT(10, 10) ES(0) ES(1) ES(2) ESavg
EDiD 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

CS-SA 1.65 2.04 1.52 1.04 1.03 1.24 1.23 1.54 1.52 1.54

CS-dCDH 1.28 1.83 1.52 1.93 1.03 1.24 1.21 1.46 1.52 1.18

BJS-G-W 1.29 1.45 1.09 1.56 1.29 1.15 1.30 1.55 1.09 1.25

■ Several alternatives need up to twice the sample size (e.g. ATT(8, 9): ARE = 2.04) for the same
precision; the ranking is not fixed across parameters.
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Visualizing event-study stability
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Understanding the efficient weights for the ATT(g, t)’s
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A staggered application — Bancalari (2024): water & sanitation

■ The question. Did large-scale water and sewerage construction in Peru change infant mortality?
(Bancalari, 2024)

■ Their finding. Construction brought a transitional rise in infant mortality (disruption during works) before
benefits accrue — dynamics that unfold over the years after a project starts.

■ The data. 320 Peruvian districts, 2005–2015; staggered adoption across ∼10 cohorts (2006–2015) plus
never-treated. Outcome: infant mortality.

■ Our spec. No covariates; district (unit) clustering, as the paper. Staggered timing⇒ the efficient
estimator pools many comparison cohorts by precision.
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Bancalari (2024): efficiency gains across the event study

ARE(e) = (SEalt/SEeff)2 ≥ 1 (EDiD = 1); efficient SEs with the Ω estimation effect off.

e EDiD CS-SA (never) CS-dCDH (not-yet) BJS-G-W

0 1.00 2.47 2.02 3.40
1 1.00 2.36 1.50 2.89
2 1.00 2.75 1.33 3.17
3 1.00 3.06 1.52 3.48
4 1.00 3.56 1.89 3.41
5–9 1.00 1.8–2.5 1.7–2.1 1.3–2.3

ES 1.00 2.47 1.76 2.36

Up to 3.6× per horizon; on the ES average, alternatives need 1.8–2.5× the sample to match EDiD.
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Bancalari (2024): the efficient event study — tighter at every horizon
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Bancalari (2024): efficient DiD vs Callaway−−Sant'Anna

■ Same path as Callaway and Sant’Anna (2021); tighter bands at every horizon — the precision the comparison pooling
and baseline weighting buy together.
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Bancalari (2024): the efficient weights
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Bancalari efficient weights for  ES(2) = ATT(g=2007, t=2009)

■ Weights for ES(2) = ATT(2007, 2009): the efficient estimator spreads over 37 building blocks (14 negative) — pooling
baselines and comparison cohorts by precision.
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When parallel trends is uncertain: a suite of tests



The same over-identification lets you test parallel trends

■ Remember the question we parked: can I trust the extra PT restrictions the efficient estimator
exploits?

■ The same over-identification that buys precision delivers a suite of three tools:

▶ a test — is the extra PT consistent with the data? (Hausman / incremental Sargan)
▶ a robustness frontier — how far can a headline move as PT is relaxed, at a stated precision cost?
▶ an adaptive estimator — shrink smoothly toward the conservative estimate when PT is in doubt.

■ Building on Chen and Santos (2018), Andrews et al. (2025), Armstrong et al. (2024).
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The over-identification test, in one idea

■ Compute the effect two ways: the efficient estimate (uses all the PT restrictions) and the
conservative estimate (uses only post-treatment PT — the g−1 baseline against the
never-treated).

■ Under PT-ALL they target the same estimand⇒ a Hausman test: if they disagree beyond
sampling noise, the extra restrictions are rejected.

■ An incremental Sargan (Holm step-down) then localizes which baseline / comparison
restriction fails — a diagnostic you could not run before.

■ A passing test licenses the precision; a failing test tells you where to look.
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Moser and Voena (2012): a very precise-looking estimate
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Moser−−Voena (2012): efficient DiD vs Callaway−−Sant'Anna 1919 enemy-patent compulsory licensing→
domestic invention; a single cohort with 44
pre-years of patent history.

EDiD and CS agree on the path, and the long
pre-history makes the efficient estimate look very
precise.

But should we trust pooling parallel trends across
four decades of patents to buy that precision?
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Moser and Voena (2012): what the test says

■ The joint Hausman rejects pooling the deep pre-history: H = 31.4, 15 df, p = 0.008.

■ The Sargan finds no single culprit (0/43 pre-pairs) and no window rescues it — the violation is
diffuse, not localizable.

■ So there is no “localize and refine” fix here. The honest read is the conservative PT-Post
anchor, not the precise-but-pooled efficient estimate.

■ The test kept us from over-claiming a precision the data do not support.
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Kresch (2020): genuinely tighter at impact
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Kresch (2020): efficient DiD vs Callaway−−Sant'Anna 2006 Brazilian water/sanitation regulation→
municipal investment; single cohort, ∼5 annual
pre-periods.

The no-covariate efficient estimate is genuinely
tighter at impact than CS.

A clean win? The event study looks reasonable —
but the pre-period pattern hints at anticipation.
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Kresch (2020): what the test says — localize, then judge

■ The over-id rejects (H = 12.4, 4 df, p = 0.019); the Sargan localizes the violation to the pre-law
anticipation periods (2/4 pre-pairs).

■ You can drop the flagged restriction and re-optimize — the constructive path.

■ But here a base-year covariate set flips the impact sign (selection-on-scale). The toolkit tells
you when “localize and refine” is not enough — and to fall back to the conservative read.
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The test cuts both ways

The over-id test is not only a hammer for rejections — across our applications, it also fails to provide
evidence against pooling information:

application design joint Hausman p

Dobkin et al. (hospitalization) staggered 0.95
Kline–Moretti (TVA) single date 0.30
Bancalari (water/sanitation) staggered 0.14
Axbard–Deng (inspections) staggered 0.78
Van den Eynde et al. (police) staggered 0.82
Le Moglie–Sorrenti (mafia) single date 0.40

All pass (do not reject PT-All) — the efficiency gains they show are admissible. Moser and Voena (2012) and
Kresch (2020) were the exceptions, not the rule.
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Robustness frontier: how far can the headline move?

Don’t want a yes/no test? Ask the quantitative question: how
far does the headline move as you relax the extra PT
restrictions — at what precision cost?

Band pθR ± τ
√
Hθ pse(pθR), budget τ ∈ {0.25, 0.5, 1}:

■ small movement at low cost⇒ robust;
■ large movement⇒ real bias risk.

Bancalari (2024) (certified): the band stays put — even at a
generous τ the efficient ES barely drifts toward the looser
anchor. The gain is robust.
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Bancalari (2024): Hausman robustness frontier (ES_avg)

A reported-parameter Hausman diagnostic (spirit of Andrews et al. (2025)); complementary to Rambachan and Roth (2022).
(Formula in backup.)
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Adaptive estimation: shrink when parallel trends is in doubt

Pre-testing (test, then keep efficient or conservative) pays a
variance discontinuity (Roth, 2022). Instead shrink smoothly
between the efficient (PT-ALL) and conservative (PT-POST)
estimates, by the over-id statistic pTO .

Moser and Voena (2012), ES: the joint test rejects, but the
scalar ES signal is mild (tO = −1.16). The adaptive point 0.267
sits between the conservative anchor (0.301) and the
precise-but-biased pole (0.251) — ρ2=0.67 toward the pole,
keeping most of the gain.

When the test passes (Dobkin, Bancalari), pTO ≈ 0 and the
adaptive sits at the efficient estimate — no shrinkage needed.
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Joint over−id FLAGS pooling (Hausman H=63.4, 21 df, p=4e−06), but the ES−avg bias is mild: the adaptive point keeps most of the gain, with an honestly wider band.

Moser & Voena (2012): the adaptive keeps the gain the target can defend

Armstrong et al. (2024) minimax shrinkage — no pre-test cliff. (Formula in backup.)
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Takeaways



Takeaways

■ DiD is usually over-identified — that over-identification is the engine behind precision,
diagnostics, and sensitivity.

■ Closed-form efficient estimators that attain the semiparametric bound (single & staggered,
with or without covariates); the efficient weights nest imputation (the iid corner), Callaway and
Sant’Anna (2021), and Sun and Abraham (2021).

■ The same over-identification powers a suite of tests: an over-id test that certifies as well as
catches, a robustness frontier, and an adaptive estimator.

■ Gains are first-order and real: 1.3–4× tighter where PT holds (Dobkin et al. (2018): alternatives
need up to 104% more data).

■ DiD you can trust: report not just an estimate, but which comparisons drive it, what precision
they buy, and whether the data support the restrictions behind it.
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Backup



Each jump, and what the chain rebuilds

For ATT(4, 6) the control bracket is 1
4∆3 + 1

5∆4 + ∆5. Each ∆j is period j+1 versus the average of 1:j,
size-averaged over the cohorts still clean at j+1:

∆3 =
[
Ȳ4 − Ȳ1:3

]
{5,6,7,∞}, ∆4 =

[
Ȳ5 − Ȳ1:4

]
{6,7,∞}, ∆5 =

[
Ȳ6 − Ȳ1:5

]
{7,∞}.

■ Each is one calendar step of the untreated path — how far the next period sits above the
average of all earlier ones.

■ Weighted 1
4 ,

1
5 , 1 and added, the running average walks 1:3→ 1:4→ 1:5→ 6: the sum is exactly

the untreated movement from cohort 4’s pre-average up to period 6 — the piece subtracted
from Ȳ4,6 − Ȳ4,1:3.
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Why the weights 1
4 ,

1
5 — and 1?

Just the arithmetic of extending an average by one period. Adding period j+1 to the running
average of 1:j:

Ȳ1:j+1 = j
j+1 Ȳ1:j +

1
j+1 Ȳj+1 =⇒ Ȳ1:j+1 − Ȳ1:j = 1

j+1
(
Ȳj+1 − Ȳ1:j

)︸ ︷︷ ︸
∆j

.

■ Period j+1 is one of j+1 periods in the new average, so it moves that average only 1
j+1 of the

way — hence ∆j enters at 1
j+1 .

■ The last step is different (period t against the average 1:t−1, not average-to-average), so ∆t−1
carries full weight 1.

■ Tiny check: average of 1:3 is 10, period 4 is 14⇒ new average of 1:4 is 11 — it moved
1 = 1

4 (14−10).
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Each jump is a clean comparison

Every ∆j compares a cohort to its own past, Ȳg′,j+1 − Ȳg′,1:j, so the cohort’s level cancels. Under
parallel trends any cohort still untreated at j+1 then reveals the same untreated step — whatever
its level. BJS just uses every clean cohort, while it is clean, and the pool naturally shrinks:

∆3 : {5, 6, 7,∞} ⊃ ∆4 : {6, 7,∞} ⊃ ∆5 : {7,∞}.

■ The changing pool is not a flaw — it is the point: each step uses exactly the cohorts clean at
that date.

■ A cohort treated inside the window (here cohort 5) is still clean early, so it helps the early steps
only. With equal sizes that lands + 1

48 on each of its pre-periods and − 1
16 at period 4 (

1
4 ·

1
4 ·

1
3 ) —

summing to zero: it shapes the path, never the level.
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How do we estimate the efficient DiD?

■ The EIF is a Neyman-orthogonal moment, so estimation follows a standard plug-in / DML
recipe:

1. Estimate the nuisances — propensity scores pg(X) and outcome-change regressions m·,t,t′ (X) — by ML
and cross-fitting.

2. Estimate the covariance weights Vgt(X)−1 (single) or Ωgt(X)−1 (staggered) from the influence functions.

3. Plug into the EIF-based estimand and average.

■ Orthogonality⇒ first-stage error is second-order: inference uses the EIF’s own variance, with
no extra correction.

■ Closed-form EIFs⇒ no bespoke variance derivation per estimand.
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Some remarks

■ We focus on “fixed-T, large-n” panels.

■ We expect our efficient estimators to work best when
√
n≫ T.

▶ PT may be less plausible when T is large.

▶ When T is large, there are probably better tools available.

■ The degree of efficiency gains depends on the degree of over-identification (e.g. the number of
parallel trends across periods).

▶ We develop a simple Hausman-style over-identification test to assess the plausibility of PT; we also
have visual tools.

▶ You can incorporate linear, quadratic, or other known unit-specific trends, if you trust those parametric
assumptions.
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Corollary: PT holding only in post-treatment periods

■ Under PT-Post, we can only use the period immediately before treatment, t′ = g− 1.

■ The model is just-identified; the efficient influence function is simply IF
att(g,t)
g−1 .

■ This generalizes the EIF in Sant’Anna and Zhao (2020), who focused on the much simpler
two-period model.
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Calibrated simulations: CPS (single treatment date)

■ Empirically-calibrated DGP building on Arkhangelsky, Athey, Hirshberg, Imbens and Wager
(2021), single treatment date.

■ Short panel T = 7 (four pre, three post); heterogeneous effects with ATT = 0; outcomes in logs.

■ Target: ESavg =
(
ATT(5, 5) + ATT(5, 6) + ATT(5, 7)

)
/3.

■ Compared with TWFE, Dynamic TWFE (DTWFE), and Synthetic DiD (SDiD).
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CPS Monte Carlo: relative RMSE and bias

Relative RMSE Bias (×10)

Sample size EDiD TWFE DTWFE SDiD EDiD TWFE DTWFE SDiD

1. Baseline 50 1 3.57 12.46 1.53 0.01 0.60 2.58 0.00
200 1 2.32 3.37 1.95 0.00 -0.01 0.00 0.00

Outcome Model
2. No corr 50 1 3.52 12.33 1.45 0.02 0.59 2.46 0.00

200 1 2.27 3.33 1.95 -0.01 0.00 -0.01 0.00

3. No M 50 1 3.67 13.04 1.49 -0.02 0.61 2.45 0.03
200 1 2.17 3.00 1.68 -0.01 0.02 0.00 0.01

4. No F 50 1 1.47 1.88 1.42 0.00 -0.02 -0.04 -0.02
200 1 1.64 2.18 1.63 0.00 0.00 -0.01 0.00

Treatment Assignment
6. Gun law 50 1 7.27 18.23 4.67 0.00 -0.08 -0.23 -0.11

200 1 8.70 12.94 6.05 0.00 0.03 0.02 0.02

7. Abortion 50 1 6.99 17.19 4.77 -0.01 0.55 1.75 0.33
200 1 8.04 12.64 5.23 0.00 -0.01 -0.05 0.00

Outcome Variable
9. Ln Hours 50 1 1.01 1.92 0.95 -0.34 0.12 1.53 0.02

200 1 1.24 1.95 1.21 0.01 0.05 0.02 0.07

10. Ln U-rate 50 1 0.82 1.44 0.82 0.73 -0.24 -0.36 -0.26
200 1 1.03 1.53 1.01 0.03 0.00 0.01 0.00
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Compustat Monte Carlo: relative RMSE and bias (staggered)

Relative RMSE Bias (×10)

ρ EDiD BJS-G-W CS-SA CS-dCDH EDiD BJS-G-W CS-SA CS-dCDH

ρ = 0 1 1.02 1.62 1.56 0.00 -0.01 0.00 0.00

ρ = 0.5 1 1.06 1.28 1.24 0.01 0.01 0.00 0.00

ρ = 1 1 1.19 1.09 1.04 0.04 -0.02 -0.01 -0.01

ρ = −0.5 1 1.05 2.39 2.30 0.00 0.00 -0.01 0.00

ρ = −1 1 1.62 3.24 3.43 -0.01 -0.01 0.00 0.00

■ Efficiency gains persist across serial-correlation regimes ρ.
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When parallel trends is uncertain: a toolkit

■ The efficiency bound assumes parallel trends across all groups and all periods (PT-All). When
those extra restrictions—imposed beyond post-treatment parallel trends—are uncertain, the
same over-identification delivers three tools:

▶ Test — a Hausman / incremental-Sargan test of PT-All;
▶ Robustness frontier — how far a headline contrast moves as the PT scope is relaxed, at a stated
precision cost;

▶ Adaptive estimator — smooth shrinkage trading precision against bias, with no pre-test discontinuity.

■ Building on Chen and Santos (2018), Andrews et al. (2025), and Armstrong et al. (2024).
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Testing parallel trends across all groups

Hausman-type test of Assumption PT-All (PT-All): compare the efficient xES (consistent and efficient under PT-All) against
the just-identified |ES (consistent under PT-Post alone).

pH = n
(

xES− |ES
)′(

zaCov(|ES)− zaCov(xES)
)−1(

xES− |ES
)

d→ χ2(|E |).

■ Reject PT-All when pH exceeds the χ2(|E |) critical value; nontrivial local power against local alternatives whose score
has nonzero projection onto the span of the estimator-difference influence functions xES(e)− |ES(e), e ∈ E .

■ Model is nonparametrically overidentified (Chen and Santos, 2018): the same objects that deliver the efficiency bound
also deliver the test.

■ Incremental Sargan: for each candidate (g′, t′) with g′ > t′ and t′′ = 1 — each extending the PT-Post moment set by
one restriction, L extensions in all — compute a Hausman-type p-value pg′ ,t′ ; order p(1) ≤ · · · ≤ p(L) .

■ Holm–Bonferroni step-down (Holm, 1979) at familywise rate α rejects p(ℓ) if p(ℓ) < α/(L+ 1− ℓ) and stops at the first
non-rejection — admits extra restrictions only when the data do not reject them.

Building on Chen and Santos (2018); step-down via Holm (1979).
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Robustness frontiers for reported event-study contrasts

For a headline scalar θ = a′ES (e.g. ES(e) or ESavg), let pθR = a′xES (efficient) and pθU = a′|ES (conservative). With ξ = ψU − ψR ,

D = E[ξ2], VR = E[ψ2R], and pse(pθR) =
√

pVR/n:

Hθ,n =
n(pθU − pθR)

2

pD
d→ χ21 under PT-All (PT-All), pθR ± τ

√
Hθ,n pse(pθR)

The boxed frontier holds up to op(n−1/2). Under a PT-Post local alternative with score s, Hθ,n
d→ χ21

(
{E[ξ(W)s(W)]}2/D

)
:

nontrivial local power iff E[ξ(W)s(W)] ̸= 0.

■ Frontier = affine estimates pθλ = pθR + λ(pθU − pθR) whose first-order variance stays ≤ (1+ τ2)VR/n for a tolerance τ > 0:
how far the headline can move as PT scope is relaxed for a precision cost τ.

■ ψR efficient under PT-All gives E[ψRξ] = 0, so the first-order variance is exactly (VR + λ2D)/n.
■ Inspired by the Andrews et al. (2025) reading of Hansen’s J statistic in finite-dimensional GMM; with continuous

covariates the conditional-PT violations are generally infinite-dimensional, so Hθ,n is the finite-dimensional
reported-parameter Hausman diagnostic (Hausman, 1978) — the overidentification-failure component that moves the
reported object.

■ Report: efficient pθR , conservative pθU ,
√
Hθ,n (p-value), and frontier radii for τ ∈ {0.25, 0.5, 1}.
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Robustness frontiers: scope and finite-menu extension

■ Scope. The frontier does not bound movement under arbitrary parallel-trends violations; it quantifies sensitivity to
relaxing the stronger restrictions at a transparent precision cost. For honest CIs under arbitrary violations, the
Rambachan and Roth (2022) bounds are complementary to this diagnostic.

■ Finite-menu extension. To compare K pre-specified baseline/comparison configurations pθ1, . . . , pθK , set
pd = (pθ1 − pθR, . . . , pθK − pθR)

′ with DK = Var(
√
n pd).

Jθ,K = n pd′ pD+K pd d→ χ2r , r = rank(DK) ≤ K under PT-All, pθR ± τ
√
Jθ,K pse(pθR).

■ pD+K is the Moore–Penrose pseudoinverse; rank deficiency (r < K) arises naturally when alternatives share overlapping
baseline/comparison choices.

■ When K = 1 this reduces to the scalar frontier pθR ± τ
√
Hθ,n pse(pθR).

■ Building on the overidentified-model logic of Chen and Santos (2018); plotting the frontier alongside the efficient CI,
with pθU marked, gives a compact sensitivity summary.
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Adaptive estimation under uncertain parallel trends

Pre-testing xESavg vs. |ESavg is suboptimal: hard thresholding pays a variance discontinuity at the hypothesis boundary (Roth,
2022). Take the restricted xESavg (efficient under PT-All; biased if PT-All fails) and the unrestricted |ESavg (consistent under
PT-Post), with relative-efficiency ratio pρ 2 and overidentification statistic pTO :

xESAKS
avg = pρ pσU δ∗

(
pTO; pρ 2

)
+ |ESavg − pρ pσU pTO,

pTO =
|ESavg−xESavg

pσO
, pρ 2 =

pσ2R
pσ2U

∈ (0, 1), pσ2O = pσ2U − pσ2R > 0.

■ Smooth shrinkage: small pTO ⇒ weight on the restricted (efficient) estimator; large pTO ⇒ weight on the unrestricted
one.

■ δ∗(·; ρ2) is the smooth shrinkage of Armstrong et al. (2024, Thm 4.1(ii)): it minimizes the worst-case actual-to-oracle
MSE ratio over all bias bounds |B| ∈ [0,∞] simultaneously, so MSE stays controlled relative to an oracle that knows the
violation magnitude—avoiding the pre-test discontinuity.

■ Requires the scalar pair (|ESavg, xESavg) to be jointly asymptotically bivariate normal with consistently estimable
covariance, where pσ2R = zaCov(xESavg), pσ2U = zaCov(|ESavg). The construction is bivariate by design; a per-e analog applies
to each ES(e) with the usual multiple-testing caveats.
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